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Abstract 

A simple model for pen cbud around a stat:Jc source cout.abdng three quarks Is 
solved exactly In the small and large coupbg lfmtts. The solat:iom are compared 
to an aAJl'C)Xbnate s<mt:Jon using the hedgehog anaatz. Tbe hedgemg solution is 
better for J=T=I/ 2 than for J=T=3/2 state. 

FJfecttwe models of hadrons are at present the most promising way to app"mcb 
bw energy pbenomenobgy, but they suffer from two drawbacks. Due to the lack 
of a oomp)ete derivation based oo Qa), the evidence for their appop lateness in 
the regime in w)Jjcb they are applied Is scmewbat · cfrcmDstaDtlaL Autbermore, 
since they caDDOt be sowed exactb', one Is sometimes unsure of whether 
discrepancies are due to the model or to the method of solving It. Here I glw 
what may be a handle for a part of the second P'Qblem, I sol\ie an e:xtremeb' 
slmplfted model e:xact.ly in two regimes of couplng. and compare the exact 
scmtions to an appmclmat.e one obtained by variation of the hedgehog anaatz. 

The Mxlel 

I study the model used � Flohus and Roshll C1 l which Is ertved from the sigma 
model with cpu'ks. 1be model treats three valence quarks with only spin and 
Jsospln degrees of free<bm (with &men spatial wavefuncttom) and p-wa"Ye pons 
with frmen radial degrees of freecbn. There are four S=T=1/2 three quark 
states, called the bare mrcleon, and sixteen S=T=3/2 st.at.es called the bare delta. 
1be Hamiltonian Is 

(1 ) 

where of and 't: are Pauli matrices acting on the n-th quark, and arcx
and 8b creat.e and annihilate p-wave pkms with &IJ81IBr momentmn In the 
direct.ton i, and Jsosptn in the direct.km oc. The Huntltontan can also be written in 
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spbertcal compooem:s, as tn ( 1 ) ,  gMng 

3 3 
H = ! ! { a+ a. - g R [ iltm + (-)t+m a�t - ] } . (1a)t?1 m;;:1 tm ,ni -an m 

&re m and t are z p-ojections of anguhr momem:um and isospln. 1be three 
qmrb are treated as a singe object wtth twenty different states (the bare 
nucleon and delta states), and Ba:m is a generalized Pauli matrix. 

1be Hedgehog So� 

The model (1 ) bas been solYed variationally using a sllgbtly aeneralsed hedgehog 
ansatz by Rolials and Roslra. 'lbelr results can be e,qressed as a power series in 
the coupBug constant Cfor the perturbatl\le region), or tn the fmlerse couplng 
CODStant for tlE asymptotic region. The series are, for perturbatlYe region: 

� = -57 g 2 + M9 g " +  89827.04 g 6 

E A = -33 g 2 + 514 g 4 -13347 g 6

and for the as,mptotic region 

� = -27 g2 - 3/2 + 1/ (64, g2) - 1/(48 g2) , 

E A = -27 g2 - 3/2 + 7/(48 g2 ) - 1/(4,8 g2) 

The meaning of the two 1/ g2 terms is explained In the next section. 

Perturbative Scmtion far Low g Regkm 

(2) 

(3) 

(4,) 

CS) 

Ar smal conpBng comrtallts the awraae number of pons in the pkln cbld is wry 
small, so the sdutJon can be obtatned by perturbatlw around the zero-pbla state. 
1be first part of tire Hamlltontan that counts the nmnber � pons fD die cloud can 
be sohed exactly. The sokltlom are simply oonftgurations wtth a fb2d nmnber of 
pens and quarks C()UJmd to one of the twenty mre states. 1be zero pion state Is 
then perturbed by tlE lnteractkm part of the lamfttonlan. Dependh:rg on whether 
the zero pkm state baa qaarb coupled to N or  A states, one obtains pe1turbathie 
series for N and A state: 

� = -5 7 g 2 + 804 g 4 - 37224 g 6 

EA = -33 g 2 - 12 g 4 - 3SS073 g 6 

Both series coUYerge to about g=O.OS . 

(2a) 

(3a) 



63 

Perturbative Sokltion far the Asymptotic Region 

'Ibe �m of ottahing an exact series scmtJon to the lm1t of large coupBng 
coostalt.s was treated to 1984 by Parmentoll [21 for a model similar to the 
presem. one, but codalnlng cmly one spnor-lsosplmr ID the source (only bare 
DJEleoo degrees of freedom). His derivation can be repeated using the JDm'e 

general model Far the lowest '3ml states one flnds that the dlff'erem:e of the 
models reduces to a simJ* rescaling of the coup8ng constant g by a factor of 3.  
One can then tab ewer bis resuls: 

� = -27 g2 - 3/2 + J/U44 g2 > - J/(48 g2) 

B4 = -27 g2 - 3/2 + 1/(24, g2 ) - 1/( 4,S g.2) .

(4,a) 

(Sa) 

The positive 1/ � terms are rotational energy, while the negative ones come 
from the anharmonlc part of the Hamiltonian. The 1/g2 terms In the vartatlonal 
result are separated In the same way, showing that the the hedgehog reproduces 
the anharmonlc terms exactly to the 1/g2 order. Further details of this 
comparison can be found ID (31. 

In both the low and the high g regimes the the hedgehog result ls surprisingly 
good. In the low g region the the delta result of course leaves much to be 
desired, but in the asymptotic region both the nucleon and the delta results 
are comparably accurate. Since the only discrepancy In that region ls in 
rotational energy, variation of the hedgehog ansatz, supplemented perhaps ·w1tb 
a semlclasslcal method for determbdng rotational enersy, seems to be a good 
method forthe rep,n of large g. The low I reaton Is probably best left to 
perturbatlve methods, except for qualitative calculations, where variation of the 
hedgehog can give a good Idea of the overall behaviour. 

I wish to thmlt Mtja Rosina fer be'1fal dlscuaslons •
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