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Introduction

A homogeneous Bolid solution supercooled inside the miscibility gap
will evolve toward its new equilibrium state, This may be accomplished
in two ways, either by fluctuations infinitesimally emall in amplitude
but extended in space or by fluctuations that are intemse and localized,
as stated by Gibba (1). As loug us the system becomes non uniform,
transport phenomena will be produced¢ by the gradient in the internal
intensive parameters defining the system, In the thermodynamics of
irreversible processes lincar laws are supposed to be valid (e.g.
Fick's laws for diffusion) between the fluxes and all the generalized
thermodynamic forces, Non-uniform concentration introduces an exceass
free energy called the gradient emergy (2)

F=ﬂf+K(VC)2+ oo ]
so0 that the thermodynamic force is created by the change § F in the free
energy due to a local change SC in the concentration. For olosed system,
at constant temperature and volume, this force vanishes for the non-
uniform concentration distributions for which free energy is stationary,
The resulting states are relatively stable states, although & metastable

or an unstable state can also be obtained,

II, Configurational free emergy and gradient coefficient
We consider a f,c,c, binary solid solution of the Llo type (CuAu), In

order to take correctly into account interactions between nearest

neighbour atoms (specially the characteristic feature of the f.c.c.
structure that there are nearest neighbour atoms among the nearest
neighbours of any site) we use the quasi chemical tetrahedron approxi-
mation developed by Yang and Li (3). This is the simpler analytically
tractable approximation which predicts the right first kind order-
disorder transition for this structure (4). Te simplify the statement
we consider here a one dimensional concentration along onme of the crys-
tallographic axes ( [100) ). A concentration parameter defined plane by
plane permits to calculate the free energy from a purely statistical
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point of view, in the rigid atom assumption,
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We shall specify the occupation of a site i situated in the nth plane
by Y0 14y - 1 if this site is occupied by a A atom,

= 0 if it i»s occupied by a B atom,

Then the f.c.c. structure is divided in four intorponet?dﬁg simple
cubic lattices, and the interactions decomposed in tetrahedrons,
each of them having a corner on each of the sublattices (fig. 1).
Let Nl be the number of sites by plane.
The intermediate variables will be the number N, [ql,n, % 0 98,n+1’

q4,n+l] of tetrahedrons having t#e configuration ql,n’ qa", q8,1+1’
9Y ne1? for all n, They are obtained by the standard quasi-chemical
’
approximation with
qzi (11,0’ 9 0 93,n+1° 4,n+1] (1)
% %G,n [%1,0° 92,n’ 3,041’ U, n41) c, i=1,2(2)
%i qi n+l [ql n’ qn,n' qa,n+l’ q4 n+ﬂ +1 i=38,4(s)

Detajled cdalculations are not given here and will be published elsewhere
(8) § the final result is s

Fuch kyt 1}{19¢ +3 [c, mc, +(1-c)m‘(1-cn)]

nyn+l
[e, 1mu, +c ,, mu +1]] (4)
where 4, .. ™ x2se (uy +ut ) 13 2 + @ n:l + 40 "n+l) X

+u ! l) xa/' +uy LA o (4 a)

being the interaotiem

+2u u o (u

n n+l n+l

n
ov

and Xwexp ( = T=), v - i'(vAA + VBB) - Y5
energy between nearelt neighbours,

The ¥ and ! are Lagrange multiplicators introduced by relations (2)
and (3), and vill be determined by
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n
In the case where the concentration is slowly varyimg from plane te
plane, cn may be considered as a continuous function of the position,
and C_ is developed around v= n+% '
n , " dc . ddc
C,=C,~%cCy+1/ocy withClL= T c\,-d‘,.Il .
Higher order terms in the development are neglected for small gradients

and we obtain the usual form of Landau - Lifshitz (2) and Cahn-Hilliard(6)
expression for the inhomogeneous system in the 'continuum' approximation
2
m N [rie,) + K)o ve)% L] an (8)

where r(cn) is the configuratienal free energy per atom of the uniform

aystem of concentration C_ (rig.2)?

£(Cy) = - kpT [1“% +3(cmc + (1-C ) In (1-cn)) -4C lnun]

+ 8wy + (C-3)(v, =vpr) ) (7)

- . - ]
where un is the solution of eq. 5. with cn. cn+17 1.0, un un+1

and On the corresponding expression from (4a),
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]
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The gradient coefficient K equals 1

+9(3-4¢) 2,2 6 (1-2c)x uy + (14 ¢ ) ¥/2) ‘1]

We thus have an analytic expression for the configuratienal part of
the gradiont coefficient K which is plotted as a function of comcen-
tration im fig.3. It is strongly dependent on C, this is in contrast
to the reésult obtained by Hillert (7) using Bragg-Williams approxi-
mation, who found it to be concentration independent,
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When the interaction energy v is negative, i.04, X > 1, K is positive
(.. positive departure from idealiiy with a miscibility gap). This is
the case of spinodal decomposition considered by Hillert (7), Cahm (8)
and others, When v = 0, the solution is ideal and there is no additienal
free energy for the inhomogeneous system,

The last case is v > 0, K becomes negative (i.e. negative departure from
ideality), thus stabilizing large gradient respresented by very short
wavolength corresponding to ordered system (9), The continuum approxi-
mation becomes inappropriate, and we must return to the discrete set of
equations .5., for all n, In this case, instead of using the discrete
model it may be more useful to define an order parameter giving the
concentration for two consecutive planes, Afterwards a continuum appro~
ximation may be used using order parameter instead ef concentration
parameter, as the variable to treat the case v > 0, This may be applica~
ble to the slowly varying order parameter describing antiphase
boundaries or long period superlattice in alloys (I0).

III, Stationary states.
With the expression of free energy of the inhomogeneous system (eq.B)

we can determine the stationary states . ,These are the states for which

the total energy F is an extremum, taking inte account the oonservation
of each species i.e, .//kcn -Vdn =0, (8)
T being the mean concentration of onme component in the alloy,

This gives the Euler equation

af 5, dK .2
“n- -E;c,;-axc;-o (9)

A boiné a constant to be calculated by eq.(8) t it is the gemeraliszed
chemical potential for the non-uniform system,

We may integrate eq.(9) to obtain 1
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K(c, ) ca® = £ (c) -2(c, - T) - Constant. (10)
To determine the nature of the solutions of this differential equatien
.we shall use the generalized Poincaré theerem (11), based on the study
of the nature of the singular points of the non-linear differential
equation., For this purpose we rewrite equat « 9. by putting v = C'

e, _dK e
av__ % ac, (11)
ac_ 2 v K(Cn)

The singular pointas are defined by % -A= 0o&nd V = 0. Firstly, the

n
positions of these singular pointe in the (v, Cn) apace are independent
of the gradient coefficient K ((‘-n), and are function only of the umi~

form free emergy curve f (Cn).
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Looking at the nature of these singular points, we find that when

- Ao <A <Ao (Ao being the tangent at the inflexion points of f ( Cn)),
there are three singular points c1, 02, Ca. Otherwise, there is only
one, and the solutions C are unbounded, and thus of no physiocal inte~
rest, The type of the sinple singularity (nodal, vortex or cgnter,
saddle, and spiral point) is determined by the sign of D = 8 o C-Cix
(C ). We shnll confine ourselves to the case v < 0, i,e. K> 0, The
points where -BC—>0 are saddle points (fig.4) and those for which

3 z < 0, an additional test is neceasary to differentiate between a
é!e:nter and a spiral point, Here, simply from equat, (Io), it may
easily be seen that the waximum number of points v = 0 for a given
solution equals two so that the point may not be a spiral point, it

is a center, The curve in the (v,C) space passing through the saddle
point is called the separatrix and it correaponds to the critical nu-
cleua, of maximum concentration C into a matrix of concentration C.

Closed curves, inside it, correlpond to periodic distributions
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of concentration oscillating between the two extreme values Cl and C.
there is a clowed relation bhetween the amplitude and the period of

these states, Other states are unbounded and non physical,

In the special case vhere A = 6 (VAA - 'BB) the two minima of f (c)
have the same¢ value, and the separatrix passes through the two saddlé
points, The separatrix defines the state of equilibrium between twe
regions of concentration Ca and C8 . States inside the separatrix are
still periodic states, All the states correspond to the mean concemtra-
tion C = '-l'.

The position as well as the nature of the singular points are imdepen-
dent of the exact form of the gradient coefficient K (C) and the mature
of the stationary states are found identical as if K were supposed teo
be constant (12), Only the exact profile of the concentratiom for the
stationary states is modified.

References

1, J.¥. Gibbs, Collected Works, Vol, 1, Yale University Press, New
Haven, Connecticut (19485

2, L,D. landau and E,M, Lifshitz, Statistical Physics, 2! edition,
Pergamon Press, p. 366

8. C.N, Yang and Y.Y. Li, Chinese J1. of Phys,, 7, 89 (1947)
C.N. Yang, Jl, of Chem, Phys, 13, 66 (1945)

4. Y.Y, Li, Jl, of Chem, Phys. 17, 447 (1949)

8. M, Avignon and B.K. Chakraverty, te be published

6. J.W, Cahn and J.E, Hilliard, Jl, of Chem, Phys., 28, 258 (1958)

7+ M, Hillert, Acta Met,, 9, 525 (1961)

8. J.W, Cahn, Acta Met., 9, 795 (1961)

9., H,E, Cooky, D, de Fontaine and J.E. Hilliard, Acta Met, 17,765 (1969)

10, M, Avignon, Thdse de 3tme Cycle, Université de Gremoble (1987)

11, Mc.lachlan, Ordinary non-linear differential equations in
engineering and Physical Sciences, 2d ed, Oxford Clarendon
Press (1955)

18, A.G, Khachaturyan and R,A, Suris, Kristallografiya, 13, 83 (1968)
[Sov. Phys. - Crystallogr, 13, 63 (1968” o



H. Warlimont :

M. Avignon :

J.L. Meijering :

R. Roberge :

M. Avignon :

DISCUSSION :

Have you computed numerical results by using fhermodynam'ic
data of systems where they are sufficiently well known ?

No, not for the case of concentration fluctuations but we
have done analogous calculation for order parameter as in the
case of CuAul (to be published) using the general ideas of
inhomogeneous systems.

If the order parameter would go like a square wave instead
of a sinusoidal wave,one could not understand the higher
entropy of CuAull (versus CuAul)',but the irrational period
would surely be understandable.

In what respect do  your study and predictions differ from
the analysis of Cahn and Hilliard and the more recent work
of Hilliard and co-workers ?

First of all, the use of Bragg-Williams approximation by
Hilliard and co-workers Is completely incgrrect in case of
F.C.C. systems. We have used the Yang-lee method, which
Is the only correct way to treat tlie problem and our results
are different from others. Also, we have studied the general
instabilities of a metastable system, to give either a critical
nucleus or a periodic variation of concentration or of the
order parameter.





