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The dynamical pseudospin-phonon model is used for a more 
realistic description of the parametric resonance in KDP 
ferroelectrics 

Several years ago we developed the theory of possible pa­

rametric resonance in KDP ferroelectr.ics on the basis of the ki- . 

netic Ising model1 • In � subsequent paper we also took into ac­

count the - influence of lattice /heavy-ion/vibrations on such re- · 

sonance in the spirit of similar approaches in magnetoelastic sy­

stems2. More recently3 we proposed � possible stimulation of tun­

neling excitations / directly through a modulated local field , i .  

e .  via double-well potential vibrations due to residual proton -

heavy-ion interaction/ . However it is, temp.ting to describe more re­

alistically a complete parametric mechanism in the frames oi the 

convenient dynamical pseudospin-phonon model 4 ,  which is widely 

used in various studies of hydrogen bonded ferroelectrics . To do 

this , the strongly interacting syst�m of protons /p/ and heavy­

ions / phonons/ / f/ whic_h is submitted both to external de /EJ 

and rf -/e0cos<.,Jt/ is  described by the following Hamiltonian in 

the Fourier-transformed form 

X = Xp + rt., + H,1 , /1/ 
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where 

'X;- {ii H S�- LkJ�osf s!- � sinf (s; + ��] [ cos tp �t 

- { sin� ( �� +  s:>J - 2 VNfi e0cos w t  [s�cos<p - � sin'('(S�+ s)J ;
) e

f= zk "l<(birbk + 11 2 ) ; 1 2, 

,JJ = � f [ � l . - + + Jtfl,
pf �k k C O S '/'  �k - 2 Sl.n\f' (Sk + 2k) ( bk +  fk ) 

Here H =  J H 2 
+ H2 , tgtp = H 'Hz - the transforming angle from

X .Z x! 

the / x , z  / to the temperature q.ependent /� , � /- axes in the pse-

udospin space ,  Hx= . 2 S"2. - the tunneling energy of each proton in­

side a hydrogen bond; Hz= 2 [<s;> (�0 + IF
0 l 2/>) + � E0J , ( Sol)

/d.= x , z / being the mean values of pseudospin components; Jk and 

Fk correspond to the proton-proton and proton-phonon interactio�s , 

respectively; Ak is the frequency of the optical mode / bk - the 

n ormal phonon coordinate / strongly coupled to the proton mode 4 

of the frequency5 Wit= [ H2
- 2HA k] l/ 2 , Ak= Jk < S3) sin2

cp and

}1 is the dipole moment of the · / K-P04/ complex.

Writing now the equations  of  motion 

• + f. +] .
...

[ 1 sk = Ldf, � ; 1 ck = ;Je , 
� � 

after Bogolyubov ' s  transfoi:nation / s�- ok /

one obtains 

and linearization 

- Ak] uklu;2 - Ak (  u�- iuki)} �� _+ {ukl+ u;2) F_k < S�) sin'('

· (Bt +  bk) + (ukl+ u:2)VN� <s�) sin '{>S�0
h(t) ,

ib;=  Akb� + t ('id+ u�)!k sin<p(6'k+ + 1;) ;
h(t) = 2 e0cos W t  ; ukl , 2= V H - A.,J- Wk/2 Wk •
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By the request for trial solutions to vary as f (t) e i W t  - h,

from the above and their adjoint complex conjugated equations a 
6 /"'  ± .._1+ W + standard procedure o�O , ok , ok-:/= O ,  y=wk - the two hy:t,ridized

proton-phonon frequencies , explicited hereafter/ leads to the ex­

pression for a treshold amplitu�� of the rf electric field 

e t _ (Ll COS'('r1 [r:2 -(w _ W/ 2) 2_ IF 1 2 H <S1> sin2tp
o - k k- k k wk • 

. rk- fk+- ( ,\ k  - W/ 2) {Wk - W/ 2) ] 1 /2 Wk 
fi+ + (1\ - W/ 2) 2 /'1 

/5/ 

It is seen that e! 1s  a rather complicated function of the model 

energy parameters , temperatui � and the wave vector k . The line­

widths �- and �+ /which should be estimated;  see , e . g .  ref . 7 /

correspond to proton-l ike /wk / and phonon-like /w: / modes4, res:­

pectively , 

For k= O , from the resonance conJ.ition /W/ 2= wi / by a way

of approximation one obtains characteristic de electric field 

strengths in ferroelectric and paraelec tric phases ,  respective­

ly , 

J/ 2/A 

From the above equations /5-7/ . it is  easily seen that both hybri­

dized modes can simultaneously be excited , but with different wa-

we vectors / e0� e!lw= 2w
k- e! f w:2w

q
+ ; k:;c q / 

- on account of a nonlinear energy "pumping" by the external rf



electric· field,  efcept for too small k or sui'ficiently large de 

fields / E >> Ec 
f / when the given plane-wave analysis does not

0 P ,  
hold / the wavelength of the unstable modes becomes comparable 

with the sample dimensions /1 • 2 • Of course , if the condition wk= 

w+= W/2 is not fulfilled in some parts of the k-space ,  or at·- allq 
/being dictated by mode dispersions / ,  then only one of two mod-

es could be stimulated for a given rf frequency: 

or 

GJ :  2wk � 2 (>.k + v,,l!'k l 2H <Ss>•in2cp ,�rk_ - rk+ I  rk+) 

/8/ 

W ::  2wt � 2(>.k + v, ,l!'k l� H <�>sin2lp /C.Jkfk- - fk_ , fk-) , 

Concluding this paper it should be added that as for a pos­

sible direct stimulation , via residual proton-lattice interact ­

ion / (1/ 2) { BkS� s,:k/ 3 , the obtained results and discussions 

hold completely under substitution costp-+ sin lp  , w_. 2 W ,  J"-+ 
(1/ 4) eo<d2B/dE2) < sx> and 22 -+ 2Sl. + (B0+ d2B/ �� <Sf e�2 ;

the regular parametric resonance via the two. hybridized modes is 

accompanied by another one of a similar origin but with the do­

ubled frequency .  Mindfull of �he zeroth wave number contribution 
+ 

/i 1 e .  linear in s� , in eq./ 2 / /  we note that it is just relevant 

for dissipative processes , being, otherwise , the subject of a 

·particular treatment .
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