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LEP T O NS AS S Y S TEMS OF D I RAC 
PART I CLES 
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I ns t i tute , " E .  Karde l j "  Un i vers i ty , LJub l J ana ,  Yugos l av i a  

Abstract :  Charged l eptons are treated as systems o t  three 
equa l i ndependent D irac part i c l es in an ex terna l  stat i c  
e f fect ive potent i a l  wh ich has a vec tor and a sca l ar term. The 
potent i a l  1s constructeo to reproduce the exper 1men t a 1  mass 
spectrum of  tne charged l eptons . The D irac covar i ant  equat i on 
Car three 1 n teract 1 ng part i c l es i s  d i scussed in  order t o  
commen t o n  the magnet i c  momen t or  leptons . 

t .  I ntroduc t i on 

Three fam i l i es o r  quarks ano leptons  d i f fer ing essen t i a l t y  
on ly  1 n  tne lr masses, sussest  tne ! oea that quark s and 
l eptons are c lusters of const 1 tuents  l t l , There 1 s  no a i rec t 
exper i men t a l  support for tn l s  i dea , but in  sp 1 te of that . i t  
seems at tract ive from the po i n t  of v i ew that insteaa o r  tnree 
tor maybe even morel fam i l i es w i th two quarks and two l ep t ons 
each , on h· a f ew fermions are e l emen tar ·y part i c l es .  These 
cons t .1 tuents  carry add 1 t i onal  charge, the source o f  
hyperco l our, wh 1 ch conf ines const i tuents  into a s i ze sma l l er 
than 1 0-•• m. We sha l l not d i scuss i n  th i s  paper e 1  tner the 
mean i ng o f such const i tuent mode l s  or the J ust i t" 1 cat i on f or 
them . We sha l l rather present a s imp le  treatment o f  the 
dynam i cs f or one of  these mode l s, s ince the dynami cs is very 
unusua l due to the fact that l ocal i zat ion is  much sma l l er 
than the correspondins Compton wave l ensth . The behavi our o f  
the masnet i c  moment i s  espec i al l y  unusual .  l n  Tab l e  1 raa1 1 ,  
Compton wave lensths end the rat i os or  these two quant it i es
f' or some tYJ:> i cal  examp l es are presented• 
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Tab le J :  Compton wave l ength >..c t •2ft /M, M 1 s  tne mass o r  the 
sys teml ls compared to the s i ze of tne sys tem R .  The th i rd 
co l umn shows the i nverse rat i o  between these two quant i t i es.  
The C ourtn co lumn shows the rat i o  between 
evR/2 Cwh 1 ch i s  the product of the current c ircu lat ing around 
the ax i s  end the correspondi ng area) and the masnetJ c mOfRent 
e/2M of  the system . I t  i s  a l so, UP to  a constant  2n, the 
rat i o  between the s ize o r  the system R and tha de Bros l l e  
wave l ength. 

• We use in th i s  paper h a  c • 1
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� l so ,  the expectat 1on val ue of the masnet i c moment operator• 

11 = - ! f t  X � d.
1

r ( t )  

wn;tch i s  proport 1 onal t o  current t imes area, exh ib i ts 
comp l ete ly  d i f ferent  behavi our at the l eve l o f  quark end 
lepton const i tuents as compared to  the cases we are used to 
hand J. 1 ns up to now . To show th i s·, we present in  Tab l e  I the 
rat i o  between the quant i ty wh i ch is current t imes area 
C I S-evR/2l and the magnet i c  moment e/2M . Wh i l e th i s  quant i t 1 Y 
ls  approx imat e l y  1 in  the case o f  an e l ectron in  a hydr.Q&en 
atom or i n  the case of a proton i n  a nuc l eus , i t  i s  very 
sma l l for the const i tuents of l eptons and quarks.  We sna l l 
d i scuss th i s  prob l em asai n  later . 
We assume in  th i s  paper the Harar i SU C3) � x SU C3) c x U C 1 J  
mode l l 2J . I n  th i s  mode l the charsed l eptons are systems o f  
three D irac part i c l es ,  carry ing 1 /3 of  an  e l ectr i c  charse ,
sp i n , co l our and hyperco l our . We suppose a l so that the three 
ferm i ons determi ne al l the dynam i cs of  the system · and that 
hypers l uon i c  f i e l ds and hypermeson i c  f ie l ds CTT , . . .  ) are 
taken into  accoun t on ly  through the effect ive i nteract i on .

Hypera l uon ic  and hypermeson i c  f i e l ds 
shou l d  be very s trong at the l eve l o (  l epton const i tuen t s ,
much s tronger even than at the quark l eve l ,  l ead ing to an 
effect i ve potent i al w i th scalar and vector terms. We sumss , 
as at the quark l eve l , that the hypers l uon 1 c  f ie l d  man i fests  
sca l ar cont i n ins f ie l ds. We l ook for an effect i ve �otsnt ia i · 
wh 1ch conf ines the system at  three const i tuents into  a vo l ume 
w i th R< t o·•• m ,  l eao ins to an energy spectrum 1n agreement  
w 1 tn the cnarsed l epton mass spectrum ana hav ing l eve l s  w 1 th 
sp 1n  3/2 sreat l Y  aoove 20GeV . We sha l l s tudy the masnet i c 
moments and decay proper t ! es of  such sys tems. I n  order to  
comment on  the masnet i c moments of  l eptons , we  present 
covar i ant  equat i ons o r  three lnteract 1 ns D i rac part i c l es i n  
an ex ternal f i e l d• . 

2 �  The equat ions of mot ion

We wr i te the act i on for the sys tem o r  three part i c l es 
forms ) 

s " r lx p- "r,:, ( \ f1nc,114 - "1 1,, - f (II f) -
� 

- t'" A t - i c Ft'" - ! ( J ?Jt4 )
� ( i) "ft,, ti, �i) � J . 4 1

c14
v 2 'Z'<f r 

1n  the 

(2) 

The hyperco lour f i e lds wh i ch appear in the act i on t2l as sca­
lar and vector f i e lds con f i ne the const i tuents  i nto c l usters . 
I n  the case where other f ie l ds shou l d  a l so be taken ·i n t o  - r A ' q - � Ao.
account , the t erm <am "f'c., f,,, 1t1 , = � �<'> 't�, a en "r,i, �
shou l d  inc l ude not  on l y  hyperco l our vector f ie l ds ,  but a l so 
co lour f i e lds , e l ectromasnet i c  f ie lds ,  etc .  and s im l l ar i l y  
for the �v F8" term . 

• Ai t· f i e lds here ere treated c l ass ical l y .  The quan.tum t t e l d
treatment wou l d  be needed , s ince for examp l e  e"/it1tf. r  _, 200CJeV
for t- • io-.ftft .
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Barut and komy ( Sl present the der i vat i on of re l at i v i s t i c  
equat ions rrom the act i on C2J i n  the case o r  an e l ectro­
magnet i c  f ie ld £or two part i c l es . In th i s  paper we sha l l  
l eave as an open prob l em the der i vat i on o f  re l at i v ist i c  
equat ions  from the act ion C2) for three part i c l es when they 
interact w i th vector and scalar potent ia l s .  We shal l a l so not 
di scuss the or i s in of  scalar f i e l ds ,  wh i ch 1s  not Yet known 
even for co lour interact i on among quarks on the hadron leve l .  
We sha l l use sca l ar  f i e l ds i n  order to assure bound states  
s im i l ar  to  the way quarks are conf ined in the  potent ia l  on'1 y  
i f  sca l ar f ie lds are inc l uded. 

Let "f'("• J � • �) be the three par t i c l e  f i e l d ,  wh i ch 1 s  41 componen t 
sp inor and wh ich fu l f i l s the fo l l ow i ng three body 
re l at i v i s t i c  equat i ons in  a covar i ant  form: 

-1- (r,., o® ( t� i o,i>inh.)® fc,>o +

Yl'lca) ) 

{ ( ft� i d(4)t'4 - Yn(1)) @ ! (&)o ® [(JJ O

t('IIO @ ((,) o ® ( t� i'v(>)t'4 -

[ [ \\ ( t-1iJ -+ Wia c riJ ) J 1 1'  ( x,J = o 
l (j 

w 1 th r;J = [ _ ( )( i _ x; J r c"' i - "j J � + C .x. -�-t--i � J

(4,) 

whare tne two potent ia ls  represent ing the sca l ar and the 
vector part are wr i t ten in a covar i ant form· . 
Let us introduce the operators for re lat i ve coord inates ana 
centre o r  mass coordinates by CSJ : 

� � 
p :  [ �c,, ) ""'- :s m e  .. , +  ttt,'&, , M = r w.,,, ,

i=1 ,=1 

it 1 = ( � h,, pc-,, -· m,11 P,s, )/ni 
1"2 =. ( h-\ �<-t.J - �,�, ( P c" >  + t°ta., )) / M , 3 

CSaJ 

\'"'I =.J£1-l'1 , � = & � X.1 - �'1,X.t � M X.i )/'M , R. = � [ rl1 (O .X i  •
1 a'f rrom here  1 t ro 1 l ows, 

t:><1, • M '"' p + Jr - WI, .. , 1f
M 1 Vt\ 2. 

p (1) =
�I,) p - 1t'-1 - Wit�, �2 

vn 
_p_�1a1 _: ___ � p + 1t 2.. 

CSbl 

· sarut ana Strome ! CS J  sugges t t or the par t i c l es, 1n teract ins
w 1 th tne e lectromagnet 1 c  f orce the fo l low tns express i on for a 
vector potent i a l z  

'Yi& ( l'iJ ) = (<ic• @ r,/' @ n. fca10  it ( h)
where � (r.,) ls a sca l ar  rJ��t i on of  tne re l at ive d i stance fU .  
I ns t ead o k> f  �Jo one cou l d  wr i te f(A&c. � to po int out  the
covar i ent  form of  eqs. (4) • One can thenf choose hJt' c C t ,  O , o ,  Ol 
to reproduce eqs. C�l . I 
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I f  we insert  the express i ons f'or Pm into eq . (4) , we f i nd that
on l y  centre o f  mass t ime appears in i t s 

\ - f O -.. ( t'ltt, � + Wlca.> °'<&> -t- �"' occ,, )/M . 'J) + - - -
(r,(•0 �C1J + {!,ea.) h't (l) + (!>(1) t"l'lC1,) ) + (CXc,tJ - Oc't2J ) rr.., +

( - �"' h1c1, /th - ;,z> Mu, /t-t1 -+ -;;'J; )it +
\ h te""°"c.tiot\ iev�s J 1/' (.X. t ) ::  O

( 6) 

..... 
Wh i l e P commutes w i th the rest o f  the operator i n  eQ . C6l ,

� - ..a. �p (n.< 1, <Xc.,, + n1<&> °'(i) + mes, Dt (i> VM · does not ·  . The eq. C 6) 

canno t be separated into  two i ndependen t equat i on s  
determ 1 n 1 ns tne i n terna l  mot 1 on and the cen tre o f  mass 
mot i on .  Th i s  can eas i l y be unders tood s i nce the sp 1 n  o f  the 
sys t em aepends on the internal mot i on. 
Wnen tne 1ntern a 1  mot i on man i f ests  sp i n  1 /2 ,  tne sfst em 
shou l d  benave as a free D irac par t i c l e  1 f  no ex ternal f i e l d  
1 s  presen t . One can wr i te 

( - ... - Po + oc - 'P ( 7) 

Here tJ,E� represent s  a l l terms i n  eq . (6) except the t 1 rst  two. 
Matr i ces it and p., are st i 1 1  �., x 4., matr 1 ces and "\/>"I.I, i s  st 1 l l
41 sp i nor . I f  one i n t egrates over interna l  desrees o f  freedom ,
the express ion 

< Pi"t '1/" 112 
/ (b E,. / ft_t � 'f/2 > = (3c,., rt,C"f

enters  as a mass term in the D irac equat i on for a sp in 1 /2 

part 1 c i e ,  wh l l e  ( fl.._i l\/'
f
/2. ( � .  P f "1w1. llf-' f/z>=�·P shou l d  behave

4/Z. as a momen tum term. Here 1(,- i s  the so l ut i on of  eq . C7)  for the 
sp 1n 1 /2 case and P,11t 1s the proJector , pr0Ject 1 ng �41.1. 1 n t o  
the space concern 1 ns re l at ive mo t i on. 
One can expect tnat the system of three D irac part i c l es s t i l l 
behaves i n  the above d i scussed way as one D i rac part 1 c l e  1 1
i t 1 s  put in  a weak ex ternal f 1 e la .  The structure of tne 
sys t em wou ld  man i fes t  now throush the anoma l ous mesnet t c  
moment . One can understana th i s  as f o l l ows . 
I n  the presence o f  an ex terna l abe l l an f i e ! a , .Atr ( eqs . t 1 J
ana C 4) ) are mod i f i ed .  Th i s  wou l d  be man i fes t ed 1n eq. C�) so  
that:  

at -:> et: - �< ,·> A
"'

S i m i l ar equat i ons a l so fo l l ow 1 n  the case wnen a t ! masses 
in eqs . CS> wou l d  be rep laced by  eners i es : �,,

1 
� fc;J 1 � -9 f.

E. c £(41,-+ f,,, , N -,  E =- ! Ec,J w 1 th f({I be ins the enersy 
. .  I 

or ·the part i c l e  1 .  Such a proposal i s  made in references C 7i . 
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S ince , £or examp l e ,  � (lC4) -�(Rt :11 t; - �''·ri} = A,. (R}+LlJ}.,(R,�, r,) , tnen

for f i e l ds wh i ch are homoseneous enousn on tne sca l e  of the 
const i tuents :  � ( X4 ) = A� ( R  ) .  

_ _ _ 
I n  eq. (6> the term ( t\1. c,., � .. , + m(a.) °'c.a., t ..,,,�, cx,'11 )/M • P wou l d

tnen b e  mod 1 t 1 ed to ( Mm t,,,, i- t>1,2,  �u, t 1'>1(JI �,�, ) /M · Ji -
( � - - ..... � (o o<,,., + ici., o<ci., -+ �<�, o<u, ) · A . 
t n  the case of three const i tuents  w i th equa l masses ana w 1 tn 

s - 1 /3 eo the term becomes:  3 (<X1 + o<.2. + �3)(P-e A ) . The t l me

component of  the ex terna l f i e l d  w i l l  appear w i th Po :  I; - eo A., 
Th is  means that the system o f  D i rac par t i c l es w i th tota l  
angu l ar momentum 1 /2 i ndeed behaves in  a homoseneous enough 
ex ternal f i e l d  A as one D irac part i c l e .  However , 1 n  mos t  
cases the contr ibut i on o f  the interna l mot i on to  the magnet i c 
moment of  the system i s  not neg l i g ib l e. I n  the case o f  atoms 
the anomal ous magnet i c  moment i s  of the order of t o� t imes 
larger than the D irac mas"et i c  moment . I n ternal mo t ion 0£  
quarks i n  a nuc leon contr ibutes a few t imes more t o  the 
magnet i c moment of the nuc l eus than the D irac magne t i c  
momen t .  I n  the case 0 £  s trons l y  bound const i tuen t s  o f  l eptons 
the contr ibut i on to  the D irac magnet ic moment is due to  
h iSh l Y  re lat iv is t i c  i nterna l mot i on o f  the  cons t i tuents  for 
many order or magn i tudes smal l er than the D irac one , as we 
shal l show in  chapter 3 .  
I n  th i s  paper we shal l no t  make use of eq . C6l when study i ng 
tne aynam i cs o f  l ep tons. We sha l l s imp l i fy the equat i on o t  
mo t 1 on (6) i n to equat i ons o r  three independent part i c l es 1 n  
an ex terna l f i e l d, w i th a vector and a sca l ar part. However , 
we need the above der i vat i on to  comment on the masnet i c  
moment o f  the system o f  three cons t i tuents . I t  w i l l  b e  shown 
in chapter 3.4 that the correct treatment of the canter of 
mass mot i on i s  essent 1a l  to reproduce correct l y  tne magnet i c 
moment of  the system of part i c l es .  
We - present our ca lcu l at i ons as a f irst  s tep t o  be tter 
understand ins o f  the dynam i cs o f  const i tuents  wnen they are 
l oca 1 1 zed to much smal l er rad i i than tne Compton wave l engths. 
We sna i l not Camon& other th 1nss> treat the centre or mass 
mot ion correct l y ,  but 1n  sp i te o f  the fact that i t  can be 
very l arge , we s t 1 l .i be l i eve that some senera l  f eatures o t  
the dynam i cs o f  three re l at iv ist i c  par t i c l es can b e  seen from 
such s imp l i f i ed ca l cul at i ons . 

3. Equat ion of  1110t t ons for three non- lnteract i ns Dirac
part icles in an external f ield 

S i nce we have on l y  three part i c l es and no hypermeson i c  or 
hyperg l uon ic  f ie l ds (wh i ch are i ndirect l y  t ak en i nt o  
accoun t on l y  throush the · effect i ve potent i a l) , w e  sha l l 
interpret the charged l epton generat i ons as the radi a l  
exc i tat i ons of  the around state . We therefore l ook for the 
potent i a l , wh i ch woul d  r eproduce the mass spectrum o f  e ,  � 
and � and has s tates w i th J •3/2 h 1Sh enouSh : we sha l l take 
them h 1Sher than 20GeV . ln the Harar i mode l l 2l ch&Psed 
l eptons are composed oC three equal part i c l es T w ith e l ectro­
masnet 1 c  charge - 1 /3 .  Each T a l so carr i es hyperco lour char&e 
(5U C3) )  and co l our charge CSU C3l ) . 



3., 1 .  The s insl e  part· 1c le  equat i on of mot ion

our Hami l ton i an 
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has a vector Ca zeroth component or a four vector> and a 
sca lar potent i a l and i t i s  radi a l ly  symmetr i c .  We need a 
sca l ar potent i a l to assure that the system i s  conf ined . Too 
strong a vector potent ia l  in  the absence of  a scal ar 
potent i a l has no bound states . We fo l l ow the standard 
procedure 

- - .. -
, - '71' J f  a _.e, .,. i: O"i , K i e fJ• � - A::. + -1)

[ H,., , 1 ]  = OJ [ K,
J 
1 , ] = 0 ,

K 1'� = -x ttr.t 
w 1 tn ?c. =rt Q -tfl.z. )  and Vt\ ,  � ho-\. ,

� [ f� x� } 
l\j, .,.  = � i ·f 7( �  .

C9al 

C9b) 

From here the equat ions f or rad i a l  funct ions r and s fo l l ow: 
df/d r + � f  +- ( t: + M  .. w- v) -:, ; o
d'a/a( t- � 9 - ( e - m - W -+ V) f -= o l t Ol

3 . 2. The ant i symmetr i c  wave funct i on wi th a m i x ed rad ia l  
symmetry 

We choose the wave funct ions of charged l eptons wh ich ere 
made of  three 'r part ic les to be hyperco l our and co·lour ·
s ing l ets . 5 ince the total  ansu l ar momentum J shou ld  be 1 /2 ,  
the rad 1a 1  wave funct i on w i th m i xed symmetry shou ld be 
coup l ed to the wave funct i on w i th tha momentum J• t /2 a l so 
having m i xed symmetry to  produce an ant i symmetr i c  wave 
f unct ion :  

Tab le I I • The scheme o f  the permutat ional symmetry of  the 
wave funct ion 

§ = § X 

tota l  hyperco l our 
wave par t  
t" unct 1ons 

co l our 
par t 

f l avour 
par t 

J-part  rad i a l
par t  

\. J 
coup l ed to  

§
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To fu l f i l  the above cond i t i ons , at  l east two di f ferent rad i a l  
wave f unct ions are needed . I f  E ,  are so l ut i ons w i th J• t /2 o f  
the eQuat i on (8) , then w e  need the Ham i l ton i an w i th the 

f o l  l ow ing e i genval ues: J;:. ,t =
- la 2. 
\:: � • Yh 't. - t � e + 1 .,..,C' • 

We take me :: o ·s- -1  Me V 1 

! me - t h1tr , E 2.

3. 3 . Numer ical search for the potent ials

To s 1mp l 1 f y the prob l em we construct the po tent 1 a 1  from the 
vector part  of  the f orm: 

V ( r )  :: - � - V,, 8[  0 ,  R. J - v, G>[R1 , RJ-�e[Rz,RJU t aJ 
Where "4,V� and v� are s trengths o f  the three s t ep funct i on s
o n  the i nterva l l R ; , Ri l .  

+ 

�,.�(t 

1 I ' ,, 

l 
I 
I 
I 
I 
I 

y Ii� -

t-
1 
I 
I 
I 
I ' 
I 
I 
I 
I 
I ' 

F-ls . t .  The vec tor poten-t 1 a l  <. Cu  1 1  J i neJ and the strensths
o f  de l ta C unct 1 ons 1 n  tne sca lar potent i a l  (dashed 1 1neJ usea
1n tne cal cu l at 1 ons. The cnosen parameters are presen ted 1n
tne l as t  row ot  the TBD 1 e  1 1 1 . Note that tne sca l e  t or the
vector po tenc 1 a 1  1 s  a 1 t r eren t then tne sca 1 e  t or the sca l ar
potent 1 a 1 .

For tne sca l ar po tent 1 a 1  we cnoose two de l ta func t i ons  at R,  
and R2 respect ive l y ana an 1 n f 1n i te wa l l  at Ra 

W( ) f s. s c�-R1 >  + s� b(Y- 2�> � \-"� R�
r : t t t b> 

co , r �R,
To· det erm i ne tne parameters  of  the proposed poten t ia l  we used 
a numer i ca l  procedure , rather s i m i l ar to  the procedure used 
bY Kopper and Durr C 4 l in nonre l at iv i st 1 c dynam i cs . lhe  
procedure used in  our paper for re lat i v i s t i c  dynami cs i s  
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presented 1n Appendix 1 .

" v. v. Vi R, s. R» s, Rs <r> <r> <r> • a 

[f1t1"1 [fniJ I [f \'Ii'] [fm] [ fm] [Cm] [fmJ [fmJ ( fmJ 
·- ·

. ��95 50 30 1 0  . 0004 6. 3 . 006 3 . 0  •. 039 . 0008 
,
. 01 1 . 023 

j . 9�9� 50 49 45 . 0001 4  6. 5 . 004 4. 3 . 0 1 7  . 0005 . 008 1 . 0 1 9  1 · 99�9 1 50 90 50 . 000048 7. 6 . 002 4. 1 . O t t . 0002 
1
- 003 , . 007

. 9999 200 500 t2.00 . 000036 8. 30 . 00059 4. 6 . 00306 . 000024 . 00095 . 00 1 2 

Tab l e  1 1 1 : The dependence of the proper t i es of the system on 
the cho i ce or  parameters . 

• 

K �
., 

� -�� I '� �  I "( ��:1 
� 

. I 
.t ., J. l 
TI �

:?i
'' T T,, I 

I I ,, 
F ls .  2 :  The rad i a l depenaence of the upper componen ts r ,  

C fu l  1 1 1nesJ and or  the l ower components  s ,  (do tted
l ines) of  the three wave func t i ons corresponding to  the 
energ ies E, . The three vert i ca l  dashed l ines i nd i cate the 
pos i t i ons of  the two de l ta funct i ons end the inf i n i te wa ll,
respect i ve ly. 

e 2 . 3· t o-" c;-J 
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Tab l e  I V: The mean rad i i for e- , p anc � .  

The chosen sca l ar and vector poten t i a l s  assure tnat tne 
system of three const i tuents  i s l oca l i zed to tne vo l ume o f  
r< t o-•• m and has tne des i red mass spectrum. A s imp l e  bag 
poten t 1 a !  wou ! a ,  ror examp l e ,  i oca l 1ze part i c les  to  the 
aes i red vo lume , but wou l d  make a system very heavy w i th a 
mass about 200 GeV. We wou l d  l ike  to po int out asaln that the 
rather comp l i cated af fect i ve poten t i a l  ref l ects amons o tner 
tn inss , the fact  that a l l o ther degrees of Creedom but 
part i c l e  ones are taken i n to account  in i t. 
The rac ia l  dependence 0£  the three wave funct i ons  
correspondins to the ground s tate and tne f irs t two exc i ted 

· s tates i s  pre�ented in F i s .  2 .
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3. 4 .  Nagnet ic  moment or the sys t em

To · eva l uate the masnet i c  moment o f  the system descr ibed by 
the wave funct i on from Tab l e  I I  we have to eva l uate the 
expectat i on va l ue or the magnet i c  moment operator CeQ. C t l l :

C t 2) 

We sha l l f i rs t d i scuss the magnet i c momen t of one part i c l e  i n  

(1 3J 

I n  the case that in eqs . C t Ol on l y  sca l ar potent 1 a 1  or on l y  
vector poten t i a l  i s  d i f f erent from zero , one can transform 
the i ntegra l  in  eq. C t 3l into an integra l  conta i n i ng one o f  
the two components  by mu l t ip ly ing eqs . C t O> b y  e i ther r f  or 

rs . Wr i t ing f f '· r  = ; (f·r) /- f fa. 
one obt a i ns :  

ft q � o..-- = 2_7e.- .f { 1 _ � J-'-t 2.c;t... i if v+o W= o4 � � X - L  <J J J J 
0 

ff a \-"  et..,. - 'l. x - �  f i .,. � f°;zot... 1. if V =� w-,oC t 4) 

" 4E \ .2.:x. -� o a J ) 

For weak b i nd ins and therefore f or the nonre l at i v i st i c  l 1m i t 

E->m and f�2oLtr -> 0 so  that '1 for one par t i c l e  i s  e0 /2m in

both cases . .  Th i s  i s  then , up to  the canter of  mass mot i on 
correct i on ,  the contr ibut i on o r  each part i c l e  to the magnet i c  
momen t ·or the sys tem i f  i n  addi t i on the prescr ipt i on how t o  
generate the total  wave funct i on from s ing l e  par t i c l e  wave 
funct i ons 1 s  tak en i nto  account.  I n  the case of  very s trong 

o i nd r ng ,  f (32 � 1ncreases . The magnet i c  momen t reduces from
eo / 2m t o  the va lue e0 <r> , due to 1ncrease o t  the l ower 
componen t s of the rad i a l  part of the wave f unct i on ,  wnere 
�r> 1 s  the average rad ius o t  the bound par t i c l e .  S i nce <r> i s  
1 n  our case o f  the order 2. t o·• fm ,  the masnet 1 c  moment o f  one 
par t i c l e  is therefore of the order of  2. 1 0-.. fme0 , 1 t  1 s  
1 0-• '-'• . I n  Tao l e  V the masnet 1 c  moments o f  the l eptons  e · . µ 
and � are presented ,  ca l cu l ated for the wave func t i on from 
e q .  C 1 2l . We repeat aga i n  that the cen ter a t  mass mot 1 on was 
neg l ected therefore one can not expect to reproduce the D 1rac 
masne t i c momen t . 

l 
1 . 1 • 10  _. f ffl Bo 
t . 6 · 1 0-.. f m Bo
3 .  7 ° 1 0_. fm  Bo

Tab le V: The magnet ic  moments or  the e- , "' and ,-
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Th is  resu l t  on l y  rou8h l Y  eval uates the contr ibut i on of 
internal mot i on to the . masnet l c  momerit or the system .  We can 
understand th i s  fact bY means of the d i scuss i on in  sect i on 2 .  
The system of  tnree cons t i tuents  w i th internal tota l  angu l ar 
momentum 1 /2 behaves in  a weak enough ex ternal  f ie ld a 1 most 
as one D i rac part 1 c l e  w 1 tn the rest mass determined by the 
interna l mot i on of the three part i c l es and w i th an enoma t ous 
masnet 1 c  moment . The magnet i c  moment of the internal mot i on 
l s  the correct i on to the · D irac one. The stronaer the 
part i c l es are bound in the system, the sma l l er i s  the vo l ume 
ln wh i ch tney are bound , the more re l at i v i st i c  i s  the ir 
behav i our and the smal l er is  the ir contr ibut ion to the 
magnet i c  moment of the system. On the quark l eve l , for 
examp l e ,  the re l at iv i s t i c  errect i s  on l y  o f  the order or 20% , 
the contr ibut i on of  the internal  mot i on to  the magnet i c  
moment o r  the system i s  f ew t imes l arger than D irac one and 
s1ves the correct order o f  magn i tude o f  the tota l magnet i c  
moment. T o  set more prec i se resu l t  one �hou ld  so l ve eq .  C6> , 
tak ins into account correct ly  the centre o f  mass mot i on end 
a l so the corre l at i ons in the internal  mot i on .  Th i s  i s  the 
exp lanat i on why the prob l em w i th masnet i c  moment has never 
appeared to be so drast i c  as i n  the case o f  const i tuents  o f  
l eptons . 
To ca l cu l ate the anomal ous masnet i c momen ts of  a sys tem o f  
three charged D i rac par t i c l es ,  one shou l d  so lve the eq.- (6) . 
I n  th i s  a lso the D irac part o r. tpe maanet i c  moment wou l d  be 
reproduced . 

3�5 .  E l ectromasnet l c  decay of � and � 

Due to tne symmetry or  the wave funct i ons , spontaneous 
trans i t i ons of the type 1 12· -> 1 12· are not a l l owed s ince 
tne correspondi ng C l ebsh-Gordan coef f i c i ents  ere zero . l he 
trans i t 1 ons in the second order throusn tne states 3/2 are 
sma l l aue to the h 1 sh enersy or  tnose s tates. 

Conclus i on 

I n  th 1 s  paper we presentea tne dynam i cs 0£ tnree equa , 
re ! at 1 v 1 s t 1 c  pat i c l es , l oca! t zed i n  a sphere w i tn a ract 1us 
wh ich i s  at  l east 1 0-• sma l !er than tne correspond 1 ns Compton 
wave l ength of the system . We have shown that such a· system , 
1 r  coUJ) l ed to the tota l angu lar momentum 1 /2 ,  behaves in  a 
weak ex ternal f ie l d  as a one D irac part i c l e  sys tem,  w i th the 
mass det ermined by the mass and the energy of the interna l 
mot i on of  the const i tuen t s , w i th i nterna l mot i on contr ibut i ng 
to the anoma l ous magnet i c  momen t .  I n  such e case the system 
o f  three const i tuents  or  charged l eptons man i fests the
magnet i c moment of an e l ectron w i th s-2 af fected by the
interna l s tructure. I f  the strength of  the interna l  f ie l d
forces the const i tuents to be h i&h l y  re l at i v i s t i c  par t i c les ,
as i t  wou l d  be in  the case of the const i tuents of  l eptons and·
quarks the contr ibut i on to the masnet i c  moment o f  the system
wou l d  decrease to a val ue, e0 <r> . 
I n  th i s  paper we s tudy the dynam i cs of  the system of  three 
cons t i tuents or l eptons in a s imp l i f' i ed mode l : we treat three 
independent part i c l es i n  an eff ec t i ve ext ernal f i e l d  tBk i ns 
care o f  a l l other desrees of  freedom . The e ffect i ve sca l ar 
and vector poterit" i a l  turn out to have very pecu l i ar shapes in  
order that a i l features o f  the dynam i cs coul d  be  reproducea 
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by par t i c l e  degrees of freedom on l y ,  and tnat the 
l oca l 1 zat 1 on to rad t us 1 0-ae m cou l d  be ach i eved wh 1 le s t 1 l l  
preserv ing  the system ' s  des ired mass spectrum . I n  tn 1 s  mode l 
the s ing l e  part i c l e  states w i th J •3/2 are pushed to ener g i es 
h iaher than 6 GeV , but the nex t radia l l y  ex c i t ed s t at e  
appears to b e  l ow ,  at 1 . 9 GeV . Th i s  shou ld  for shure b e  
corrected ,  together w i th the centre of  mass mo t i on. A l thousn 
the centre ot  mass mot i on i s  not treated correct l y ,  the mode l 
neverth e l ess i l l ustrates the pecu l i ar behav i our o t  a sys tem 
o f  const i tuents l oca l i zed to r <<�c .
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Appendi x  1 : Construct ion of the rel at ivist i c  Hami l ton i an w i th 
the des ired spectrum 

We presen t in th i s  append i x  the construct i on o f  the D irac 
Ham i l ton i an w i th the three l owest energy s tates E 1 C see  the end 
of the sect i on 3 .  2) and w i th a l l other states above E> >E,. The 
des ired Ham i l ton i an has three pecu l i ar propert i es :  

i )  Energy d i f ferences between two ne 1 gt,bour s tates grow w i tn 
rad i a l  quantum numoer very fast 
i i l Leve l s  w i th total  angu l ar momentum J -3/2 appear much n i gner 
than l eve l s  w i th J• t /2. 
i i i ) The system 1 s  con t 1 nea to a spnere of  tne rad i us wn i cn i s 
much sma l l er tnan the correspond1ns Compton wave l en&th. 

we , wou l a  l ike to po int out Csee a l so ref. C 4l wnere so l ut i ons o f  
Schrod 1 nser equat i on are commented) that the D irac equat 1 on CSJ 
w i th a spher i cal  <scal ar) pot ent i a l  wh ich i s  monoton i c  f unct i on 
o f  rad i us has a spectrum whose energy d i fferences decrease w i th
the rad i a l quantum number. f or a u l tra-re 1at i v i st 1 c  part i c l e . We
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therefore suppose that the des ired potent i al shou l d  be 
nonmonoton i c .  
We restr i ct ourse l ves to  the case where the invar i ant 

I (  � _ 2C  - � ·  - Y ' + w ' _ .i  (- V+wl 
r i E J = \'9 a. r,  "'" e -v +- tn 1- w � c e -VT"' ... w J L

+ i ( - V1 + W '  ) '' "" ( e -V)
,z.
- (\1\1\ + W J::a.:z.. E - V +M +W 

of  the r ad i a l  equat ions C t Ol grows w i tn energy:

oI (r- ; E )  / /c) E
I t turns out tnat th i s  l s  not a severe l im i tat ion .  We def ine the 
node of tne wavefunct 1 ons as a zero ot  tne d i f f erence of  tne two 
raa 1 a 1  components  c r -s> from eq . ( 1 0) . We conc 1 uae cnat to  tne
e 1sen t unct 1 on w i th h 1 sner energy a h 1 sner numoer of noaes 
corresponds . For tne vector and 
ana C 1 2J we chose 1n  
accordance w i tn 

the sca l ar potent 1 a 1 presentea 1 n  eqs. l t t J
advance tne parameters � ,  v ,  , V2 , v1 1n

1 )  'Jt.. • ( t - E )  0 < £ < (  l 
i 1 l V, , V 2 , V s >> E1 > 0 

An appropr i ate cho 1ce o f  V, forces tne tnree wavefur 1ct 1 ons cor­
respond ins to s tates E, , E and E to osc i l l ate 1 n  the aes 1rea 
manner. The wave funct i on w� ich cofresponds to E, snou l d  nave no 
nodes in the in terva l CO , Rs l , the wavefunct 1 on o t' E2 snou l d  have
one and the wavefunct i on or  Es two nodes in the same interva l .
The f i ve addi t i ona l parameters R, , R:1 1  F(, , 5 1 and 52 are tnen 
f 1 t tcd to onta 1n  the des l�ed spectrum . Let r , ' aenote the j -tn 
node o f  the wavefunct i on be l ong i ng to the i - th energy l eve l . Ina 
des ired order of nodes i s z 

and can be ach i eved by a su i tab l e  cho i ce o f  scaler t erms 
S, a cr-R, )  s ince the invar i ant i s  supposed to grow w i tn enersy . 
I t  turns out that 1 £  the condi t i on 

I I 2 ra < r2 < R1 < r 3 < R. 
1 s  tu 1 r 1 1 ed ,  tne aes tred condi t i on 

wn 1 ch 1 s  tne M . J . T .  bas boundary cond i t i on 
f l tt lns S, and 52 proper l y .  

can be obtained by  




