
EFFECTIVE PINNING POTENTIAL IN 
PERIODIC STRUCTURES 

L .  Dobrosavljevi6 and z .  Radovi6 

Institute of Physics, P .O .Box 57 ,  1 100 1 Belgrade 

In recent years, there has been great interest in the 
problem of conunensurability of two interpenetrating periodic 
structures .  First theoretical works concerning the . epithaxial 
growth of a monolayer on a crystal substrate ( ! ) and distorsions
of two interpenetrating �onic sublattices < 2 > have been done in
the rigid external potential approximation < 2 > .  In the latter case
some self-consistent calculations of the pinning potential as the 
function of configuration have been done too < 3 > . The problem is
much more complex when one deals with statics and dynamics of 
flux lines (FL ) in a periodically modulated superconductor , < 4 > ( S ) 

In this case , for each value of the external magnetic field H the 
effective pinning potential acting on FL has· to be calculated in 
a s�lf-consistent manner as the function of the equilibrium FL 
configuration, which also depends on H .  It turns out that the 
pinning potential has not always a simple structure of spatial 
modulation of the specimen. To illustrate this point , we consider 
an inhomogeneous superconductor with the periodically modulated 
penetration depth A in a given direction, 

( 1 )  

With q 2n/L .

The external magnetic field is assumed to be parallel 
to tne planes A=const . For this case we solved the generalized 
London equation numerically .  The results show that a good 
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+ + approximation for the field distribution h (r ,ri ) around the FL
situated at ri is given by the formula

( 2 )  

The error is s l 0%  for 6 � o . s . and at  the di.J3tances l ;4r1
1 � ? ,

where t is the (temperature dependent) mean coherence length . 
Therefore , eq . ( 2 )  can be used to calculate the interaction 
energy between the Ft in low and intermediate fields (London 
limit) :  

( l+.6 • cos £,r xi ) 112 ( 1H• cos 2'1T X , ) 1/2
L J 

( 3 )  

The self energy of  the FL is derived , in a local approximation, 
from the field at the core 

h l core ( 4 ) 

This gives 

1+6 ( 5 )  

where HCl = Hc1 < Amax> · The total free energy (per unit length)
is F = Fint+ Fself ·

Note that the positions {ri } of FL are different from
their positions {� } in the absence of modulation . Using the 
Fourrier expansion of the function 

1 1 ------ = -------
2'1T 1 + 6cos L x1

we write F in the form 
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In (6 )  we separated 

t t 2 N 
F (rj i/I) = 

16 ff� r2
� Ko (rje/I)

i , J=l 

( 6 )  

( 7 )  

from the . terms coming directly from the interaction o f  FL with the
inhomogeneities . In the general case, this interaction is a 

. + complicated function of ri ' although the spatial distribution of
inhomogeneitis leading to ( 1 )  is given by a single cosine funct­
ion • . The free energy can be represented as � sum of the hexagonal 
lattice energy F (rj\ ff) , of the elastic energy AFel (rj� /f) ,
and of an effective pinning energy in the weak pinning limit only. 
In this limit, 6+0 and the confdguration of FL is not very diffe­
rent from the one in the absence of modulation . Keeping the terms 

St of the 1 or�er in 6 in the pinning energy , we obtain

where 

� N 2w  F = F (r0
J' i /A) + AFel (r

0
J' i. 

/A) - £ L cos L x
i 

( 8 )  
.1.==l 

• •  £ = 

- ( 0 /') F r
ji 

I\ 

6 N (9 ) 

Eq. ( 9 )  shows that 2 is not constant, but increases with B, 
since 
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In the opposite limit of strong pinning, the equilibrium 
configuration of FL is imposed by modulation . The ground sta�e 
configuration in a large domain of field is a iattice simply 
commensurate with the modulation period (c1 FL lattice) and it
consists of isocelle triangles < 6 > < 7 > . In this case the amplitude 
of the effective pinning potential can be found cons idering . 

+ + . + C  + cdisplacements 6ri = ri - ri of ·the FL from their positions ri
in the c1 lattice . We start with eq. ( 3 )  and (41 and assume a

+ 
slow variatjon of displacements 6ri with position ,

1 Atc6tj 1 « r , 
and also 6 1 1 - cos �n 6 xi i < <  1 .

Keeping again only the . lst order terms in the pinning
energy, we obtain 

N 
AFC + e l ( 1-cos 

2n Axi )el i=l L ( 1 0 )  

i .e .  the free energy� can be expressed as a sum of  the :energy 
Fe of c1 , its elastic deformation energy 6F�l ' and of the varia­
tion of the pinning potential relative to cl ( in cl configurat­
ion the last

.
term in . < 10 ) is �ero) . The pinning potential ampli­

tude e is proportional to the free energy (per FL and per unit 
length) of the c1 configurati,on ,

. r 
i=l ( 1 1 )  

and it increases with H in �e same way as ·F
e .

Comparing the results ( 9 )  and ( �l ) , obtained in the weak 
pinning limit and in the strong pinning limit , respectively , we 
see that the effective pinning potential amplitude e depends 
strongly on the configuration of FL . On the . other hand in both 
cases e becomes H indepen�ent only if one neglects the change in 
the interaction of FL due to the presence of the modulation . It
appears that thi�- is a go�d app�o�imation in the case of a thin
superconducting film with modulated thickness in a perpendicular 
field (S ) . 326 . '  
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