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Abstract

An investigation on chiral phase transitions, the meson spectrum
and pion properties, realized in the Nambu-Jona-Lassinio model
and using a semi-classical approximaton based on the TDHF method
is reported.

1- INTRODUCTION

The investigation of the mechanism of chiral symmetry breaking and its
implications for the properties of hadrons is of fundamental interest in hadron
physics.

In Quantum Chromodynamics (QCD), numerical calculations indicate that the
underlying chir'al symmetry is spontaneously broken, supposedly via the Nambu-
Goldstone mechanism, leading to a qJ pair condensate into the vacuum.

It is also expected that in hadronic matter at high temperatures and/or
densities chiral symmetry is restored, being realized in the Vigner-Veyl mode.
Lattice QCD calculations support the concept of such a phase transition.

Chiral effective models provide an alternative way of investigating these
problems at .a phenomenological level. In this concern the Nambu-Jona-Lasinio
(FJL)' model provides an adequate framework from which much physical insight
can be obtained. The NJL model illustrates the mechanism of chiral symmetry
breaking and the occurrence of an associated Goldstone Boson. The light meson
spectrum can be obtained as collective excitations of qq pairs.

The analogy with the theoretical description of low-lying particle-hole
states in Nuclear Physics suggests the use of many-baby techniques developed in
this field.*

2-THE FORNALISH
The TDHF equations, which govern the time evolution of a many-fermion

system, may be derived from the minimum action principle:

t, .
thi <‘P(k)|*t§i-H|‘P(*-)> dt=-o o}

Where l(P(t)) is a Slater determinant and H is the many-bocdy Hamiltonian.
For an equilibrium configuration the functional of the emergy should obey
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the equilibrium condition t(f°)$ ‘t(U fo U’), where po is the density matrix of
the equilibium configuration and U any arbitrary unitary operator.

The time evolution of the density matrix is derived from the action
principle (1). In terms of the density matrix the Lagrangian may be written as:

. + +
L:=idte (O pue)) - B (V) Fo U(Y) . o

Ut) is chosen of the form U(t)=exp(i/B)s(t) where s(t) is a time dependent
Hermitian single particle operator which generates deviations from the
equilibrium configuration.

The classical limit of this Lagrangian will be considered, retaining only the

leading order terms in a Vigner-Kirkwood expansion.

3-CHIRAL PHASE TRANSITIONS
The KJL model describes a system of many fermions interacting through the
chiral invariant Hamiltonian: . A -
Had 5@ 3607 -9 L 605-%)) (A B6)-
i=4 At 3)
- B B (4) BG)Y Eg(3)) -
Ve will study different equilibrium configurations using the formalism
presented before.
'~ Dynamical chiral symmetry breaking
Vithin a mean field approach we define the effective single particle
Hamiltonian kg(ir\ +xs&'.$ where @M is a mean field potential, M being a
variational parameter which will be interpreted as the mass of the constituent
quarks. Ve consider as trial states Slater determinants of negative energy
states. The following expression for the Vigner transform of the density
matrix is obtained:
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where A\ is a cutoff in momentum space.

4)

The equilibrium condition leads to the self-consistent equation for the mass:
3 2 2
M= qgnf.i_}i_i. 0(A- P .
(z “)3 E D)

By computing this expression one easily sees that there is a phase
transition from a Dirac sea of massless particles to a Dirac sea of massive
particles, provided that the critical condition 31{" b4 ﬂz is satisfied. Chiral
synmmetry is therefore dynamically broken and, in accordance with the Goldstone
theorem, a pseudoscalar zero energy mode shoud appear. As a matter of fact
there is a solution of the TDHF equations which corresponds to a pseudoscalar
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Zero energy state.

- Restaration of chiral eymmetry

In order to illustrate a simple mechanism of restoration of chiral symmetry
with density we consider as trial state a Slater determinant of positive
energy states built on the top of the chiral deformed phase previously

described. The Vigner transform of the density matrix is now:
2 42 -G:; 2 2 2 L2
P(F)-To(R-P)+ £ (T-pY 35 ZF) (00~ P)-0(X- 1))

where A 1is the momentum of the highest positive energy level occupied. The

following self-consistent equation for the mass is obtained:

M = q%Mj‘gf 4 (G(Al—‘Pz) -o(X- ’Pa)) .

(™3 E @)

It 1s found that for fixed values of and A the system undergoes a phase
transition for (A c,)‘,‘; /\z-.Tl'a/% '

Ve conclude that for enough positive energy levels occupied it is not

energetically advantageous for the quarks to acquire a mass. The qq pairs

decouple and chiral symmetry is restored.

4-NESUN SPECTRUM

The study of the time evolution of a slightly disturbed chiral deformed
equilibrium configuration will lead us to the equations of motion of collective
modes of qq pairs, with boson quantum numbers.

Following the general lines presented before, the operator which generates
deviations from the equilibrium configuration is chosen in such a way that its

Vigner transform is:
A i . - . -
AR t) =L, -ifEL, +¥ 8T -ipY &
The Vigner transform of the demsity matrix is:
Y
P(Btrz R+ (85 M (Lys @0)-4 EF x V)
° E E 9>
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By pex_'gorming arbitrary variations with respect to the variational functions
L L and V‘-. , and assuming harmonic dependence on time, one easily obtains the
equations of motion corresponding to pseudoscalar, scalar, axial vector and
vector modes. Looking for low energy solutions (0{w$2H) one obtains:

- A pseudoscalar mode with frequency w=0

- A scalar mode with frequency w=2X
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- An axial vector mode which bas no low energy solution

- A vector mode with frequency O<w<2K.

The first two solutions are cutoff independent, contrarily to the last omes.
These results are in agreement with those obtained by Hambu and Jona-Lasinio at

a qualitative level.

$-PION PROPERTIES

The zero frequency pseudoscalar mode found before is interpreted as the
chiral limit for the pion. Its dispersion relation, in the limit of the long
wavelenght, is derived within a semi-classical approximation. The pion decay
caastant is also computed.

In arder to obtain dispersion relations we allow the generator s to become ®
dependent. Lenghty calculations are avoided if we perform an expansion of the
generating functions in powers of 3 and keep only the leading order terms. An
adequate choice of the generators allows, in principle, to obtain dispersion
relations for all bosons. The simplest approximation in order to obtain the
pion dispersion relation is to retain only the first term of the expansion,
which means to.take into account only the generating functions L,_ and L 2
considered as functions of ¥ and t alonme.

Assuning plane wave solutions and harmonic dependence on time, the semi-
classical limit of the quantum action principle (1) leads us straightforwardly
to a phonon-like dispersion relation for the pion: w@®=f@a/mE.

The time-like pion decay constant is obtained from the expression

@ $0my = 4 (W)™ o

In order to compute the axial vector current matrix element, we identify a
quantal pionic state Hl’) with a ramdom phase appraximation (BRPA) excited state
and the vacuum |0) with the RPA vacuum. Performing standard calculations the
plon decay constant is easily obtained: {-w = M h(a/M) -

A non zero value of 4‘ is therefore related with a non zero value for the
mass of the constitvent quarks and, consequently, with dyvamical syammetry
breaking. For values of A /N which allaw to fit relevant values of N and of the
order parameter -<yy>'“>, the value of 4.r lies arcund its experimental value, if

also a colour factar is included.
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