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.In recent years there has been a considerable interest in 
soli tons and . their relevance to low-.temperature thermodynamic 
and dynamic properties of one-dimensional systems . Sine-Gordon 
system, one-dimensional t4 model and some spin systems ( isotro­
pic Bpisenberg model , XY model) have been shown < l-?} to admit
solitary wave excitations which usually exhibit remarkable sta­
bility and particle properties and essentially contribute to 
some low-temperature macroscopic properties of these systems . 
We study in this paper the solitary wave excitations in a classi­
cal Ising model in a transverse field , the quantum spin-!, version 
of which can be us�d to describe some properties of quasi one­
-dimensional hydrogen bonded ferroelectrics < B , 9> .

The system we consider is an infinite linear ch�in of spins 
Si

= ( S�,  sI , S�) which are classical vectors with 1 s1 I = 1 and 
satisfy the Poisson bracket relations 

a , B ,�  c 1� 2 , 3  ( 1 )

£aBy being the completely antisymmetric tensor o f  the third rank.
Th� Hamiltonian of the system is given by 

H = -J t S: S � + l - 0 t
i i 
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(2 )  



where J represents the nearest neighbour interaction constant 
and n corresponds to the transverse field . From the equation 
of motion for spin components 

one ·gets 

a.dSi 
dt = [s� , B ]

dSZ 

__!
= - n sY

dt i 

In the continuum approximation, i . e .  assuming that S� (t)  
Sa .(ai , t) = Sa (x , t) is a slowly varying function of x ,  one

obtains for the energy density . h (x) the expression 

1 · z 2 1 2 asz 2 h (x) = a {-J (S ) - n Sx + 2 Ja · (  ax 
) } ,

( 3 ) 

( 4a)  

( 4b )  

( 4c )  

( 5 ) 

a being the lattice constant . The equations ( 4 )  can be rewritten 
as 

asx 
J sY ( 2  sz + a2 a 2sz 

( 6a ) at =
�) 

ax 

asY 
-J 5X ( 2 sz + a2 · a 2sz 

+ 0 sz ( 6b )  at = --) 
ax2 

asz 
- n sY ( 6c )  at =

2'14



Minimizing tjle energy (eq .  5 )  one obtains for 0<2J the 
ground· state

which is polar (S� � 0) and degenerated (two domains)  • .  
We are lo�king for the solitary wave excitations , i . e .  

(7) 

for the solutions of eqs . ( 6 )  which have a travellinq wave_ form 

s <x ,t> = s e t > t = � - vta ( 8 )  

(v  being the solitary wave velocity -in units of  lattice constants 
per time) and which at botb infinities equal to the ground 
state solution 

s + s 0 
·ds 0

. -
dt 

+ . .  ( 9 ) 

The .system of equations ( 6 )  can 'be solved analytically . For 
the solitary wave shape _one gets 

�z .· IA-1 .1n _ { IA+l-.-2z2 + . ·z·'· ·/A-1
1 = arcsin --· + ----

and its energy equals to 

IA+i ./2 (1-z)  IA+I 
( 1 0 )  

AE = J {S�) 2 { � (A+l )  arcsin / A!i - / A-1 ) . ( 1 1 )  

Here z is  the order parameter normalized to its ground state 
value (z = Sz/S�) and A is a function of the parameters of the
system and of the solitary wave velocity v 

( 1 2) 

To have real s9lutions . _A has to be bigger than one, w�ich determines
the upper limit of the solitary wave velocity v!

ax 
� n2/2 .
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The obtained solitary wave has a fo:r:m of kink (moving domain 
wall) and its width depends only on the par�eter A. For A > > l , 
which corresponds to n � 2J and v < <  vmax' the equations (1 0 )
and ( 1 1 )  reduce to 

z = tanh ..i. 
./A 

( 1 3 )  

These expressions are characteristic for t4 · solitary waves ( 1 )

with the domain wall width being equal t'.o. 2alA .  For A +  1 (v+v
max

)
the width equals to wa/12 and the continuum approximation is 
not justified in this case . For static domain walls (v=O ) our 
expression is similar to the one obtained by Bishop et al .  {l O )

for quantum spin-1/2 system by using a variation approximation . 
Recently, Takeno ( l l ) treated the quantum case by using the co­
herent-state representation and obtained the solitary wave ex­
citations of the same form as eq. (1 0 ) . 

It is easy to see that the solitary wave energies are in 
general lower than the lowest energy of the magnon band 11.1min =

z = 2JS O • For example , for n = J and 0.-:: v < v max one obtains
0 . 50 � t\E/11.1min � 0 . 97 .

For low temperature thermodynamic properties the low velo­
city solitary waves are the most important ones . so one is al­
lowed to use the simplified solitary wave expression for A·>>  1 
(eq. 13 )  when calculating low-temperature thermodynamic and 
dynamic properties . In the ideal solitary wave gas approxima-
tion < 1 , 1 2 > one obtai.ns for the equal time correlation function

where the correlation length 

(Sz ) 2 eA 
0 

4J 
exp [.-

3kT 

exponentially diverges as T + O .  For the dynamic correlation 
function one gets 

276 

( 1 4 ) 

( 1 5 )  



-E. .
<Sz (t)  Sz ( O ) > = (SZ ) 2 e T 

0 

where the relaxation frequency l is given by 

and shows the exponential temperature dependence and a strong 
dependence on the transverse field n . 
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