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DETERMINATION OF THE ENERGY LEVEL OF THE TWO DIMENSIONAL ELECTRON. GAS IN THE 
JUNCTION FIELD EFFECT TRANSISTOR BY A VARIATIONAL CALCULUS 

During the l ast ten yearsthe infl uence of quantum effects has been studi­
ed intensively theoretical ly and experimental ly in ·the cases of strong inversion 
and accumul ation i n  the MOSFET transistors . Only few papers were devoted to this  
probl em for the case of the transi stor with p-n junction based fiel d effect . (JFET) . 

The assumed wave function �(z )  (the z-axi s i s  nonnal to the direction of 
the source-drain) in the channel has the form: �(i)=const{z 2-a2 ) where n i s  a na­
tural number (n�2 ) and a the variational parameter. 

Comparing the basic energy l evel s obtained through the variational cal cul a­
wi th those obtained by means o� the exact sel f-consistent sol ution of the SchrHdin­
ger and Poisson equation (1 ) ,  the possibi l i ty of applyi ng �he variational method 
depending on the channel width W1c and parameter n, was discussed. It was shown
that the -variational method yiel �s more accurate resul ts at smal l er n ,  whil e  the 
error, i n�reses fast, at greater Wk. 

1 .  I ntroduction 
A l arqe number of papers were devoted to the problem on the infl uence of 

quantum effects on the MOSFET structures . On the other hand the quantum effects i n  
the.p-n junction based fiel d effect transitors (JFET) were extensively studied 
[1 ,2] . In paper [2] the energy l evel s were determined by the appro>dmation methods : 
the WKB and the variational methods . Let us mention that determination of the ba­
sic energy level by a variational �thod [2] contains the definite incorrectness .  
The compl ete sel f-consi stent sol ution o f  the JFET was presented i n  [1 ] .  

The present paper wi l l  deal with the variatJonal method of determining the 
lowest energy l evel , assuming a more complex wave function form than that in [2] .
Besides , i t  wi l l  be pointed out to errors appearning i n  paper [2] . The-: numerical 
results wi l l  be compared with those obtained through sel f-consistent sol ution . 

2 . Determination of the �round·energy l evel by·a variational method
Let us observe the JFET, the diagram of whi ch i s  displayed i n  Fi g. 1 .  The 

coordinate system from Fig � 1  and synrnetrical conditions with respect to plane z=O ,  
the trial wave function of  the ground l eveJ may be  presented in  the fonn: 

{
A(z2-a2 )n l z l �a 

11i(z ) = 
0 l z l >a 

( 1 )  

In  ( 1 )  a i s  a variational parameter, n the natural number, (�2 ) and A a 
constant determined from the normal izing conditions . 

Introducing �(z)  from ( 1 )  into the Poisson 's equation : 
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Fig. 1 .  Schemati c diagram of JFET . 
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the expression for the dependence of potential ,(z) al ong the JFET , is obtained: 
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( k ) (2k+1 )C2k+2 - - TJ 
(4)

In expressions (2)-(4} es represents the dielectric constant of the semi­
conductor, e i s  the electron charge (e>O) ,  N0 - the donors - concentration (which
i s  in our considerations unifonn) , whi l e  Wk is the channel wi dth.

The integration of the SchriSdinger equation leads to the expression for 
energy of ground 1 eve 1 ( and other 1 eve 1 s) [3 , 4] : 

2 a a 
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( 5)

where t i s  the Dirac constant, and mzz - the _ effective electron mass describing
the motion i n  the z-axis di rection . 

Introducing ( 1 ) and (4) into (5)  we get, for the energy of ground l evel E0 : 

"12 -2 e2 e2 2 E = - a 0A
1 

- - NDWkaA2 + - a N-A3 0 mzz ss e:s u ·  
( 6) 

A1 , A2 and A3 are constants depending only on number n .  and detennined by expres­
sions : 

2n-2 
A (n) = SR- 1  I 1 k=O 

(2nk2 ) (-) k

2k+3 (7)



where 
· 2n k 
R = I (2n) (- )" •

k::0 k 'n+f

The variational parameter a i s  de�ermined from· condition (4) : 

. d . E 
a! =  0 .

which , in  case (6)  reduces to the equation of fourth order: 

4 wk C + AC - B = O,  C = ra •

(8) 

(9) 

( 10) 

( 1 1 )  

( 1 2) 

Constants A and B (A,B>O) -depend on number n, effective mass mzz ' donors '
conce�tration N0 and channel width Wk. By a very simpl e analys is ;  i t  i s  possibl e  to
show that equation ( 1 2) has ,  for al l practical val ues and parameters , one and 
only one sol ution in the i nterval (0. 1 ) . In paper [2] · deal i ng only with the case 
n=2 , the boundary conditions in sol vi ng the Poisson equation were incorrectly 
taken and i nstead of equation { 1 2 )  the equation of the eleventh order appears Eqn .
( 14) in [2J. )

Numerical resul ts are given for p-n-p JFET with { 1 1 1 )Si , the unifonn donors ' 
concentration N0=1024m-3, at the room temoerature (T=300K) . The channel width was
assumed to vary from Wk=O to Wk=240ft.

Fig .2 presents the dependence of constants A1 , � and A3 on n. With the
increase of number n these constants decrease. It is easy .to see that constant A3
coul d be written i n  a s impler form: 

( 13) 

Table 1 contai ns the resul ts obtained by a sel f-consistent sol ving of the 
Poisson and SchMSdinger equation 1 1 1  and the resul ts obtained by the variational 
method (n=2,3)  for the channel width from 2R to 204R. At Wk 180ft the deviations
from the 11accurate" self consi stent sol ution are big ;  therefore they are not 
incl uded i n  Tabl e t .  At Wk=O , by a self consi stent solution we find that energy
of ground level is  E

0
c1/2 n (1)0 (the energy of ground l evel the l inear hannonic

osci l lator) ,  whi le �  by the variational method it  i s :  

4'1 



Wk lA
0

1

2 
6 

18 
30 
42 
60 
90 

1 20 
1 50 
180 
192 
204 

/li' 2 e2N E 1 T... _ _  D 
O . = lT '2' •iwo , · C&>o = -­�s �z 

E sc lmeVI  0 E R;:Z lmeVI · . .o 
10,54 10,38 
10,35 10 ,  1 5  
9,81 9,72 
9,29 8 ,20 
8,71 8,44 
8,07 7 ,60 
6 ,97 6 ,03 
5 ,97. 4 ,80 
5 , 14 3,54 
4 ,35 
4 ,09 
3 ,84 

E n=3
o ·  lmeVt.

10 ,35 
1 0 . 1 2  
9,63 
8,04 
8,31 
7 ,30 
5 ,96 
4 ,62 
3, 14 

Table 1 - Dependece of the energy of ground level E0 ()n W1c for. the
�ases : of self-consistent solution (first column) , vari­
ational solution at ·n=2 and ·n=3 (the second and the .third
columns) . 

3 . Concl usion

( 14} . 

The paper presents the theoretical procedure of detennining the basic 
energy level 1n the JFET�s by the variational calculus method. The comparison 
of the numerical results l eads to the conclusion . that the variational method 
is more accurate, if quanti ties WkN0. are smaller. At Wk=O the error amounts to 
4 . 5S� When Wk reaches a certain definite value ,  the error drastically, .grow.s . 
On the. orther hand, the error increases with the i ncrease of number n. 

Apart from that, the variational method can be appl ied to the problems 
not requi ring the exceptional acc�racy. The reason l ies in the fact that the 
variational method demands from the numerical procedure only the sol ving of 
equations of the fourth order, the self-consistent sol ving · i s  essenti ally more 
compl ex from the point of view Of. numerical side .  
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