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Abstract

We present an extension to three flavours of the chiral soliton model based on
the linear o model with quarks. Using the approximate projection method of Birse
and Banerjee we calculate properties of the octet baryons. The magnetic moments are
found to be in qualitative agreement with experiment, given that the kaons and pions
are degenerate in this SU(3)-symmetric version of the model. The splitting between
the octet and decuplet is calculated using a cranking method, exactly as in the SU(2)
model. An extension of cranking to the full SU(3) group gives the energies of states
which must involve mesonic excitations as well as three quarks.

1. The Model

A linear 0 model,! involving quarks coupled to pion and scalar meson fields, has
been proposed as a model for the nucleon and A.23 This model has provided a reason-
ably successful phenomenology of nucleon properties.* The motivation for this-approach
comes from the idea that QCD leads to a hidden chiral symmetry and that this is a
dominant feature of quark interactions at low momenta.

Since the model embodies the ideas of current algebra and PCAC, it is natural to
try to extend it to three flavours of quarks. After all, quarks were originally introduced
to explain the “eightfold way” of current algebra® and low-energy hadron spectroscopy.®

The extension of the model to three flavours introduces a number of complications.
The simplest representation of the chiral group SU(3)r xSU(3)L which includes pions
and kaons is 18 dimensional! It includes™® a scalar singlet field o, a scalar octet &,, a
pseudoscalar singlet 7 and a pseudoscalar octet ¢,. The Lagrangian for the model is

£ = B[iv*8, + 9/ 2o + ins) + X*(6a + ia15))] ¥
+ 1 Tr(8, M18*M] - U, (1.1)
where the meson interaction potential is

U= i;[(%Tr[MTM])z -2’

+ %[%Tr[(M'M)’] - (ATeMtM])? (1.2)

+ \/g Fym2o,

and for convenience we define

M=0c+in+ f%(ea + i) A%, (1.3)
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The parameters A and & are related to the meson masses by

2 2 2 _ 2
m, —m; 2 mf M

2 __
M=% " 3Fz

and v is related to Fr by

The dynamical quark mass is My = gFy, as in the SU(2) model.

The final term in the meson potential (1.2) explicitly breaks® the chiral symmetry
to SU(3)v. It gives all the pseudoscalar mesons the same mass, m,. A similar term
linear in £ would give explicit SU(3) symmetry breaking. We have not yet investigated
the effects of such a term.

As in the SU(2) model we start by finding a solution to the MFA Euler-Lagrange
equations using the hedgehog ansatz. For A = k the solution is just an embedding of
the old SU(2) hedgehog, with the new scalar fields given by

o = \/ga(z) - \/EF,,, (1.6)
s = \/.%—(0(2) + Fr),

where 0y, is the scalar field of the SU(2) model. As before,? the energy of the soliton
is 1119 MeV and the w-N o-commutator is 92 MeV.

2. Baryon Properties

The hedgehog baryon is a state without good spin or isospin. As with the intrinsic
state of a deformed nucleus, one needs to project it onto eigenstates of the symmetry
operators.!® Even the SU(2) projection is technically complicated.!? The SU(3) projec-
tion will be much worse, involving an integral over D-functions which depend on eight
Euler angles.!? )

Instead we use an approximate projection method proposed in' Ref. 2. We assume
that the quarks carry all the spin and flavour quantum numbers of the baryon. The
quark contributions to observables can then be calculated using the standard quark-
model wave functions.® The meson contributions are are obtained with a coherent-state-
like approximation (which is exact for operators linear in the pion field). They can be
evaluated with the help of the Wigner-Eckart theorem and tables of SU(3) Clebsch-
Gordan coefficients.!3 (One needs to be careful to use a consistent phase convention for
the quark and meson parts of the calculation!) This approximation neglects the angular
.momentum, isospin, etc. carried by the mesons. In an exact projection these will tend
to reduce the quark contributions to spin-dependent quantities.!

Results for the magnetic moments of the baryon octet are presented in the table.
The quark contribution is denoted p4, the meson isovector and isoscalar contributions
#m1 and pmp, and the total magnetic moment pg. The parameter set used was m, =
m¢ = 1200 MeV, m, = 140 MeV and M; = 500 MeV. The agreement with experiment
is reasonably good. Notec that the model used so far is SU(3)-symmetric and so the kaon
tail is too long. As an estimate of what may be expected in a more realistic version of
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the model we present results without the isoscalar meson contribution (which is purely
kaonic). In general this changes the moments in the direction of the experimental ones.
We have also calculated |g1/gv| for various transitions (experimental values are
given in parentheses):
n—p: 164 (1.26)
A—p: 097 (0.69)
T N: 037 (0.36+0.04)

The 7-N coupling is (my/2N)g-nn = 1.24. Like the nucleon g4 it is too large, but this
is consistent with the Goldberger-Treiman relation.

Baryon Magnetic Moment (in n.m.)

Hq Bm1 Kmo ) (kB —Hmo)  expt.
P 1.743 0.791 0.113 2.646 (2.53%) 2.79
n -1.162 —0.791 0.113 -1.839 —1.953 -1.91
A —0.581 0.0 —0.339 -0.920 —0.581 —0.61
st 1.743 0.565 0.339 2.646 (2.308) 2.48
0 | 0581 0.0 0.339 0.920 (0.581) -
- | -0581 0565  0.339 —0.807 (~1.146) -11
=0 | -1162  -0226  -0452  —1.839 (—1.388) ~1.25
=" —0.581 0.226 —0.452 —0.807 (—0.355) —0.69

3. Cranking

As mentioned the hedgehog baryon is interpreted as a mixture of symmetry eigen-
states (mainly octet and decuplet). Its energy is the average of the energies of these
states. A full projection calculation will yield energies for the various symmetry eigen-
states.!! One should also vary the wave function to obtain a stationary energy for
each projected state. This was done in Ref. 11, but was restricted to grand-spin-zero
variations in the fields. (“Grand spin” is angular momentum plus isospin.#) A more
general variation has been performed in Ref. 14, with significant improvements in virial
theorems and the Goldberger-Treiman relation.

An approximate way to calculate the energies of the symmetry eigenstatesis crank-
ing, often used in nuclear physics.!? It has also been used to calculate the N-A splitting
in the SU(2) chiral soliton model.}®

In the self-consistent cranking approximation, moments of inertia are calculated
by minimizing the energy in a rotating frame — the expectation value of

H' = H —w,A*, (3.1)

where A® are the SU(3) generators expressed in terms of intrinsic or “body-fixed” axes.

Provided the overlap between rotated hedgehog states is a sharply peaked function
of the Euler angles, one can work to lowest order in the cranking frequencies w,. The
moments of inertia can be found from

A% = Tow,. (3.2)
To this order the SU(3) rotational energy is

E, = §Tr(w} +w} +w}) + 3Ts(w] +wf + wj + ), (3:3)
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where Iy and Zs are the moments of inertia for isospin (a = 1, 2,3) and strange rotations
(a = 4,5, 6, 7) respectively.

On quantizing the rotations one gets a corresponding expression for the energies
of the SU(3) eigenstates,'®

E((pa), L YR) = 3(Z7 " T3 )T +1) + I3 Calpig) — 3§25 Vi, (3.4)

where (p,q) labels the SU(3) representation'® and C;(p,q) is the quadratic Casimir
operator

Ca(p,a) = 3(5° +¢* +pa+3(p +9)). (33)

From the grand-spin-zero nature of the hedgehog the intrinsic isospin is just minus
the total angular momentum J. The soliton is symmetric under intrinsic hypercharge
rotations, and so no corresponding angular velocity wg appears in (3.3). The intrinsic
hypercharge is constrained'® to be that of the N, non-strange quarks in the hedgehog,

Yr = LN.. (3.6)

The isospin cranking is very similar to that in Ref. 15. The allowed changes in the
fields, to first orderin w; havegrand spin one and even parity. They arefurther restricted
by grand reversal symmetry.}® Cranking generates a non-zero ! = 1 expectation value
for the conjugate momentum to the pion field. It also mixes ! = 0,2 grand-spin-one
components into the quark wave functions. The only difference between the present
model and the SU(2) one is that ¢; fields with I = 0 and /2/377 + ¢s with I =1 are
coupled to the quark functions.

The quark and meson contributions to the moment of inertia are Iy, = 0.495 fm and
Irm = 0.711 fm respectively. The total ZIr = 1.21 fm corresponds to an octet-decuplet
splitting of 245 MeV.

It is interesting to note that for any N, the SU(3) representations which can be
formed from N, quarks (with no antiquarks or mesons) have

Ca(prg) = J(J + 1) + 5NN +2), (3.7)

where J = p/2 is the isospin corresponding to the maximum hypercharge in the multi-
plet, given by (3.6). Hence splittings between these states are determined by I only.
Other multiplets which satisfy (3.6) are possible but these must involve mesonic exci-
tations, in addition to N, quarks. Their energies involve both moments of inertia.

The strange cranking mixes into the intrinsic state components with strangeness
+1 and grand-spin-%. However there is no analogue of grand reversal. If we chose to
crank with Ag, conjugate momenta are generated for ¢, a = 4,5,7 and £;. Also a
spin-up strange quark component is produced, coupled to ¢, a = 4,5,6 with / =1 and
€ with [ = 0.

A problem arises in the calculation of these changes in the fields. In the linearized
approximation the cranking equations are just the zero-energy RPA equations with
a source term.!? For cranking about Ag, the homogeneous equation has a zero-mode
solution corresponding to rotations about A7. Since the zero-mode is not orthogonal
to the inhomogeous term, equation has no finite solution. However the zero mode is
just a rotation of the intrinsic state. In a full projection calculation, the energy of the
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projected states must be independent of such rotations. Hence we propose to keep only
the pieces of the solution whuch are orthogonal to the zero-mode. These are finite and
correspond physically to coupling of intrinsic excitations to the collective rotation.

The quarks and meson moments of inertia from this calculation are Zs, = 0.027
fm and Zs,, = 0.407 {m. Note the dominance of the meson contribution, as expected
from the fact that strange cranking gives the energies of mesonically excited states (at
least for a pure hedgehog). The total strange moment of inertia Zg = 0.434 fm, less
than half that for isospin cranking. The energies of the not-purely-quarkish states lie
at correspondingly higher energies. For example thereis a J = % anti-decuplet at 681
MeV above the nucleon, and a J = % 35-plet at 878 MeV. Even if these are not just
artifacts of the semiclassical approximation, they are unlikely to show up as well-defined
resonances.
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