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Abstract 

Approximate solutions of the chiral soliton model based on the <1- model with quarks 
are presented, starting from a generalized hedgehog ansatz. The Peierls-Yoccoz projec­
tion method is used to obtain states with good angular momentum and isospin quantum 
numbers. Several properties of the nucleon are calculated. Due to the generalization of 
the hedgehog, significant improvements in virial theorems and the Goldberger-Treiman 
relation have been found. 

1. Introduction
The idea that QCD leads to spontaneously broken chiral symmetry and that this is

the most important feature in the low energy domain, suggested a model for the nucleon
and the delta based on the linear <1- model of Gell-Mann and Levy

1 > involving quarks,
a sigma and a pion field2•3> .  The Lagrangian density reads 

C =q(i,µ8µ)q + �0µ0'0µ0' + �81-'11.8µ?1
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2)2 2 /  ... - 9 q u + ZT,1r'Ys q - 4 u + 1r - II + m11' 1r<1, (1 )  

The vacuum expectation values of the pion and sigma fields are zero and /1r = 0.093 Ge V 
respectively. The chiral symmetry is explicitly broken by the last term in ( 1) where 
m,r = 0. 138 GeV is the pion mass. The parameters .X and v are related to the meson 
masses and the pion decay constant by m! = 2..\2 J; + m! and 112 = J; - m;/ ..\2• For 
me1 > 0.7 GeV the results are almost independent of this parameter and, as in ref. 2), 
we take ma = 1 .2 Ge V. Basically g is the only adjustable parameter of the model. 

This model has been recently considered by several authors to provide approximate 
solutions with well defined angular momentum and isospin quantum numbers2,4-s) . The 
goodness of the different approximations can be tested by checking virial theorems which · 
are fulfilled by the exact solutions. 

The aim of this study is to construct approximate solutions for the Lagrangian (1)
consistent with the Goldberger-Treiman (GT) relation and satisfying a virial theorem 
associated with the evaluation of the pion-nucleon coupling constant 91rNN· These 
are not fulfilled by the approximate solutions based on a coherent-pair approach 7) or 
using projection techniques applied to pure hedgehog structures5> . Since the projection 
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techniques seem to be an appropriate method to obtain eigenstates of J2 , T2, Jz and T3 in chiral models9> ,  the simplest way to try to overcome the above mentioned difficulties is to relax the rigid hedgehog stucture. Here we start from a generalization of the hedgehog ansatz allowing for single particle quark states with grand-spin zero and one and we apply the Peierls-Yoccoz method10) in order to extract the states with good quantum numbers of spin and isospin. As it is well-known, this method, widely used in conventional nuclear physics11> , is nothing but the generator coordinate method applied to restore the symmetries violated by mean­field solutions. It is a quantal method and therefore it requires a quantum mechanical state to describe the system. Usually the simplest choice is the coherent state12> . 2. The generalized hedgehogIn the present calculation only the three valence quarks occupying the same orbital­spin-isospin state are considered, with the wave function: 

1 ( u(r) )< .,. I qg,., > = r.t= . ( ) � v 4 1r i v  r u.r 

For the spin-flavour function I Xoh. > we take
I Xoh > ·

I Xoh >= cos Tf I u !> - sin77 I d T>,

(2) 

(3) 
where 77 is a variational parameter. The state (3) obviously reduce to the standard hedgehog for T/ = 45° . The motivation for the choice of (3) can be found in ref. 13) . Using a variational calculation as in ref. 13), it can be shown that the pion field compatible with equations (2) and (3) yields a coherent state for the pions I Il9

1i. > withthe property 
{ ; </>(r) < rr0,., I t, I rr0,., > = � <t>(r); cp(r) 

t = lt = 2
t = 3, (4) 

where frt is the cartesian component t of the pion field operator. Similarly the form (2) suggests for the sigmas a coherent state I E > with spherically symmetric amplitudes, yielding a classical field configuration depending only on the radial coordinate: 
< E I u I E >= u(r). (5) 

The coherent states are, among the quantum mechanical states, the ones which minimize the uncertainty relation. By definition they are eigenstates of the annihilation operators appearing in the expansions for the field operator and its conjugate momentum in a given orthonormal basis. There is a certain arbitrariness in the choice of the basis, although the exact solutions do not depend on that. Here we considered an expansion in plane waves with the frequencies w( k) corresponding to the free field dispersionrelation w2 = k2 + m2, where m is the meson mass. The classical fields are extracted_as expectation values of the quantum field operators, as in ( 4) and (5), between the coherent states whose amplitudes are obtained variationally. Assuming for the quarks a product state, the Fack state for the generalized hedgehog (GH) baryon is given by8> 
I "Poh >= I q;,., > I Il91i. > I E > . (6) 

This state has not a definite grand-spin but it is still an eigenstate of the third component of the grand-spin operator with eigenvalue equal to zero. 
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The model states for the physical particles are obtained by projecting I "Pgh > on good angular momentum and isospin. Contrary to the standard hedgehog4
•
5> ,  here separate projections on J and T are necessary. The projected states are given by 

(7) 

where the coefficients 9KKr are the lowest energy solutions of the following Griffin-Hill­-Wheller discrete equation11> 

(8) 

with the kernels h'flK'KrK!i, = < -,Pgh I H Pf<K,PkrK!i, I -,Pgh > and nflK'KrK!r =
< 'P9h I Pf<K,PkrK!i, I tp9h >, where P�K = 2

;;;
1 f dO.VkK *(f!)R(f!). In the evaluationof projected quantities, important numerical simplifications occur due to the axial sym­metry of (6) in grand-spin space: the six-fold integration over the Euler angles can be reduced in such a way that only four, namely over e.g. a, {3, 1, for spin and P, forisospin, are necessary. According to the findings of ref. 13), we notice that the genera­lization of .the hedgehog only makes sense if the calculation goes beyond the mean field approximation as, for instance, in the present case with the use of projection techniques. 3. ResultsThe expectation val.ue of the Hamiltonian calculated with the ansatz (7) is the meanfield ener�. The solitonic mean field equations result from the variational principle 

< 6t/J9h I H I V,gh >= 0 and the corresponding energy shows a minimum at TJ = 45° . Byprojecting these mean field solutions the energies of the nucleon and the delta exhibit minima about T/ = 20° . This method we call projection after variation (GH - PAV) sinceonly the parameter r, is varied after the projection. A better procedure would consist in performing the variations with respect to the radial fields and '7 after the projection. This leads to a set of five coupled integro-differential equations which we did not solve. Instead we performed a partial projection before variation (GH - PBV) by keeping the radial dependence of the mean fields 4>( r) and <p { r) obtained for the different angles TJ but varying the overall strengths after the projection. Actually it turned out that cp(r) remains almost unchanged. The variation after the projection is therefore limited to the plane (TJ, A) where A is the variational parameter introduced by t/>(r) -+ At/>(r), whilethe u, v, u, 4> and cp are obtained in the mean field approximation for a given TJ ,  This simplification is motivated by the fact that for the standard hedgehog that degree of freedom is solely responsable for practically the total energy changes in going from a PAV to a PBV calculation. For the nucleon the value of A is about 1.3, being almost independent of the parameters of the model in the relevant ranges. As we have mentioned in the Introduction we studied the quality of the various approximate solutions by looking at the violation of the virial theorem associated with 91rNN and with the GT relation, 91rNNl1r = gA MN, where 9A is the axial vector couplingconstant and MN the physical nucleon mass. The first virial theorem states that for an exact solution the pion-nucleon coupling constant can be determined either using the "source" operator, 
or the "field" operator, 

;� = < NI : / drz];(r) : IN > ,  

fhrNN = m2 I / d .. ( ) IN  2 MN 1r < N : f' Z1t'3 ,. : >,  
(9) 

(10)
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where IN > stands for the state with the quantum numbers J = T = M = -MT = 
f. Both expressions should lead to the same value5>. Using the GT relation we alsodetermined g�a;{J = 9AMN/ !1r using the calculated value for 9A· Introducing g�a;,k asthe arithmetic average of the 91rNN 's obtained from (9) and ( 10), we define a global violation as 

,1 08 (GT) (civ) 
V _ 91rNN - Y1rNN + 2 1.  91rNN - 91rNN -

(civ) 
OS 

(GT) (civ) ' 
91rNN 1. 91rNN + 91rNN 

(11 )  
The factor 1 .08 is  introduced to correct for the slight explicit violation of the chiral symmetry observed experimentally. Also the pion-nucleon coupling constant determinedthrough (9) and (10) must be multiplied by a factor 1 .05 estimated by Birse5> to correctfor the fact that the experimental value is obtained for q2 = m; rather then q2 = 0.Table 1 shows the global violation {11) .  For comparison we also give the results obtained in PAV and PBV calculations from the standard hedgehog (HH).  The extent to which V goes to zero provides a test of the quality of the approximation used. In contrast to all other approaches, in (GH - PBV) the virial theorems come out rather well fulfilled, although the values of 9A and 9rrNN come out too large compared to experiment. 

Method 9A 91rNN fhrNN 
(GT) 

91rNN V (%) 
HH-PAV 1.72 23.29 14.92 17.34 42 HH-PBV 1.78 16.94 12.80 17.95 56 GH-PAV 1.69 23.70 16.84 17.04 24 GH-PBV 1.75 17.55 17.85 17.65 6 

Exp. 1 .23 13.60 13.60 12.50 0 
Table 1: Li8t of the values for 9A, the pion-nucleon coupling constant, and the global
violations of virial theorems as given by expression ( 1 1). The methods and the different 
ways to calculate the pion-nucleon coupling constant are explained in the text. For each 
method the quark-meson coupling constant g wa., adjusted to obtain the proper nucleon 
.mass. 

We show in Table· 2 several values obtained for some nucleon and delta observables, using the (GH - PBV) method. There is a reasonable agreement with experiment, in particular for the mean-square charge radii of the proton and the neutron and for the magnetic moment of the proton. The delta - nucleon splitting is half of the experimental value, leaving room for a residual chroma-magnetic interaction. 
In this study we concluded that the generalization of the hedgehog structure is necessary to fulfil two virial theorems. Nevertheless 9A, 91rNN , on the one hand, and the absolute value of the magnetic moment of the neutron, on the other, come out too large compared to experiment. These discrepancies might be associated with the fact that we are neglecting the efects of the sea quarks. It is also desirable to look at those points in the framework of an extension of the present model to include vector 
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I 
EN (GeV) 0.938 0.938 
Et. - EN (GeV) 0.154 0.294 
< r:h >p (fm

2) 0.64 0.65 
< r�h >n (fm2 ) -0.1 1  -0.12
µP (n.m.) 2.76 2.79 
µn (n.m.) -2.40 -1 .91

Table 2: Results for some nucleon and delta observables using the GH-PB V method.
The quark - meson coupling constant, g = 5.0, has been chosen to give the nucleon mas.,; .

mesons as suggested by Broniowski and Banerjee14> , treating quantum mechanically all 
the mesons involved, as in the present work. 
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