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Abstract: Charged leptons are treated as systems ot three
equal independent Dirac particles In an external static
effective potential which has a vector and a scalar term. The
potential 1S constructed to reproduce the experimental mass
spectrum of the charged leptons. The Dirac covariant equatlon
for three i1nteracting particles 1|s discussed In order to
comment on the magnetic moment of leptons.

1. Introduction

Three families of quarks ana leptons differing essentialliy
oniy 1n thelr masses, suggest the [adea that quarks and
leptons are clusters of constituents li). There 1s no airect
experi1mental support for this idea, but in spite of that. it
seems attractive from the point of view that insteaa of tnree
(or maybe even more) families with two quarks and two leptons
each, only a few fermions are elementary particles. These
constituents carry additional charge, the source of
hypercolour, which confines constituents into a size smaller
than 10" m. We shall not discuss in this paper either the
meaning of sSuch constituent models or the Justitication for
them. We shall rather present a simple treatment of the
dynamics for one of these models, since the dynamics is very
unusual due to the fact that localization is much smaller
than the corresponding Compton wavelength. The behaviour of
the magnetic moment {s especlially unusual. [n Table | rad:i,
Compton wavelengths end the ratios of these two quantities
tor some typical examples are presented’

A LTm] RIEm) R/Ac MVR !
Electron 1n 2.10’ 10° 2.10° 1
hydrogen atom
Tritium nucleus 4.10 2 4 3
(pnn) ]
Nucleon 1.10™ 1~ T 1 5
(aqq) I R b gm b
Electron 2.10 <10 <10™* <10™
(TTH I T L

Table 1: Compton wavelength A¢ (=20/M, M 1S the mass ot the
system) s compared to the size of the system R. The third
column shows the inverse ratio between these two quantities.
The fourth column shows the ratlio between
evR/2 (which is the product of the current circulating around
the axis and the corresponding area) and the magnetic mo&ent
e/2M of the system. It |s also, up to a constant 2fn, the
ratio between the size of the system R and ths de Broglie
wavelength.

.

We use in this paper h = c = |
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Also, the expectation value of the magnetic moment operator:

A

..a--‘ 4 > 3

(u. zfjxk‘dr‘ ()
whnfch is proportional to current times area, exhibits
completely different behaviour at the 1level of quark and
lepton constituents as compared to the cases we are used to
handling up to now. To show this, we present in Table | the
ratio between the quantity which ({s current times area
(1S=evR/2) and the magnetic moment e/2M. While this quantitiy
is approximately 1 in the case of an electron in a hydrogen
atom or in the case of a proton in a nucleus, it 1is very
small for the constituents of leptons and quarks. We shall
discuss this problem agalin later.

We assume in this paper the Harari SU@3), x SUMB),. x UC1)
model(2). In this model the charged leptons are svstems of

three Dirac particles, carrying 1/3 of an electric charge,
spin, colour and hypercolour. We suppose also that the three
fermions determine all the dynamics of the system-and that
hypergluonic fields and hypermesonic flelds (TT, ...) are
taken into account only through the effective interaction.

Hypergluonic and hypermesonic fielas
should be very strong at the level of lepton constituents,
much stronger even than at the quark level, leading to an
effactive potential with scalar and vector terms. We guass,
as at the quark level, that the hypergluonic field manitests
scalar confining fields. We look for an effaective potential
which confines the system of three constituents into a volume
with R<10°'* m, leading to an energy spectrum 1n agreement
with the charged lepton mass spectrum ana having levels with
spin 3/2 @greatly above 20GeV. We shall study the magnetic
moments and decay propertles of such systems. In order to
comment on the magnetic moments of leptons, we present
covariant equations of three interacting Dirac particles {n
an external field’.

2. The equattions of motion

We write the action for the system of three particles in the
form:

S- 5d“—"{£ ‘Ye-;( Xb) D"’c“ Mo - ﬁ(,,Qf’) -
%m nﬂ., X;‘; ’\K) Ae“& Fr ( ‘f 3‘“ ) -

The hypercolour flields whlch appear in the action (2) as sca-
lar and vector fields confine the constituents into clusters.
In the case where other fields should also be taken into

account, the term G, "T’(n Xf; %, A(‘ =§;%:,’{|-’(;,m ’\l’(.-, A;

should 1{nclude not only hypercolour vector fields, but aslso
colour flelds, electromagnetic fields, etc. and simllarily
for the IZ,\, F¢¥ term.

* A1t fields here are treated classically. The quantum field
treatment would be needed, since for example e‘/lmﬁ.r ~ 2006GeV
for r =10”fm.
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Barut and komy(S) present the derivation of relativistic
equations from the action (2) in the case of an electro-
magnetic field for two particles. In this paper we shall
leave as an open problem the derivation of relativistic
equations from the action (2) for three particles when they
interact with vector and scalar potentials. We shall also not
discuss the origin of scalar fields, which 1s not yet known
even for colour interaction among quarks on the hadron level.
We shall wuse scalar fields {n order to assure bound states

similar to the way quarks are confined in the potential onily
if scalar fields are included.

Let ¥(x ,%.,%)be the three particle field, which 1s 4®component

spinor and which fulfils the following three body
relativistic equations in a covariant form:

{(X}f,‘, D“’a“ - m‘“J® feoo ® oo + Xw°®(xg i—aa)c“-"}")® Xmo +
g(*)o ® X(a)o ® ( Xd‘ l @M mw) =
Z [V\a(h&) 4 W.a(r.a)]}f\r(x) (4)

3
e v s [ (xim %) (%) CX-*M‘"J

whére the two potentials representing the scalar and the
vector part are written i1n a covariant form®.

Let wus introduce the operators for relative coordinates ana
centre ot mass coordinates by(5):
3

s
P-= ; Por , mamg,+mg M =‘£___‘ M,
Wez (May Py = My Py )/ m (Sa)
22 (m Pi.;‘)' = My (P + Puas /M, 3
Fa=deo% 1y = (- gy X =MgXa+ MXs) i =4ﬁ- Z My Xi |
From here it follows: =1
P = 220Dy T, - T,

Pay = M Mea)
™M P - T, - T2 (Sb)

‘Barut ana Stromel (6] suggest for the particles, Interacting
with the electromagnetic force the following expression for a
vector potential:

Vi (%) Yo ® 8 @ T de Vi ()

K¢
where (%Q ls a scalar funttion of tne relative distanceTij .
Instead Yo one could write Yut'to point out the

covariant form of eqs. (4). One can then! choose 7£‘=(1.0.0.0)
to reproduce eqs. (4) .
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If we insert the expressions for P into eq.(4), we find that
only centre of mass time appears {n {t:

- - D .
{' P+ (mq %y + Myy) Xy + My, "‘m)/m P+ .
((5(,, My + (Bey May + (e May) + (Xew = &) TC, +
(= Sy My /M = Ky Mezy fm + % )T, +

6
interaction tevms } Y (x) = (@)
While P commutes with the rest of the operator 1n eq. (6),
- - - =2
(i 4y Koo + May Gy + Mgy Ry Vg P does not’ . The eq. (6)

cannot be separated 1into two independent equations
determining the 1nternal motion and the centre of mass
motion. This can easily be understood since the spin of the
system aepends on the i1nternal motion.

Wnen the 1nternal motion manitfests spin 1/2, the system
should benave as a free Dirac particle 1f no external field
1s present. One can write

(“ Po + 5(.-$ + (SEr ) q}’uz(x;) =0 N

Her‘e/.BE,. represents all terms in eq. (6) except the tirst two.

Matrices andp are still 4’ x 4’matrices and "/-‘% is sti1ll
43spinor. If one integrates over Internal degrees of freedom,

the expression
> = ﬂ’cn mMe,y

<Pl'nt 1{’4/2 I/b El' I ‘P,-“t’ll”

enters as a mass term in the Dirac equation for a spin 1/2

particie, while ( Pt /I+'b‘ l&'ﬁ[P‘“ 4‘»“‘)_._.}‘".-[5 should behave

as a momentum term. Here ijls the solution of eq.(7) for the
spin 1/2 case and P,,, 18 the proJector, DPOJectlngfv“‘lnto
the space concerning relative motion.

One can expect that the system of three Dirac particles still
behaves {n the above discussed way as one Dirac particle 1t
it 18 put {n a weak external tield. The structure of the
system would manifest now through the anomalous megnetic
moment. One can understand this as follows.

In the presence of an external abelian f1iela, /¥~ (eqs. (1)
ana (4)) are modifiea. This would be manifested i1n eq.(4) So

that:
M _ M
as) > af: Fer A
* Similar equations also follow I1n the case when al! masses
in eqs. (5) would be replaced by energies: Mgy = Eo , Mg

€ = &4 En M E- z £ with 4 being the eneray

of ‘the particle i. Such a proposal i3 made in references (7).

12
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Since, for example.A.(&)aﬁ..(k*%'ﬂ'%"’ﬂ)'—‘A’.(R}*ﬁA@(R}'};"a) » then

for flelds which are homogeneous enough on the scale of the

constituents: A‘“ (x)= Ax(R).

In eq. (6) the term ( My K T m(a) 3t Moy a‘”)/M‘ would

P
then be moditieda to (m(ﬂ °‘H) *”‘m"‘m *"’(;)“(a))/M ‘P -

(Q(a) %y + qm“"—’ * e “6)) A
In the case of three constituents with equal masses ana with

8 = 1/3 e, the term becomes: %(5.(,4' 5(.; +5(.;)(P'QA) . Tha time

component of the external fileld will appear with B : B - oA,
This means that the system of Dirac particles with total
angular momentum 1/2 indeed behaves {n a homogeneous enough
external fleld A as one Dirac particle. However, {n most
cases the contribution of the internal motion to the magnetic
moment of the system i{s not negligible. In the case of atoms
the anomalous magnetic moment (s of the order of 10%times
larger than the Dirac magnetic moment. Internal motion of
quarks {n a nucleon contributes a few times more to the
magnet ic moment of the nucleus than the Dirac magnetic
moment. In the case of strongly bound constituents of leptons
the contribution to the Dirac magnetic moment is due to
highly relativistic ({(nternal motion of the constituents for
many order of magnitudes smaller than the Dirac one, as we
shall show in chapter 3.

In thi1s paper we shall not make use ot eq.(6) when studying
the aynamics of leptons. We shall simplify the equation ot
motion (6) into equations of three independent particles 1in
an external field, with a vector and a scalar part. However,
we need the above derivation to comment on the magnetic
moment of the system of three constituents. It will be shown
In chapter 3.4 that the correct treatment ot the center of
mass motilon 1s essentlial to reproduce correctly the magnetic
moment of the system of particles.

we "present our calculations as a first step to better
understanding of the dynamics of constituents when they are
localized to much smaller radil than tne Compton wavelengths.
we shalil not (among other things) treat the centre of mass
motion correctly, but 1n spite of the fact that {t can be
very large, we still believe that some general features ot
the dynamics of three relativistic particles can be seen from
such simplified calculations.

3. Equation of motions for three non-interacting Dirac
particles in &n external field

Since we have only three particles and no hypermesonic or
hypergluonic tlields (which are - |{ndirectly - taken {nto
account only through the ‘effective potential), we shall
interpret the charged lepton generations as the raadial
excitations of the ground state. We therefore 1look for the
potential, which would reproduce the mass spectrum of @&, u
and ¥ and has states with J=3/2 high enough;: we shall take
them higher than 20GeV. In the Harari model(2) chegssed
leptons are composed of three equal particles T with electro-
magnetic charge -1/73. Each T also carries hypercolour charge
(SU(3)) and colour charge (SU(3)).
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3.1. The single particle equation of motion

Qur Hamiltonian

3 3 -
H=2 Ho = LI& P *+ (o0 ‘“‘thw))*V‘“El:

ing f=d

has a vector (a 2zeroth component of a four vector) and a
scalar potential and {t is radially symmetric. We need a
gcalar potential to assure that the system is confined. Too
gtrong a vector potential In the &absence of &a scalar
potential has no bound states. We follow the standard
procg_dure__

Ji "'e.'*ié:i , Ki= ﬁa("-’;'za +1)
[H“’:Ji]zol [H&,-T'.]=O» (Sa)
K4E = x s

with X =% (j+!2) and M; am,
» [ x4
x " |lig =2
3 T.E x4 .
From here the equations for radial functions f ana g follow:
df/dr + Ff+ (E+m+W-V)g = O
o

dg/dr - F9 - (E-m-w+Vv){ =

(9b)

(10)

3.2. The antisymmetric wave function with a8 mixed radial
symmetry

We choose the wave functions of charged leptons which are
made of three T particles to be hypercolour and colour:
singlets. Since the total angular momentum J should be 1/2,
the radial wave function with mixed symmetry should be
coupled to the wave function with the momentum J=1/2 also
having mixed symmetry to produce an antisymmetric wave
function:

Table [I: The scheme of the permutational symmetry of the
wave function

@:@x < 00 - H E}j

total hypercolour colour tlavour J-part radial
wave part part part part
tunctions \ )

coupled to
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To fulfil the above conditions, at least two different radial
wave functions are needed. If E, are solutions with J=1/2 of
the equation (8), then we need the Hamiltonian with the

tollowing eigenvalues: E4 = % Me --% mo‘, Ez. = %mc*_% e,
Esamt-%v’\e*%m&.
Wwe take Mg = 0's1Mev, Wi = 105 MeV, s, = 4R GeV,

3.3. Numerical search for the potentials

To simpli1fy the problem we construct the potential from the
vector part ot the torm:

V(r) = = & -V,0[0,r,] - V,O[R,,R.]-VOIR,R ] 12

where \‘,V& and V, are strengths of the three step functions
on the interval (R;,R;)
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Fig. 1. The vector potential (full 1line) and the strengths
of delta functions 1n the scalar potential (dashed 11ne) usea
iIn  the calculations. The chosen parameters are presented 1n
the last row ot the Tapble LIl. Note that the scale tor the
vector potential 1s aditlterent then the scaie tor the scalar
potential.

For the scalar potential we choose two delta functions at R,
and R, respectively ana an i1nfinite wall at R,

S S(r-Ri) &+ S, S(r-Ry) ,veRy
W(r) = (11b)
»r R:
To :determine the parameters of the proposed potential we used
a numerical procedure, rather similar to the procedure used

by Kopper and Durr (4) in nonrelativistic dynamics. The
procedure used in our paper for relativistic dynamics s



presented 1n Appendix 1.
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Y Vi, {V: {V; | R, S, R, S, |R, <>, <> <r>

[m] | L¢w] | (fwi]| C€m] [Em] [Em] | CEm) CEm) (fm]
.9995| 50 |30 |10 L.oooa |6.3 |.006 [3.0:033 |.o0008 !.011 !.023
.9999] S0 | 49 | 45 |.00014 !6.5 |.004 |4.3|.017 |.0005 [.008 |.019
.9999(150 | 90 | SO |.oooo48! 7.6 {.002 |4.1].011 {.0002 [.003 |.007
.9999 200 500 200 !.000036{ 8.301.00059 /4.6 |.00306| .000024 |.00095 |.0012

Table 111: The dependence of the properties of the system on
the choice of parameters.
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Fig. 2. The radial depenaence of the upper components f,
(full lines) and of the lower components g, (dotted
lines) of the three wave functlons corresponding to the
energies E,. The three vertical dashed lines Iindicate the
positions of the two delta functions and the {nfinite wall,
respectively.

e 2.3°10™ tm
M 3.5 10"
¥ 8.2 10~

Table IV: The mean radii for e, up ana 7.

The chosen scalar and vector potentlals assure that the
system of three constltuents 1Is localized to thne volume of
r<i0*®* m and has tne desired mass spectrum. A sSimple bag
potential would, for example, locallize particles to the
aesired volume, but would make a system very heavy with a
mass about 200 GaV. We would like to point out again that the
rather complicated effective potential reflects among other
things, the fact that all other degrees of freedom but
particle ones are taken into account {n |t.

The radial dependence of the three wave functions
corresponding to the ground state and the first two excited
‘'states s presented in Flg. 2.
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3.4. Magnetic moment of the system
To- evaluate the magnetic moment of the system described by

the wave tunction from Table 11 we have to evaluate the
expectation value of the magnetic moment operator (eq. (1)):

g 0.% 0
Luz-‘ % _[F[rdsh ’L"i'(r‘)rz;r; [ i ]’l‘,(h” . (12)

We shall first discuss the magnetic moment ot one particle in

the state

Y . roisdy/ fa
e )
- -Z;ﬁggiglojfiﬁfr-dr

In the case that in eqs.(10) only scalar potentia:i or only
vector potential is different from 2zero, one can transform
the integral in eq.(13) into an integral containing one of
the two components by multlplving eqs. (10) by either rf or

whlcn is equal to: CA =
(13

reg. Writing )[)( ko= AG ) if one obtains:
Hq»-dr 2._____{,1_ gx_i Iﬁld's if ViQW=0

(14)
[fgrdr = ’-lx 4{ 1+ = [%zou} if V=0,W¢0
For weak bindxns and therefore for the nonrelativistic limit

E->m and ﬁg%*v -> 0 so that u for one particle is e,/2m in

both cases. This is then, up to the center of mass motion
correction, the contribution of each particle to the magnetic
moment ot the system if in addition the prescription how to
generate the total wave function from single particle wave
functions s taken 1nto account. In the case of very strong

Dxnaxng,juazoh— increases. The magnetic moment reduces from

8,/2m to the value e,<r>, due to 1increase ot the Ilower
component g of the radial part of the wave function, where

«<r> 1s the average radius of the bound particle. Since <r> is
1n our case ot the order 2.10™* fm, the magnetic moment of one
particle is therefore of the order of 2.10™" fme,, 1t 1s
10™ 4. . In Tanle V the magnetic moments of the leptons e , u
and Y are presented, calculated for the wave function from
eq. (12) . Wwe repeat agaln that the center of mass motion was
neglected therefore one can not expect to reproduce the Dirac
magnet ic moment.

e 1.1'10: fm e,
T 1.6'10_. fm e,
| = 3.7710" tm e,

Table V: The magnetic moments of the e, u and ¥
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This result only roughly evaluates the contribution of
internal motion to the .magnetic moment of the system. We can
understand this fact by means of the discussion in section 2.
The system of three constituents with internal total angular
momentum 1/2 behaves in a weak enough external field almost
as one Dirac particle with the rest mass determined by the
internal motion of the three particles and with an anomalous
magnetic moment. The magnetic moment of the internal motion
is the correction to the Dirac one. The stronger the
particles are bound in the system, the smaller is the volume
in which they are bound, the more relativistic 1{s their
behaviour and the smaller (s their contribution to the
magnetic moment of the system. On the quark level, for
example, the relativistic etfect is only of the order of 20%,
the contribution of the ({nternal motion to the magnetic
moment of the system is few times larger than Dirac one and
gives the correct order of magnitude of the total magnetic
moment. To get more precise result one should solve eq.(6),
taking into account correctly the centre of mass motion and
also the correlations in the internal motion. This 1is the
explanation why the problem with magnetic moment has never
appeared to be so drastic as {n the case of constituents of
leptons.

To calculate the anomalous magnetic moments of a system of
three charged Dirac particles, one should solve the eq. (6) .
In thi1s also the Dirac part of the magnetic moment would be
reproduced.

3¢5. Electromagnetic decay of n and 3

Due to the symmetry of tpe wave functions, spontaneous
translitions of the type 1/2° -> 1/2° @re not allowed since
the corresponding Clebsh-Gordan coefficients are zero. The
transitions (n the second order through the states 3/2 are
small due to the high energy of those states.

Conclusion

In th1s paper we presentead the dynamics of three equal
relativistic paticles, localized {n a sphere with a radius
which is at least 10™ smaller than the corresponding Compton
wavelength of the system. We have shown that such a system;
if coupled to the total angular momentum 1/2, behaves (in a
weak external fleld as a one Dirac particle system, with the
mass determined by the mass and the energy of the internal
motion ot the constituents, with i{nternal motion contributing
to the anomalous magnetic moment. In such a case the system
of three constituents of charged leptons manifests the
magnetic moment of an electron with g-2 affected by the
internal structure. If the strength of the Iinternal field
forces the constituents to be highly relativistic particles,
as it would be in the case of the constituents of leptons and
quarks the contribution to the magnetic moment of the system
would decrease to a8 value: @o<r>.

In this paper we study the dynamics of the system of three
constituents of leptons in a simplified model: we treat three
independent particles {(n an effective external field teking
care of all other degrees of freedom. The effective scalar
and vector potential turn out to have very peculiar shapes in
order that =all features of the dynamics could be reproducea
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by particle degrees of freedom only, and that the
localization to radius 10™*®* m could be achieved while still
preserving the system's desired mass spectrum. In this model
the single particle states with J=3/2 are pushed to energies
higher than 6 GeV, but the next radially excited state
appears to be low, at 1.9 GeV. This should for shure be
corrected, together with the centre of mass motion. Althou&n
the centre ot mass motion is not treated correctly, the model
nevertheless illustrates the peculiar behaviour ot a system
ot constituents localized to r<<ig.
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Appendix 1: Construction of the relativistic Hamiltonian with
the desired spectrum

We present in this appendix the construction of the Dirac
Hamiltonian with the three lowest energy states E, (see the end
of the section 3.2) and with all other states above E>>E;. The
desired Hamiltonian has three peculiar properties:

i) Energy differences between two nelghbour states grow with
radial quantum number very fast

ii) Levels with total angular momentum J=3/2 appear much higner
than levels with J=1/2.

iil) The system 1S contined to a spnere of the radius which 18
much smaller than the corresponding Compton wavelength.

We: woula 1ike to point out (see also ref.[4] wnhere solutions of
Schrddinger equation are commented) that the Dirac equation(8)
with a spherical (scalar) potential which is monotonic function
of radlus has a spectrum whose energy differences decrease with
the radial quantum number. for a ultra-relativistic particle. wWe



111

therefore suppose that the desired potential should be
nonmonotonic. o
We restrict ourselves to the case where the invariant

I(r; cx o _x =VIew’ 4 (-viw)
"'/E): re e ¥ E-Vim+w 4 (E-Vimew)?

‘( -vl+wl V4 - '3 a
tx (m) +(E-V) - (m+w)

of the radial equations (10) grows with energy:

'aI(r;E)/aE )OIVY.

It turns out that this is not a severe limitation. We define the
node of the wavefunctions as a zero ot the difference of the two
radial components (f-g) from eq.(10). We conclude that to the
elgentunction with higner energy a higher number of nodes
corresponds.

For the vector and the scalar potential presented 1n eqs. (11)

ana (12) we chose i1n advance the parameters A, V,,V,,v; 1In
accordance with

1) A = (1-€) 0<e << 1
i1) W ,V,,V; >> E; >0

An appropriate choice of V, forces the three wavefulictions cor-

responding to states E,, E, and E to oscillate in the desiread
manner. The wave function which cotresponds to E, should have no

nodes in the interval (0,Rs), the wavefunction ot E, should have
onea and the wavefunction of E; two nodes in the same interval.
The tive additional parameters R, R,, R;, S, ana S, are then
titted to cbtain the deslired spectrum. Let r,? aenote the j-th
node of the wavefunction belonging to the i-th energy level. The
desired order of nodes is:

3
U<ry <r,l<r,’<R,-r,’-r"-r“

and can be achieved by & suitable cholice of scalar terms
S,8(r-R,) since the invariant is supposed to grow with eneray.

It turns out that If the condition
rs'<r;'<R<r,’<R,
1S tultiled, the aesired condition

3 2 4
Rymry «r, =-r,

which 1s the M.1.T. bag boundary condition can be obtained by
fitting S, and S, properly.





