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Abstract

A stmple model for pion clond around a static source countatung three quarks is
solved exactly in the small and large coupling limits. The solutions are compared
to an approximate solntion using the hedgehog amnsatz. The hedgebog soltion is
better for J=T=1/ 2 than for J=T=3/2 state.

Introdnction

Effective models of hadrons are at present the most promising way to apmraach
lbw energy phenomenology, but they suffer from two drawbacks. Dee to the kck
of a complete derivation based cn QCD, the evidence for their appropriateness in
the regime in which they are appled is samewhat circumstamtial Farthermore,
since they cammot be solved exactly, one Is sometimes unswe of whether
discrepancies are due to the model or to the method of solving it. Here I give
what may be a handle for a part of the second problem. I soclve an extremely
simpified model exactly in two regimes of couping, and compare the exact
solntions to an approximate one obtained by vartation of the hedgehog ansatz.

The Model

I study the model used by Fohais and Rosina [1] which is derived from the sigma
model with quarks. The model treats tlree valence quarks with omly spin and
isospin degrees of freedom (with frozen spatial wavefunctions) and p-wave plons
with frozen radial degrees of freedom. There are four S=T=1/2 three quark
states, called the bare mrcleon, and sbdeen S=T=3/2 states called the bare delta.
The Hamiltoman is
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where of and t° are Pauli matrices acting on the n-th quark, and aj,
and a,, create and amhihte p-wave pions with anguar momentum i the
direction i, and isospin in the direction «. The Hamiltonman can also be written in
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spherical comporents, as tn (1), giving
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Here m and t are z projectins of angubr momentum and isospin. The three
quarks are treated as a single object with twenty different states (the bare
nucleon and delta states), and B, is a generalized Pauli matrix.

The Hedgehog Solution
The model (1) has been solved vartatiomally using a slightly generalised hedgehog
ansatz by Rohais and Rosina. Their results can be expressed as a power series in
the coupling constant (for the perturtative region), or in the inverse couping
coustant for the asymptatic region. The serles are, for pertimbtative region:
Ey=-57g2+849¢g 4 +89827.04 g 6, 2)
E,=-33g2+514g4-13347¢g6 , 3)

and for the asymptotic region

By = -27 g2 - 3/2 + 1/ (64g2) - 1/(48g2) , )
E,=-27g2-3/2+7/48 g2) - /48g?) . (5)

The meaning of the two 1/g2 terms is explained in the next section.

Perturbative Solution for Low g Region

For small coupfing constants the average mmmber of ploms in the pion clboad is very
small, so the solntion can be obtained by pertirbation arcumd the zero-pions state.
The first part of the Hamitordan that commts the mmmber of pions in the cloud can
be solved exactly. Tke solutions are simply coufigarations with a fboed mmmber of
pions and quarks coupled to one of the twenty tare states. The zero plon state is
then pertirted by the interaction part of the hamiltonian. Depending on whether
the zero pion state kas quarks coupled to N or A states, one obtains pertmrbative
series for N and A state:

Ey=-57g2+804g4-37224g6 (2a)
BE,=-33g2-12g4-358073g6 (3a)

Both series converge to about g=0.05.
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Perturbative Solation for the Asymptotic Region

The problem of obtaining an exact series solmtion in the Bmit of large coupling
constants was treated in 1984 by Parmentoh [2] for a model stmilar to the
present one, but cumtzining only ome spinor-isospinor i the souwrce (only bare
mocleon degrees of freedom). His derivation can be repeated using the mare
general model For the bowest lying states one finds that the difference of the
models reduces to a simple rescakng of the coupling constant g by a factor of 3.
One can then take over his resuls:

By = -27 g2 - 3/2 + 1/(144 g2) - 1/(48 g2) , 4a)
B,=-27 g2-3/2 +1/(24 g2) -1/(48g2) . (5a)

The positive 1/g2 terms are rotational energy, while the negative ones come
from the anharmonic part of the Hamiltonian. The 1/g2 terms in the variational
result are separated in the same way, showing that the the hedgehog reproduces
the anharmonic terms exactly to the 1/g2 order. Further details of this
comparison can be found in [3].

Discussion

In both the low and the high g regimes the the hedgehog result is surprisingly
good. In the low g region the the delta result of course leaves much to be
desired, but in the asymptotic region both the nucleon and the delta results
are comparably accurate. Since the only discrepancy in that region is in
rotational energy, variation of the hedgehog ansatz, supplemented perhaps with
a semiclassical method for determining rotational energy, seems to be a good
method forthe region of large g. The low g region is probably best left to
perturbative methods, except for qualitative calculations, where variation of the
hedgehog can give a good idea of the overall behaviour.

I wish to thank Mitja Rostna for helpful discussions .
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