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1 . l r·.JTRODUCTION

In the work publ ished almost ten years ago Chel i kowsky and Cohen l 1 ]  sugges­
ted formula*  for pseudopotential spin-orb it matrix e lements. Th is  formu la has been inte­
nsively used for energy band calcu lations of elementary semiconductors and semiconduc­
tor compounds. Genera l iz ing B loom-Bergstresser's formu la 1 2 1 , wh ich fo l lowed from mo­
d if ied Weisz·s formu la I 3 1 , the authors of the work [ 1] have g iven it in the form from
which it i s  not easy to repeat their resu lts. I n some of the recent papers I 4, 5 1, spin-orbit 
i nteraction influence has been estimated on the basis of that or sim ilar formula. We are of 
the op inion that i t  is worth to give precise expression for pseudopotentia l  spin-orbit inter­
action matrix elements. 

2. SPH'.1-0REIT INTERACTION

The formu la for the pseudopotent ii l spin-orbit  interaction matrix elements for 
sem iconductor compounds with zinc-blende cubic structure, which follows from B loom­
·Bergstresser's work [2 1 ,  can be written in the form :

-+ -+ 
-+ -+ · k · x k · -+ A -+ -+ -+ S -+ -+ -+

< k i , V 1W501 k ., v'> =-1 --1 • a vv' r x  s in ( ki - kJ.) T - i A cos ( k i - k
j.) r], ( 1 )  J k -k ·  I J 

* Formub ( 1 3) in [ 1 I
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where 

A t  + X2 A A t  - A2 
xs = and A 

2 2 
(2 ) 

-+ 
are the symmetric and antisymmetric contributions to the sp in-orbit Hami ltonian, a is 

-+ -+ 
the ,Pau l i  sp in operator, v and ,I arc spin indices. Vector product ki x kj in ( 1 )  is given
in �)2 un its, where a is l attice constant. All other wave vectors are taken in atomic

a -+ -+ -+ -+
units. Fu rther k wi l l  denote the point from the first Bri l iou in zone (BZ), k i = k + gi,-+ -+ -+ -+ -> 
kj = k + gj and gi , gj are reciproca l lattice vectors. The sine and_;osine terms in ( 1 ) are
appropriate for the geometrical struct•J re factor of th is lattice and , - ; ( 1 1 1 ) 

The X 1 and A2 are contibutions of the f irst and second element in the men·
tioned binary compounds: 

A 1 = µ B � I (ki) s •n l  ( kj)

X2 = a µ  B 2
n l  ( k i) B � 1 ( kj),

( 3 )  

(4) 

where µ is an adjustable parameter ( in Ryd) and a is constrained such that the ratio of
spin-orb it contribution for the atoms in binary compounds is the same as the spin-orbit 
spl itting ratio for free atoms [6]. 

We include on ly contributions from the outermost p-core states. Contributions 
from inner core states or d-core states can be neglected l 7 ]. 

B�1 ( k) is defined by

B� 1 ( k) = C j j l ( kr) R� 1 ( r) r
2 dr,

0 
( 5 )  

where Ri
ni ( r) is the radial part of  the core wave funct ion, i denotes the element of  binary

compound ( i  = 1 ,  2), j l is a spher ical Bessel function, whi le C is· the normal ization cons­
tant defined so that 

lim k· I B� I ( k) = 1

k -+ 0 

(6) 

Integrals defined in formu las (5) and (6) were solved numerica l ly in ( 1 1  on the
bas is of tabu lated data for radial part of atom ic wave functions given in Herman-Ski l lman 
book [6 J . However, these integrals can be so lved analytical ly 1 8 1  on the basis of radial
part of the core wave function obta ined by the Roothaan-Ha rtree-Fock method (9 1 :  

( 7 )  

where Ng denotes the number o f  basis fu nctions (S later-type orb itals) hav ing the form :
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(8) 

· The pa r ameters cn lp • nip , �Ip and number N 9 for each atom are given in l 9,
10  I, In that way we obtained the analytic expression for integra l (5)  * * 

1,Jy 1T N n + 1 .,
B ( k) C v9 I (2 ) 1 ) - I ., (2  l'.: ) Ip •
'n l  = 2 1+1 p ..... = 1 

cn lp  n ip . • t;; lp • 

I' ( I  + nip + 2) n + I + 2·
F (

-IP __ I - n ip k.2 
; I  +2 · ) 

2 2 2 , I'. 2 + k2 , t;;lp 
(9) 

where F is hypergeometric fu nction and I' is Gamma function. The constant C is defined 
by the fo l lowing relation :  

3 .  DISCUSSION OF THE R ESULTS

r ( I + n ip + 2 )
l+n +2 

� Ip • I"' ( I +  3/2 )Ip 
( 1 0) 

Nonlocal pseudopotential of Chel ikowsky and Cohen has been tested for Si 
and GaP. In the case of these semiconductors the effect of spin-orbit splitt ing in respec­
tive energy levels can be neglected. We repeated resu lts from 1 1  J. In order to get these 
resu Its we have to take: 

1. d-wel l  rad ius, which is not given in l 1 J, has the same value for both compo­
nents in the compound. That value is a t 3 and was obtai ned by means of , ,touching
spheres" approximation.  

2 .  Matrix elements of the non local pseudopotential were not included in per­
turbation terms. 

3 . In Brust-Lowdin's perturbation scheme, the same formu la for diagonal and
non-dic{!Cmal matrix elements in  truncated secu lar equation had been used. The value of 
parameter E. is E = 2 ( 2 £  ) 2 (see (25)  in I 1 1  ] ) .a 

4. According to the authors statement in 1 1  J the solutions of the secu lar equa­
tion with satisfactory convergence was obtained for Lowdins parameters N � 50 and 
L � 1 00 , where N is order of tru ncated and L is order of total secu lar equation. For 
example, we \.Vere able to repeat the resu lts for energv levels in the point r from fi rst
BZ using N = 59 and L = 1 1 3  for GaP and N = 59 and L = 1 46 for Si. 

** Let us note that the formu las ( 1 5) ,  ( 1 7) and ( 1 8) from Ref. [81, have some mistakes 
which a re corrected here. Appropriate corrections were also made in respective computer pro­
warn SP INORB .  New modified version of th is program wil l be publ ished. 
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The resu lts for other semiconductors a re given in columns HS and RH F in Tab. 
I. They are obtained by means of N = 59, L = 1 1 3  in the point I '  and N = 75, L = 1 46 i 1 1
the points X and L.  Cheli kowsky-Cohen's resu lts are given in the column CC. Resu lts in
the column HS in the same Table were obtained on the basis of numerical solutions of
integrals (5) .  The data for radial wave fu nctions from f 6 J were l inear ly interpolated . The

Table I. 
E igenvalues (eV) at r, X and L for indicated semiconductors. The column CC is 

taken from Ref. · 1 . The column HS is obtained by numerical solution and the 
column RHF by analytical solution of i!}tegrals (5), respectively. 

q;- Sn lnAs lnSb

cc HS RHF cc HS RHF cc HS RHF 

r; 0. o. o. r; o. 0. o . .  o. o. o.

r; 1 0.54 10.56 1 0.54 r; 12.26 1 2.27 12.27 1 0.89 1 0.88 1 0.90 

r; 10.92 10.92 10.92 r: 12.69 1 2.70 12.69 1 1 .71 1 1 .73 1 1 .71 

r: 1 1 .34 1 1 .34 1 1 .34 r: 13 .@ 1 3.07 13.07 1 1 .96 1 1 .96 1 1 .96 

r: 13.42 13.44 1 3.43 r e 
7 17.08 1 7.08 17.09 1 4.87 1 4.88 14.89 

r: 14.00 13.99 14.00 r: 1 7.32 1 7.32 1 7.32 15.30 1 5.31 15.30 

x; 2.49 2.49 2.49 2.51 2.51 2.51 

x; 3.46 3.47 3.47 x: 6.05 6.06 6.06 . 5.28 5.28 5.29 

x: 1 0.22 1 0.20 10.20 9.26 9.24 9.25 

x; 8.59 8.57 8.57 x; 10.32 1 0.31 10.30 9.47 9.46 9.45 

x� 14.97 1 4.94 14.94 13.42 1 3.40 1 3.40 

x: 12.24 12.22 1 2.22 XC 
7 1 5.35 1 5.32 15.32 1 3.54 13.52 1 3.52 

L; 1 .9 1 .9 1 .9 q 1 .77 1 .76 1 .76 1 .76 1 .75 1 .75 

L; 4.74 4.73 4.73 L; 6.46 6.45 6.45 5.79 5.78 5.78 

L; 9.66 9.65 9.65 L; 1 1 .43 1 1 .42 1 1 .42 1 0.27 10.25 1 0.26 
V L4,5 10. 14  10.12 10.13 V L4,5 1 1 .69 1 1 .68 1 1 .67 10.75 1 0.75 10.74 

L: 1 1 .48 1 1 .47 1 1 .46 L: 14.22 1 4. 19  1 4. 19  1 2.74 1 2.73 1 2.73 

L: 1 4.82 1 4.82" 1 4.82 L: 18.1 1 1 8. 1 1 18.1 1 16.01 1 6.01 16.01 
C L4,s 15.1 1 1 5.09 1 5.10 C L4,5 18.24 18.22 18.22 1 6.24 1 6.23 1 6.23 
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Table I. (continued) 

lnP GaSb CdTe 

cc HS RHF cc HS RHF cc HS RHF 

r; o. 0. 0. 0. 0. 0. 0. o. 0.

r; 1 1 .21 1 1 .21 1 1 .20 1 1 .24 1 1 .27 1 1 .24 1 0. 18  10. 19 1 0. 19  

r; 1 1 .42 1 1 .41 1 1 .42 12 .00 1 1 .99 1 2.00 1 1 .07 1 1 .07 1 1 .07 

r; 12.92 12.93 12.93 1 2.86 18.86 12.86 1 2.66 12.66 1 2.66 

r; 16.06 1 6.06 1 6.03 1 5.44 1 5.46 1 5.43 1 6.43 1 6.39 1 6.39 

r; 16.34 16.32 1 6.35 1 5.77 15.76 1 5.77 1 6.68 1 6.70 1 6.71 

x; 2.61 2.52 2.62 2.67 2.68 2.68 1 .96 1 .94 1 .94 

x; 5.41 5.29 5.29 5.24 5.24 5.24 6.02 6.02 6.02 

x; 9.33 9.1 1 9 .10 9.39 9.39 9.38 9.09 9.08 9.08 

x; 9.36· 9.13 9.1 4 9.63 9.60 9.60 9.47 9.40 9.40 

x� 13.86 13.83 1 3,83 13.72 13.71 13.71 1 4.55 1 4.51 1 4.51 
·• C x, 14.39 14.34 · 14.34 13.79 1 3.77 1 3.77 1 5.02 1 5.02 1 5.02 

LJ 1 .75 1 .73 1 .73 1 .83 1 .82 1 .82' 1 .43 1 .42 1 .42 

LJ 5.58 5.58 5.58 5.75 5.74 5.74 6.34 6.30 6.30 

a_; 10.33 1 0.32 1 0.32 1 0.55 10.56 1 0.54 9.89 9.87 9.87 
V 

L..4,5 10.48 10.47 10.48 1 1 .00 1 0.98 10 .99 1 0.42 1 0.39 1 0.40 

Lt 13.61 13.59 1 3.59 13.22 1 3.20 1 3.20 13.89 1 3.88 1 3.88 

C 
L6 1 7.00 1 6.97 1 6.96 1 6.43 16.43 1 6.42 17 .25 1 7.22 17 .22 

C 
L4,s 17 . 12  17 .07 17 .08 1 6.59 16.57 1 6.58 1 7.42 1 7.40 17 .41 

co lum n RH F is ob!ained using analytical forrnu lae (9 }  and ( 1 0) .  The spin-orbit parameter 
µ was adjusted in order to get respective experimental d ifference l"J - r¥ (as i n  the work
[ 1 1 ) .  The values of µ, together with more precise values of a obtained on the basis of 
recent data from [ 1 2j, are given in  Table 1 1 . 

Let us emphasize sc,me of the resu lts emerginy from the columns CC and HS of 
the Tab. I. Max imum d ifference is not greater than 0.02 eV for c1. - Sn, 0.03 eV for l nAs, 
0.03 cV for GaSb, and 0.02 eV for l nSb. I n  the case CdTe t1ppropriatc difference is 0.04 
cV , except for the level X 7v where the difference is 0.07 cV . For some levols of I nP
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µ. 

a 

Table .II. 
The parameters µ. and a used in this work. Data for µ in HS column are taken.from [ 1] ,  while 
the data for a in the same column are from [6]. The values for a in RHF column were obta­
ined using the data from [12]. For the parameter µ in the same column explanation is given 
in the text. 

a- Sn lnAs lnSb lnP. µaSb CdTe 

HS RHF HS RHF HS RHF HS RHF HS RHF HS RHF 

0.00225 0.00261 0.001 2  0.001 25 0.0018 0.00185 0.0020 0.0025 0.001 1 0.001 2 0.00137 0.001 6 

- - o. 7953 o. 7663 1 .2803 1 .2871 0.1595 0. 1381 2.2166 2.3144 1 .6418 1 .6548

. . L , 1um difference is of the order of 0.05 eV. The exceptions are x-'6 and X �  where the 
· : f fcrencics are of the order "" 0 .1  - 0.2 eV. Here we want to say that these differencies
·.,-r:re not influenced by spin-orbi t splittings. All differencies, with the exception of
f!mphasizec! x'; fo r CdTe, Xl and x¥ for lnP levels, are less or equal to the experimental
errors ( "  0 .05 ,d ). The cause of th is discrepancy is not known to us. 

We th ink that we excluded numerical errors wh ich can emerge from the solu­
L ions of the in tegrals (5). The results were stable on the second decimale place when we 
applied different interpolation schemes, grid with 441 points generated in [6 1  for radial 
wave functions and double precision. 

We are of the opinion that our results for X� level of CdTe, xt x¥ level of lnP 
and other levels of Tab.  I are correct. Almost the same results are  obtained in the column 
R HF, on the basis of  analytical solutions of integrals (5). 

Let us stress once more that the choice of rad ial wave functions does not influ­
ence the band structure of semiconductors. The differencies between energy levels in the
columns HS and R HF are not greater than 0.01 eV. This d ifference is l i ttle greater for
r� level of lnP and r�, Ii levels of CdTe. 

Using the rad ial wave functions in the analytical form for arb itrary point  in BZ 
we need less computer time (approximately by a factor two). This is important for the 
densi ty of states calculations with spin-orb i t  interaction included. 

REFERENCES 

1. J. R. Chelikowsky and M. L. Cohen, Phys. Rev., B 14, 556 (1976)
2. S. Bloom and T. K. Bergstresser, phys. stat. sol. B42, 191 (1970)
3. G. Weisz, Phys. Rev., 149, 504 (1966)
4. G. P. Srivastava, J. Phys. C, 16, 1649 (1983)
5. I. Gorczyca, phys. stat. sol. Bl2S, 229 (1984)
6. F. Hennan and S. Skilhnan, Atomic Structure Calculations, Prentice-Hall,

New York (1966)
7. S. Bloom and T. K. Bergstresser, Solid State Commun., 6,.A-65 ( 1970)
8. D. R. Mdovic and F. R. Vukajlovic, Com. Phys. Commun., .30, 207 (1983)
9. E. Clementi and C. JtoeJb At. Nucl. data Tables 14,. 177 (1974) 

10. A. D. McLean and R S. McLean, ""At. Nucl. Data Tables 26, 197 (1981)
1 1  M. Schluter, 11 Nuovo Cim., 13, 3 13 (1973)
12. J. P. Desclaux, At. Nucl. Data Tables 12, 3 12 (1973)

1 04




