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Abstract. 

The influence of the effective mass discontinuity on wavefunctions in a quan­
tum well in electric field is analysed in this paper. Using asympthotic expansions of Airy 
functions we found that for large or low enough energies, the wavefunctions behaviour is 
primarily determined by the effective mass discontinuity at well boundaries, and not its 
potential. E.g. for low enough energies the wavefunctions penetration depth increases 
considerably with increasing the barrier /well effective mass ratio. 

1 . INTRODUCTION

The effects of high electric fields on the electronic structure of quantum wel l  
(OW) sfstems is  a topic of considerable current interest. A number of approximate calcu­
lations ,2 ) have been performed in which the confined states are viewed as bound states 
and their field- induced broadering is ignored. Recently, in3) presented strong-field cal­
culations for an isolated OW, however, with the effective mass d iscontinuity neglected. 

I n  this paper, we sha l l  analyse the influence of this d iscontinu ity on asymptho­
tic ( in energy) wavefunctions behaviour. 

2. ASYMPTHOTIC BEHAVIOUR OF WAVEFUNCTIONS

The energy band diagram of a quantum well (QW) in electric field perpendicu­
lar to OW plane is given in F ig. 1 . Introducing E08 and E�h as the d ifference between the 
total electron (hole) energy E8( Eh ) and their transversal components calcu lated in the 
barrier (fr k; /2m1 e,h ) ,  the envelope electron wavefunctions take the form4) :
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Fig. 1 .  Energy band diagram of a quantum well in perpendicular electric field. 

The constants c2 1 , c22 , Cae and C
138 are determined from matching condi­

tions of wavefunctions and their first derivatives at the interface. The multiplicative con­
stant in ( 1 ) is determined from normalization condition, and as shown in4) is proportio-

2 2 - 1 /2 nal to (Cae + Cp8) 

The functions Ai and Bi are the two linearly independent solutions of Airy 
equation (e.g.5) ) . The corresponding expressions for holes have completely analogous

"181 (z) = const • Ai (t1 ) ,  z � O

The variables t1 and t2 are given by:

2m1 8K 1 /3 
t, = - (--)

ti 

2m28K 1/3
t2 = - (--)

tl 

Eoe - Uoe 
(z + ) 

eK 

Eoe + Etre 
(z + ) ,

eK 

( 1 ) 

(2) 

where U0 is the conduction band edge discontinuity and Etre is transversal energy diffe­
rence in barrier and well layers. 
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form to those for electrons, and shal l  not be expl icitely given. The constants Ca and C� 
( index e is omitted) determine both resonance energies and widths, as wel l  as, the asym­
pthotic behaviour of wavefunctions for large z. For apart from resonance energies we may 
asympthotically expand these constants, for large positive and negative electron energies. 

(i) Large negative electron energies. Taking the first leading terms of asymptho-
tic expanssions for Ai, B i, A i' a nd B i'5) we get: 

1 1 3 2 Ca(E0 ) = - (2 + - + r) exp [- -(-E ) 1 /2 (-} 1 /2 {m 1 /2_m 1 /2) dJ +4 r 2 ° fr 1 2 

1 1 3 2 + - (-2 + -+ r) exp [-- {-E ) 1 /2 (-) 1 /2 (m1 /2 + m1 /2) d] +4 r 2 o ff .  1 2 

+ higher order terms, 

and :

1 1 2 
Ca(E } = - (r - -hxp [(- ) 1 /2 (-E ) 1 /2 (m 1 /2_m 1 /2) d -,., o 8 r ff O 2 I 

2 2m1 1 12 1 12 3U0 --( -) (-E0 ) (2 - --.:) d) + higher order terms, 
3 It E0 

(4) 

(5) 

where h igher order terms contain power of (-E0 ) equal to or less than -1/2, therefore 
being negl igible as compared to the terms in (4) and (5), and r = (m1 /m2) 1 12 . 

If r = 1 (position independent effective mass; m 1 = m2) , Ca tends to unity and 
C

p 
to zero, as E0 � - 00• However, if r * 1 wavefunctions behaviour is qual itatively d if­

ferent. If barrier effective mass is greater than that in the well (as in GaAs QW 
in AlxGa1 .xAs bulk) ,  as one can see from (4) and (5), Ca tends to zero as wel l as C

p
, It 

· can be shown that absolute va lue of ratio c/Cp tends to infinity, as E0 -+ - 00, there­
fore the multipl icative constant ( in ( 1 ) )  behaves as c-J implying the deeper wavefunction 
penetration in the classica l ly forbidden regiqn (z < 0) than would be the case for position 
independent effective mass. I n  the opposite case, if the well effective mass is greater than 
that in the barrier, Ca tends to infinity, and C

p 
to zero. Making the above argumentation 

(r < 1 case) we can see that the wavefunction penetration in classical ly forbidden region
is now highly supressed. It should be stressed, as one can see from (4) and (5) that such 
wavetunctions behaviour is determined primari l ly by the effective mass d ifference and
not by the existance of the wel l  potential. 

(ii) Large positive electron energies. Using the same method as in ( i) we get:

1 1 
_ _:. �._ r) cos (8 1 + 83) sin (82 - 84) + higher order terms, 

2 r 
(6) 
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1 1 
- - (-- r) cos (8 1 + 83 ) sin (02 - 84) + higher order terms, 

2 r 

where 

2 7r 
8 = - (-t ) 312 + - at z = 0 and1 ,2 3 1 ,2 4 

2 7r 
8 = - (- t )312 + - at z = d 3,4 3 3,4 4 

(7) 

(8) 

(9) 

If r = 1 (m1 = m2) Ca would tend to unity and C� to zero, while for r -:/=  1 both
constants complicated, but purely oscillatory behaviour (nondecaying with energy). The
wavefunction multiplication constant (in (1)) now contains an oscil latory term plus 
unity, i.e. : 

r · 2m2 E0 2m1 E.;,'J/2 3U0 3eKd 
canst "' 1 + -=- sin [ (--) 1 '2d] cos ( (-)1 1 2 -- .(2 - - +--)] •

y2 fr fr eK E0 E0 

• sin [?
Eo ) 1 /2 (m 1£2 - ml /2 ) d + � ] + higher order terms, 
ft 4 

(10) 

where r_ = 0.5(r -, - r), implying a high oscil latory depth of wavefunctions penetration
with varying energy E0, such behaviour being more pronounced for larger effective mas­
ses difference. 

A lthoygh, the above expression were derived by making use asympthotic ex­
pansions of Airy functions, being most accurate tor large values of their arguments, they 
remain valid even for realistic values of electron energy in typical GaAs - AlxGa1-xAs
system. Upon setting the condition that using the first leading term in the asympthotic 
expansion should not introduce an error greater than 1% we get that �1 2 should exceed 
5, for large negative E0• Taking as a typical example a 10 nm thick GaAs QW
in A lo 3Gao 7As bulk that the above condition is fulfilled for: E0 < - 0.27 eV(K = 107 

V /m),' E0 < - 0.46 eV (K = 2 • 107 V /m) and E0 < - 0.65 eV (K = 3 • 10'1 V /m).
These ,, limiting'' energy values decrease with decreasing field and wel l  thickness. For 
large positive energies, and also for holes we get similar results. 

3. CONCLUSION

In this paper we analysed the wavefunctions properties in QW in electric field . 
• Using the conventional asympthotic expansion of Airy function we derived the expres-
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sions for coefficients Ca and c13 in ( 1 )  for large negative energies (4,5) and for large posi­
tive energies (6,7) . As one can see from these expressions, Ca and c8 depend strongly on
the effective masses ratio, e.g. Ca tor large negative energies tends fo zero, unity or  infi­
nity if the barrier/well effective masses ratio is less than, equal to or greater than unity, 
respective l ly, w ith decreasing energy. These results imply qua l itativel ly d ifferent behavi­
our of wavefunctions (speciffica l ly the penetration depths beyond the wel l ) , than would 
be the case w ithout the effective mass d iscont inuity.
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