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Abstract. We have evaluated the dipolar energy of CN- ions in KCN using a 
g.eneralized . Ewald theta function transformation . In addition to direct electrostatic 
dipole-dipole interaction, which f�ors ferroelectric o�ering of dipoles, we _ 
consid

.f
r the coupling between CN dipoles and vibrational displacements of CN

and K ions . It is argued that the resul ting effective interaction has a maximum 
at the zone boundary, corresponding to antiferroelectrh: ordering of CN- dipo-.
les, in agreement with experimental observations. 

INTRODUCTION 

At room temperature, KCN crystals have a fee structure with CN- dipoles ran­

domly distributed among the 8 possible {1 1 1) directions. At 1 68  K, the crystal under­
goes a first order transition to an elastical ly distorted orthorhombic phase in which CN­

ions are al igned along (01 0) orthorhombic direction, but remain randomly oriented with 
respect to their heads (C) and tails (N) .  Final ly, a second order transi tion to a ful ly 
ordered phase takes pla�e at 83 K. From Raman 1 and neutron scattering2 data it follows
that the dipol es are ordered antiferroelectri.cal ly, however, no theoretical explanation 
of this arrangement has been given so far .  If, for example, a direct electrostatic dipole­
dipole interaction were responsible for the ordering, a ferroelectric ground state would 
exist, contrary to observation . Obviously, additional interactions need to be taken 

into account in order to explain the actual ground state configuration . Elastic dipole­
dipole interactions can be ruled out by symmetry arguments: namely, the energy of a 
CN- dipole in a strain field is unchanged if the dipole is fl ipped by 1 80° .

In this work, we investigate an al ternative mechanism involving the electrostatic 

forces between the dipoles and the displacements of K+ and CN- ions, which modifies
the bare dipol e-dipole interaction and is shown to lead to an antiferroelectric ground 
state configuration for KCN . 
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THE MODEL 

Let R. be the lattice vector of i-th cel l ,  and � the basis vector within the cel l .
I 

with X = 0 and r" = 0 for CN-, and ,< = 1 and rx = r1 for K +. The corresponding
ionic charges are Z(x), and the dipole moment of the i-th CN- ion is p. = ± p, where

I • 

p is the known permanent dipole moment, and the sign ± refers to up and down orien-
tations . If the ion at site ij X )  is displaced by an amount u':'{x), cc.= x, y, z, the 

J 
et,,- component of the induced electric dipole moment is Z(x)tf.'(x) .  This dipole inter­

J 
acts electrostatical ly with other induced dipoles as wel l as with a l l  permanent dipoles . 
The total -potential energy of the crystal is written as 

_ 1 �/  yy 1 ,,  y«, V - - :2" L J • •  (0 0) p. p. - 2 L J •• (OX) p. Z(,c.) u�' ('x) +j 
j 

IJ I J i j lj . I J 
,c Cl(, 

A-i � � (x 'X') u": (x) u! (x') T I  J I J 

( 1 ) 

where Ai�!(-x�·) is the force constant matrix including the Coulomb interaction between 
'f 1 1  

the displaced ions, and 1:r (,c ?<' ) the matrix of di polar interaction:IJ 

3 ( it. + r"xrlt. ( i. + t,ct> .. IJ IJ r 

'- - 1 3�j + r,cx' 

Here we have defined R.. 5 R_ - R. and tx• E r,.. - �. •

( 2 )

� ·1 J 
The second term In ( 1 ) can now be eliminated by minimizing V with respect to 

u� (,c ) .  The inverse of the matrix <f>,�ib -(x .x•) is expressed in terms of normal mode 
J � 

frequencies c.1,.(;\.) and polarization vectors e! (1<!,.,), where q is the wave vector and . . q 4· q 
.X the branch index. the resul ting effective dipole-dipole interaction is the sum of
direct interaction given by the first term of ( 1 ) ,  and an indirect i nteraction vici 
dipole moments induced by lattice modes. The Fourier transform of the corresponding 
effective dipolar interaction matrix is given by 

where Mx are ionic 111C1S1as and Jr (0 'X) is obtained by Fourier transforming
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Expression ( 2 ) : 

J�� ('K'K') q 
"'� 

iq· (�. + r.,.,,..) 
= L J •• c"'"IC!> c 1 - J1t�J.. > e J IJ IJ 

The constant C in ( 3 ) is determined by the condition r J�ff = 0. 5
. q q 

Knowing the effective interaction, one can calculate the thermodynamic 

( 4 ) 

average of the dipole moment <p;) using mean field theory. In the ordered state,I 
the dipolar configuration is described by the relation ... ..... ' ,q ·R •• 

(P1) = <P/ e 'J ( 5 ) 

.. _ ·.where q = 0 for ferroelectric ordering, and q l ies at the zone boundary if the 

ordering is antiferroelectric . Th'3 actual value of q is determined by the maximum 
of the effective interaction J;ff .

q 

RESULTS AND DISCUSSION 

A method of evaluating lattice sums of the type (4) with 1'. # 1<' is described
by De Watte and Nijboer6 who expand J� ("K"\<') In spherical harmonics . We hqveIJ 
appl ied a general ized EwalJ theta function transformation which leads to two rapidly 

• 7 Th 1 ·  • converging sums • e resu t 1�:- - -- - 1- ... F "3 ( Ri + r,c.11.•>y ( R1 ·+ r�'ll)ac, - R1 + r
"K-..' d

yu, • 

iJ� < .... 1 = �
r � 1s 

{·rf+(� IRr + t�� 
1 R1 + r1<1t' 

I... .... I r .  21r'?:' 1 - .... 12 ] -Jt't' I �  + �'K, 12} iq'· < Ri + �'K,>
+ 2FE � + r1t1t' t 1 + -r R1 + r'l<'I" e e 

_ i[_ �[ ( g  - q )Y 
( 9 - q >or. 

_ dy., ] 0- I i  - q l 2/(4X'tj /i•r-,.,t1
V L '

... 
- 1 2 3 0 9 g - q 

( _6 ) 

Here v O is the primitive cel l  volume. The convergency factor � is chosen such that
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the sum over it and the sum over reciprocal lattice vectors g converge equal lyI 
rapidly. The value ·of JY!'('lC.. 'lC!) is independent of the choice of 1:: .  With tq 
properly chosen it is enough to sum over 3 or 4 lattice vectors. 

Additional simpl ifications arise when q is paral lel to one of the crystal axes. 
In such a case, only the diagonal element Jr (X �, is different from zero.

The sums in ( 6 ) have been calculated numerical ly for several representative

values of q using the lattice parameters of KCN.  The results  for J�(O 0) andq 
JY.!(O 1 )  ore shown in Table 1 .  The first term , J".!(O 0), which represents the con-q q 
tribution of direct dipole-dipole in·teractions, has maximum value at q = 0 and is 
in agreement with the values given in Ref. 3 which were obtained by a slowly 
convergent direct summation over several lattice vectors. Clec;:irly, if direct inter­
actions alone were responsible for dipolar ordering, the structure would be ferroelectric .  

TABLE I 

Dipolar lattice sums �YY(o 0) and Jr (0 1) for the low ·temperature phase of KCN .

q JY.!(O 0) A-3 JY.!- (0 1 )  A-3
q q 

0, 0, 0 0.05607 0.06871 

o, 0, fc 0.04888 0.07971 

o, o, 1! 0 .03054 0 . 10721 

o, i;-, 0 - 0. 121 59 - 0.08636

O, f, 0 - 0.08020 0 

o, if, 0 0.00205 0. 14858 

0 i;. ·:it , ,rc - 0.05257 - 0.02294

0 ,: 'It' ' Ji'' c - 0.04745 0 

In contrast, the second term, J_YY (0 1 ), has its maximum at q = (0, 21C/b, 0 ) ,  that 
is, at the zone boundary. To �lculate the additional contribution to J;

ff in Eq .  (3)
we must know the normal mode frequencies and polarization vectors as wel l as the 
Ionic charges. Z(1e. ) .  Preliminary results indicate that for KCN the maximum of J'!f

also l ies at if = ( O, 2'R'/b, 0 ) .  According to ·Eq . ( 5 ), the corresponding dipolar

configuration in the ordered phase is then antiferroel ectric, the dipole at the center of 
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the orthorhombic unit cel l being antiparal lel to the dipoles at the comers. This con­
figuration has indeed been observed in KCN by Raman and neutron scattering expe­
riments. 1 12 We conclude that the .,coupling between CN- dipoles and induced dipole 
moments due to ionic displacements is responsible for antiferroelectric ordering in KCN, 
and possibly in other alkali cyanides. 
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