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The problem of Bose-Eins�ein condesation (BEC) of excitons
was extensively treated recently1,2), although mor..e attention
was paid to Wannier-Mott excitons3 ).This paper is dedicated to 
the stud;y of the system of Frenkel excitons, with several enerb7 
l.evels excited.We- shall discuss some consequences of -the exciton 
-phonon interaction under the assumption -that the exciton life
time is several orders of magnitude larger than the relaxation
time of the system excitons + lattice.In this time interval, the
exciton number �an be treated as constant and the system is in
the quasi-equilibrium state2 ).This is well fullfiled for triplet
excitons, and in some cases even for singlet excitons .

The approach we shall use will be a sort of the analogy 
with the superconductivity.After the investigation of the coherent 
states in the laser theory, it was proposed that similar ideas. . 
should apply in the theo:ry of superconductivity and superfluidity 
(but this does not imply the same type of the ground state).F.W.
Cummings and J.R.Johnston4) have demonstrated that in the general
case of boson q�asiparticles, one can consider the quasiparticle 
pairing as a process which leads to the formation of the coherent 
ground state.As we expect BEC to occur at low tem�eratures, exci­
tons can be considered as boson quasiparticles.It can be demon­
st�ted even by s_imple Bogoliubov· diagonalization, that the 
ground state energy of such a syste� is lowered due to the pair 
formation. 
On the other hand, Chestnut5 )  has shown that exciton-phonon 
interaction might be attractive, so there exists further analogy 
with superconductivity.In fac�, the aim of this paper is to 
investigate wh�ther exciton-plionon interaction can lea4 to BEC 
ot excitons. 

Let us consider the molecular crystal with one molecule 
per unit cell, having t close energy levels (multilev�l scheme) :
AE1- aE.,, - £0 (fa', a, ... l ) where & is the ground state energy and 
� is the energy of level I • The exciton Hamiltonian described 
by exciton creation and annihilation operators � t1J and � (kJ ,
in Reitler-London appro�mation is given by (see ) pp.333-337) :
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where � (Ji) creates an exciton with enerrJ 17' (k) belone;ing to
p. -th zone .
�he Hamiltonian of the exciton-phonon interaction (dominated by 
longitudinal · acoustic phonons ) in the linear couplinB approximation 
is? , B\ 

(2)  

with 
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where : /1 - is the mass of the molecule , V - the crystal volume ,� � GJt= Viti - the energy of the lonBitudinal phonons , � - polariza- · 
tion of the longitudinal mode and °f'  ar - phonon creation and
annihilation operators.The matrix UCf}1r{U�p\ diagonalizes the exci­
tonic Hamiltonian (see6 ) pp . 333-33?) .  
�he Hamiltonian of the system excitons+phonons has the form : 

H = > £,JiJB;ii)�tlJ .,. r: o;iaf,·a.g� + H,·,,t (4)i;µ , i 
next step is to perform a unitary transformation anaJ.ogous 

to Frolich transformation in theory of supercondutivity.After 
averaging the resulting effective Hamiltonian over the phonon 
vacuum, we introduce the idea of the creation of exciton drops 
Cbiexcitons ) formed from the pair of excitons with opposite momenta 
( following the above reasoning) . 

In order to apply such a.a approach we must verify whether 
these boand states can really exist .In previous papers9 , lO ) the 
expression for the energy of these bound states (biexcitons ) was 
derived.By studying this expression, it can be seen that the for­
mation of bound state is possible under the following conditions : 
a) exciton-exciton interaction must be attractive and b) the magni­
tude of exciton-exciton interaction must be larger than the bandwidth
of correspo�ding exciton zone . It turns out that this is possible 

•ii 
£or very narrow exciton zones with the bandwidth of order ((J J or 
smallero 

In our case , the e£fective exciton-exciton interaction is  
of  the form 

( 5a )  
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with � .., ... .,., r ... � .. 
I v /  ., -, f.,, (Js /c.,.£1,;,v ff., k""f) (J)�.,;_'
wJf,, flt,fJ= 2 .2 (5b) [ �{f)-£,iiJ] - Q)'j,.,.� 

The conditd.on a) (  W<'O ) is fulfilled w1.1en the phonon energy 
@r,f exceeds .Bathe splitting of the exciton zones ,G_p" = E;<4-) -E..,<rJ 
Ii' we estimate phonon energies from the Debye temperature (lt,;li, -I0-1':J 

. _,. 
for the molecular crystals) and /!,

l'
"�{O J (.f'or triplet excitons , see

Ref.  6, Chap.XII ) , we see that- this condition is satisfied. Fro?rl 
(3) and (5)  we estimate I WJ "' (4E.1,)1(2M11'1Ji to'�,so we see that the
condition b) is also fulfil�ed. 

The spectrum of elementary excitations of the Hamiltonian 

He.t = II. +  H:{� (6) 

will be determined by the application of Zubarev' s  Green' s function 
(GF) method11 ) .Taking into account the possibility of both processes : 
creation and annihilation of exciton drops ,  we shaJ..l. introduce two 
types of GF: 

c;_,,., r�EJ= {B_p1tJ1(1r,) i 4,., 1irJEJ= ( B;1-r11Et,(r1} <?) 

which are the Fourier-transforms of double-time , temperature depen-
dent retarded commutator GFll ) . 

� 

These functions , calculated from the equations of motion using 
the linear decoupling procedure , are given by 

,.. !'9 .. 

I' � I" � l' t. £ + E.t! (It) c£ 
u;,, {lt,E) • ,.,J'(li,E) �\' = zn- E• _ c;,lri:) 14"

-, � r - i �� (it) 3 ( 8) 
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The energy of the elementary excitations is 

c}' (i') = { [ �{tJ -tj.toJ �JtloJJJ
2
- I ti14

lkJ/
2 J ,y2

(9) 

where we have introduced, following Evans and Imry12 ) , the 11 coheren­
ce parameter" 

�
p

tlJ = F  �v f(iJ (&f-t)B,, tiJ) =
� 

�-� �\I (2) .L.L Ct, (t) l = Wfk,iJ  2 e,,tl) c��,, 2kaT J .fl= ", 2, · - ·
I � • � 

and the chemical potential.Ar by: • .)I� a E.!, U J - E.J. (It) , 
which was determined from the condition that the energy 

(lo ) 



has no gap, i.e. �lo) = 0 , which is equivalent to measu-
ring the energy from the bottom of the exciton zone. 
In the effective mass appr�ximation � (f) -cj,to) a _JL_ so

2.HIJ" 
.... [ "' 2 !l . •  2 3�  � J 6p l It) = [ t;; +/.d/fro,H - l 6liJ 1 / (-,, = 1 • 

� 
( 11 )  

In  the small wave vector limit, we obtain the "phonon'' spectrum 
as in the case of superfluid Bose gas :  

(12) 

tf}' is the sound velocity in the system of elementary excita­
tions. We did not attempt to analyse the roton part of the 
spectrum clue i:o the rather complicated form of equations ( 10). 

We shall analyse also the optical properties of this 
system using the tensors of dielectric susceptibility �q· 
or dielectric permeability �;· , which relate the crystal 

� # -> 
polarization p and the ._electric field f! 0� the incoming 
electromagnetic wave 

-+ ,._ -') 

Pt((AJ, = i, itf,a,J t(i;wJ = lo [ca::°'>- 1] t <G,<Al) (13)

Our main interest will be the imaginary part of X which is 
proportional to the absorption coefficient. 
The vector potential of this field is given by 

� � .:rir'-i.D.f 
A <V:-i >  = lAoe � c. c . (14) 

� 
where t - is the unit vector of the polarization, satisfying

-.-:1> 
t-Q = 0 , and .n. is the frequen9y of the transverse ele-

ctrQmagnetic field. 
The starting point of the calculation will be the Hami­

ltonian of ··the interaction of the radiation with the crystal 
in the dipole approximation (see 6) pp. 356-358) �In the linear
response theory for the frequency region of 
resonance ..Cl.- � /OJ , we obtain 

� l � 
P ra, 11, = l E. � <i/Jip tilJ � ea; .o.J 
-> .I'"' . . ' . . 

where � (i) represent the molecular dipole 
which corresponds to the transition from the 
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( 15) 
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the exciton state t,ik) and Lpfii) is the exciton-phonon coupling

constant. -
In order to simplify the analysis of Jmf X,j} let us discuss

the case of one excited level ( f=�; Jt.� i ) in the molecule (the other·

excited levels are rather separated). ·rh�n, in the vicinity of T=O K

... .., using (15) , (13)  and (8)  we obtain (�(lr}-9£,(lt etc) :

J { i (Q .a)} = £_
1o1 du!;  {(nq + ·l) Sc..o.. -Eto) - Ec;.[Jl -

,,, lj , e. \-' .Q. ... • . 
- ritS[.n-Eto) +e(Q. ) ] j <,J = %.J � ,  ( t6) . 

nr = (Bti) Bca,�oO \lo - unit cell volume ;

d =(f1£e��Jo). - is the vector matrix element of the transition
et 

dipole moment. 
(In (a)  we performed the change £.-'> .0. -£ (OJ , because here·.

the excitation energy· must be calculated from the ground state 
of molecule an d  not from the bottom of the exciton zone.) 
From the equation ( 16) we see that the ( positive) light abso­
rption proportional to fit + ! 5 exci to� creation) occurs at 

the frequency 
. '

.D.-1 = £to) + EfQ) (l?) 

an d  the negative absorption ( i.e. stimulated emission) propo­
rtional to n, ' occurs at the frequency

-t 
-'l

2.
:. E. toJ - c (Q ) (18) 

This result can be explained in the following way: the 
incoming photon interacting with the exciton drop with the � 
momentum k.•O and energy £, "" 2£to) creates two excitons with 

the energies l2.. and � ( renormalized due to the interaction 
with phonons).The other exciton ( with the energy .D.a ) is 
being emited as the photon of the energy ..Qt. ( stimulated 
emission).We see that there appears the shift of absorption 

·and emissio� line for the magnitude .n..-Jla a! c (QJ which
could be used as an experimental test of this theory.

The results obtained can be summarized as follows. 
Effective exciton-exciton in�eraction, due to the exchange of 
virtual phonons_ leads to the creation of the metastable bound 
exciton state: exciton d:rop with the momentum - 't = 0 .Ele­
mentary excitations created by the decay of the dro�s have the 
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dispersion law �&) satisfying the superfluidity condition. In this 
case , the quasi-particle mean free path is �overned by the critical 
velocity � and the life-time and not by the quasi-particle coli­
sions , which might lead to the superfluid energy transfer on large 
distances ,  which might be experimentally tested. The explanation why 
kinetic ef�ects do not influence these result in a great measure, can 
follow the lines given in the paper13 ) . 

The repulsion in the system of _�xcitons was not considered for 
two reasons : a) . at small exciton concentrations exciton-phonon inter­
action is dominant and b)  the repulsion in the system of Frenkel ex­
citons becomes important at th� distances of order 10-9-(o''ln (hard core 
repulsion) , while it can be shown that the radius of exciton drops 
is of order 10·

7 
m 14) 

0 
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