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TIME DEPENDENT HARTREE APPROACH FOR KINK-ANTIKINK ANNIHILATION 
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Time dependent Hartree approximation for non-linear theories in 1+ 1 dimensions 
is derived and applied to the description of the kink-antikink annihilation in 
4>4 theory . The self-consistent equations are solved in the weak coupling
limit: the time evolution of the system is then governed by the classical 
equation of motion . A long-lived oscillatory state formed after the collision 
is explained in terms of quasi bound states of the mean field potential . 

1 .  Introduction 

The description of baryon-antibaryon annihilation into mesons in terms of 
the soliton-antisoliton system of non-linear meson theories , e .g .  the Skyrme 
model, is a particularly interesting problem: in such a process two 
asymptotically topological structuresdecay into their constituents. As a first 
step toward a realistic calculation it is instructive to solve a simpler model 
problem in 1+1 dimensions. In the present paper we study the soliton­
antisoliton system within the framework of the Time Dependent Hartree 
Approximation (T DHA ) . The Hartree approach in field theory has been used so 
far to describe the vacuum and the soliton sector of the sine-Gordon an·d the
+
4 theory in 1+1  dimensions1 -4 • In Sect. 2 .  we show how to extend this 

approach to the non-stationary case. The S-matrix for the annihilation into a 
given number of mesons is introduced in Sect. 4 . In Sect. 5 .  we present some 
results of the kink-antikink annihilation in ct,4 theory .
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2 . Time Dependent Hartree Approximation

The classical Hamiltonian of the tJ.4 theory in 1+1  dimensions5 :

( 2 . 1 )

has two vacuum solutions , ;v = :!!filf?;, which break the symmetry of the
Hamiltonian , and two static solutions witn nontrivial topology : <P

K ,K (x )  =
:t cf\tanh (mCx-a ) //2) , referred to as "kink" and "antikink" , respectively . 

To quantize the theory we introduce the field operators as normal mode 

fluctuations around the vacuum value 4> v = -m/n;':

A A 

i (x )  = 4> ( x )  - m! V: , �ex )  = 1 1rc L 1n2"k r 8i<eikx + a�e-ikx 1, ( 2 . 2 )

where a� and ak are creation and annihilation operators for free mesons with
momentum k and CJ� = k2 + ;/ ,  t?- = 12 m is the P.hysical mass of the meson . The
Hamiltonian of the quantized theory is written as the normal ordered product 
with respect to the operators ak : 

( 2 . 3 ) 

Due to the interaction the meson states are not plane waves but rather 
distorted waves in a mean field potential Ueff(x ) . The idea of the Hartree
approximation is to replace the plane waves in ( 2 . 2 )  by the wave functions 

�n (x )  which satisfy the Klein-Gordon equation : 

and expand : 

�(x) = L 1 / � [ cnfn
( x ) + c�f� (x ) ] .

( 2 . 4 )  

The creation and annihilation operators c+ and c are related to the 
+ n 3 n 

operators ak and ak by the canonical transformation · .  
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The state vector in the Hartree approximation is written : 1 s  a coherent 
state with respect to the reference vacuum IO>c, cn JO>c= 0 :

n n 
where the coefficients Cn are related to the expectation values:

< i J  +(xHi > = 1/2 L [ Cnfn(x) + C���(x)] ( 2 . 6 )  
n 

< i I ff(x) li. > = -i/2 L, �n[cnfn(x)  - C�f�(x ) J ( 2 . 7 )  
n 

We derive the T DH equations relating the coefficients en, the effective 
potential Ueff(x)  and the wave functions Jn

<x) from the variational principle 

<r � ( t )J i J nt - H l I ( t ) >  = o ,

allowing the following variations of the state vector l i( t ) > :  

n nm 
Here b = C· - JE 12· C with the property bn l l( t ) >  = O ,  qn and p are n n n n nm 
arbitrary coefficents. The coefficients en are time dependent and complex ;
the equations ( 2 . 6 )  and ( 2 . 7 )  are then independent , and we choose to write the 

. '-> A • 
expectation values of t(x)  and S'C(x )  as •<x , t )  and +(x , t )  respectively . In the 
following we shall see that this choice establishes a link between the T DHA 
and the classical equation of motion for the field +<x , t) . 

The first variation ( i) then gives6 :

•• 2 3 2 t(x ,  t)  - +•ex ,  t)  + d: +ex ,  t )  + A[cl>(x ,  t)  + 3+v+<x ,  t )  
+ 3 Aex) (+(x ,  t) + +v > = 0 , ( 2 . 8 )  

where the quantum fluctuating part .A(x)  is given by : 
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6.( x )  = L I � n ( x )  l 
2 /2&n - 1 /L La 1 /2 wk ( 2. 9 )  

n k 

The second variation (ii) gives the identical result as in the static case: 

the functions J n  ( x )  satisfy the Klein-Gordon equation ( 2. 4 )  with the

potential: 

�Ueff(x )  = 3>-.[4>(x, t > 2 + 2+v�(x , t ) + b.(x )]  . ( 2 . 1 0 )  

The self-consistent equations ( 2 . 8 )  and ( 2 . 4 )  are coupled: the effective 
potential is expressed in terms of the field q,(x , t ) ; at the same time �(x )  
contains the solution of ( 2. 4 ) . I n  the weak coupling limit, (hQ-12 < <  1 ) , D,.( x )

is a small correction and the equation ( 2 . 8 )  reduces to  the classical equation 
of motion, and ( 2. 4 ) ,  to the classical equation7 for small  oscillations around 
cp(x, t ) . The coefficients en do not enter explicitely in the equations; they
can be expressed as: 

( 2 . 1 1 )

3 . The Hartree vacuum 

The " Hamiltonian ( 2. 3 )  has been normal ordered with respect to the vacuum 
l O>a which is specified by the expectation value of the field - m /� and the
meson mass .f2 m. We do not know a priory whether this vacuum ( the "classical 
vacuum" ) is the solution of the self-consistent equations with the lowest 
energy ; another vacuum, l OjJ , specified by an expectation value <l>v and a meson 
mass l:'  may have lower energy and thus represent the true vacuum of the
Hartree approximation. ( Because of the translational invariance the basis 
states in ( 2. 4 )  have to be plane waves; they may differ only in the meson 
mass. ) The energy of the state J O> is most easily evaluated by changing the 

� 8 normal ordering with respect to the mass f2 m  to that with respect toc21 :

� =
21

<0 1 : H: � ml OjJ = �ctx{[ <.l-2zn2 ) + ( 3Af/-m2 ) 1n(2m2

Q1

2 ) +

+ 3).ln2 ( 2m2 �l) /8lr]/8n:- + .h (c\>v 
2 - m2 h,> 2 /4 } •
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In  the minimum, qr and }! obey the following equations: y = 1 + fXlnz/ ( �m2 )
and 1/z + 3XL�z/ ( 4nm2z) = 1, where z = )/12m2 and y = �// (m2I A  ) .  The
solution with a finite energy exits for ')..J2m2 < ar/3 with z = y = 1, i. e. ,  the
Hartree vacuum corresponds to the "classical vacuum" for sufficiently small 
coupling strengths. 

4 .  The S-matrix for the soliton-antisoliton annihilation 

Our aim is to calculate the probabilities for the kink-antikink system to 
decay into a given number of mesons. The initial state 1"1'0> of such a process
describes the non-interacting kink and antikink at large distance, and the 
final states are taken in the form: 

The S matrix for the annihilation into N mesons with momenta k1, • • •  kN is 
then defined as: 

We shall determine the time evolution of the state � K,K( t )  in the TDHA .
At t � oO, the self-consistent potential ( 2 .10 )  vanishes and the basis states 

jn(x )  become plane waves and the S-matrix can immediately be evaluated:

( 4 .1) 

By C
k

(oo) we mean the values of the coefficients ( 2 .11) at t �o0 . <N> is the
average number of mesons in the coherent state <N(CIQ ) >  = {ctk"k/2 1 Ck(oo) ( 2.

The probability for the annihilation into N mesons is then: 

(> N = A/N ! )[ "', /2 ' ck, (oo) l 2 • . .  WN/2 l C
kN

(o0)l 21 d( L wi-E) re L ki) dk 1 • . • dkN •
i i 

The normalization constant A is chosen so that E G" N = 1.
N 
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5 .  Numerical simulation of the kink-antikink annihilation 

The time evolution of the kink-antikink system in the TDHA is governed 
by the self-consistent equations (2. 8 )  and (2. 4 )  with the self-consistent 
potential (2. 1 0 ) .  To solve them, one would have to make small steps in time, 
in each step find the self-consistent solution, and precede until the 
asymptotic conditions are reached, i.e. the potential becomes sufficiently 
small compared to the meson maSS J-1 ,  The main difficulty in carrying out this 
program lies in solving (2. 4 )  to determine the basis states Jn

( x ) ; during and 
after the collision, the effective potential spreads over a large region which 
makes the numerical calculation extremely tedious. 

We therefore suggest an approximate method which consists in neglecting 
the term �(x)  resulting from quantum fluctuations, i. e. solving the classical 
equation of motion 9. This approximation is valid in the weak ccupling limit,
or equivalently, in the limit of a large kink mass compared to tte mass of the 
meson. ( For illustration we choose this ratio to be about that of the nucleon 
mass and the pion mass, so that AQ:-2 is close to 1 /20. ) Solving the classical 
equation of motion is much simpler than the self-consiste�t procedure 
described above, since the basis states do not enter in the calcu:ation of the 
time evolution. The coefficients Ck of the coherent state describing the 
outgoing meson radiation far from the source where the effective potential 
vanishes, can be determined by performing either 
transform or the Fourier transform in time of the fields 

the spatial Fourier 
� ( x , t ) and 4' ( x , t ) . 

The most significant result of the numerical analysis is that the kink­
antikink annihilation is a slow process, i.e. it evolves on time scales large 
compared to l1

-1 which does not allow to explore the limit t ..!) oO 
numerically. Nevertheless, the behaviour of the system can well  be understood 
by carrying out a precise Fourier analysis of the outgoing meson . radiation 
spectrum in relatively short time intervals. One notices that there are only 
narrow peaks in that �pectrum far away from the source ( Fig. 1 ) . Such a 
spectrum is explained by assuming that the peaks appear at the frequencies 
which are combinations of two principal frequencies, one at the energy around 
0. 8 ct1 and the other slightly below 1 . 0J-1.
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The appearence of principal frequencies below the meson treshold can be 
well understood in terms of the mean field picture . The nonlinear interactions 
between mesons generate an atractive mean field potential. In one dimension, 
any arbitrarily weak atractive potential has at least one bound state . The 
dominant frequency "'o found in the numerical calculation can therefore be 
identified with the energy of the lowest bound state .  The residual interaction 
between mesons contains terms of higher order in the field �( x, t) ,  so that 
meson processes such as the ones illustrated in Fig . 2 occur: The non-linear 
interact ion excites states with energies � = N "'1 + M w O for N, Me Z .
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To check the consistency of this interpretation we calculated the time 
average of the potential Ueff(x,t) in (2 .10)  for several time intervals. A
typical shape is shown in Fig .  3 . Numerical solutions of the Klein-Gordon 
equation with the time averaged potential give two bound states, one at the 
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energy 0 . 8  � and the other slightly below 1 . 0,tt in agreement with the 
frequencies of the principal modes. 

We can discuss qual itatively the · effect of including the quantum 
fluctuating part A(x )  ( 2 .9)  in the effective potential .  A rough estimate of 
the quantum correction to U �� �x, t )  shows that the main contribution to �(x )er. 
comes from the bound state solutions f

0
(x )  and j 1 ( x ) :

which represents a correction of the order of AIJ:.2 to the time averaged 
potential. The eigenvalues w0 and (..)1 are then shifted by the same order of 
magnitude. For sufficiently small "QJ2, e.g .  for our "physical" choice

2 IVJI = 1/20, the qualitative �icture of the kink-antikink annihilation process
does not change. 

We can also give an estimate how the system behaves after longer time 
periods for which the numer�cal calculation is not feasible. The numerical 
analysis shows that the seco�d mode with the frequency CJ1 decays faster than
the one with �0 • After suffi�iently long time, only the dominant peak at 2 ""o
remains in the spectrum. Its position moves slowly towards higher frequencies 
until it reaches w = 2 J:l· The spectrum of the emitted mesons is then expected 
to look like the one in Fig . 4 ( a) ,  leading to  an approximate distribution of 
annihilation events shown in Fig . 4 ( b) .

SO % 

1.0 1.S 2.0 w[µ) 4 S 6 7 8 9 10 N 

Fig. 4 ( a) Fig. 4 (b) 
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5 .  Conclusions 

Let us draw some conclusions with reference to the physically interesting 
case in 3+1 dimensions. The extremely long life time of the oscillatory quasi­
bound state found in the kink-antikink annihilation has clearly no counterpart 
in real baryon-antibaryon systems. We have understood such a long life time in 
terms of bound states in the mean field potential. In the one-dimensional 
case , such a situation is very likely to happen , since bound states appear for 
any arbitrarily weak attractive potential. In three dimensions, however, the 
attractive potential must have a certain minimal strength to support a bound 
state . It is an interesting question whether a realistic non-linear meson 
theory with topological solitons generates a sufficiently strong mean field 
potential to produce bound states during the nucleon-antinucleon annihilation . 
If this is not the case , then annihilation is a fast process with a broad 
continuous energy spectrum of outgoing mesons. On the other hand , if the model 
has excited states below the meson-nucleon threshold already for a single 
nucleon (similarly as +4 theory in 1+1 dimensions) , then one expects bound
states to appear also in the mean field potential during annihilation leading 
to the formation of a long lived quasi-bound state . 
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