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Introducti on 

A homogeneoua solid so lution supercoo led inside the mi scibi lity gap 

wi l l  evolve toward its new equi librium stnte . This lllll.Y be accompliahed 

in two waya , either by fluctuati o�• infinitesimo.lly small in amplitude 

but extended in apace or by fluctuati on• that are intense and localized, 

as stated by Gibba ( 1 ) .  As lo�g ;;."' the system be·comes . non uniform, 

transport phenomena wi l l  be produced by the gradient in the internal 

intensive parameters defining the system. In the thermodynami c• of 

irreverai ble processes lin.\'.\ar lawa are supposed to be valid ( e .g • 

Fi ck ' •  laws for di ffusion) between the fluxes and all  the generalized 

thermodynami c forces . Non-uni form concentration introduces an exceaa 

free energy called the gradient energy (2 )  

F = j[ f + K (V c )2 + • • •  ]
ao  that the thermodynamic force iB created by the chartge 6 F in the free 

energy due to a local change 60 in the concentration .  For o loaed ayatea, 

at constant temperature and volume , this  force vanishea for the non­

uniform concentration diatributiona for which free energy ia  atationary. 

The resulting states are re lative ly atable states , although a metaatable 

or an unstable state can alao be obtained . 

I I .  Configurati onal free energy and gradient coeffi cient 

We conaider a f oc tc •  binary solid aolution of the LI type ( CuAu) . In 
0 

order to take correctly into account interacti on• between nearest 

neighbour atoma ( apecially the characteri atic feature of the f .c .c . 

atructure that there are neareat neighbour atoma among the nearest 

neighbour• of any aite ) ,re uae the quaai chemical tetrahedron approxi­

mati on deve loped by Yang and Li ( 3 ) . Thia i �  the stapler ana lytically 

tractable approximation whi ch predicts the right first kind order­

diaorder transiti on for this atructure (4) . Te simpli fy the atate .. nt 

,re conaider here a one dimensi onal concentration along one of the cris­

tallographic axes ( [ 100 ) ) .  A concentrati on parameter defined plane by 

plane peraita to calcu late the free energy from a pure ly •tatiatlcal 
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point of view, in the rigid atom aaa11J1ption . 

/ 
n- 1 n n+1 

FI0 .1 . 

The tetrahedron approximation 
for the f .c .c .  1tructure . 

th We shall  apecify the occupation of a site i 1ituated in the n plane
by q1 I qi m i  if thi1 site la occupied by a A atom,,n ,n 

c O if  it is  occupied by a B atom. 
�t, Then the f .o .o . atruoture ia diTided in four interpenetr:i.ng aiaple

cubic lattice• , and the interaction• decompoaed in tetrahedron•,  
each of thea having a corner on each of the aublatticea ( fig .  1 ) . 
Let N1 be the number of sites by plane .
The intermediate variable•. wi l l  be the nuJllber N1 [q1 , qn , q. 1 ,,n .. ,n  .. ,n+ 
qA 1] of tetrahedron• having the configuration q1 , qn , q9 1 ,"t, n+ · ,n .. ,a  o ,a+ 
qA 1 , for all  n .  They are obtained by the standard quaai-chellical"t,n+ 
approximation with 

L [ql,n'  q2,n' q3 ,n+l'  q4,n+1J • 1
qi 

( 1 )  

L 11 ,n [ql ,n' qa,a' •s,n+l'  q4,n+1J .  en 1 • 1 , 1  (a) qi 
I: qi ,n+l  [q1 ,n'  ql,n'  qs,n+l '  q4,n+i1 • ca+l i • a, 4 (8)
qi 

Detai led cAlculationa are not given here and wi l l  be published e lsewhere 

(�) I the final result is I 
F • - Hl kB T L { ln 9 1 + 3 re .ln C + ( 1 - C ) lD. ( 1 - c.J]

D , n,n+ I: n . D n . u 

(4) - 2 (en 1� µn + cn+l 1� µ •n+1J} ,

•here 'n,n+l  • X
3 + 8 ( µn + µ 'n+l ) x3/2 + 6i :n8 + µ �!1 + 4 µ._ µ �+l) X

.· 8 , ( , ) .s/1 a , 1  + µn µ n+l µ n 
+ µ n+l  .... + µn ·µ n+l � (4 a) 

and X .• exp ( - ::,> ,  T � j (T
A.A.

+ TBB) - T
AB 

being tbe .interactiea
energy bet,reen neireat neighbour• . 
The µn and µ� are Lagrange �ultiplicatora introduced by relatioH (1)
and ( 3 ) ,  and Ti ll be determined by t 
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and µ �+1
a ln 

1
+ n,n+1 • 2 cn+1i) µ �+1 

(15) 

In the ea•• Ybere the concentration i•  • lowly Y&ryiag fro• plane te 
plane , Cn may be considered a• a continuou• function of the position,
and C

8 
ia developed around V• n+t '

a 
C • C v- t Ct + VaC"v rith C \i  • d

dC , C� d ' I
C •D V 

dv 
Higher order tar .. in the deve loplll8nt are neglected for aaal l  gradient• 
and we obtain the uaual form of Landau - Lifshitz (2)  and Cahn-Hi l liar4(8)

expreaaion for the inhomogeneou• ayatea in the ' continuum' approxi11111.tton 

F".' N1 / (f(Cn ) + K(Cn ) .( vcn )2+ • •  ] dn ( 6 )  

Ybere f(C ) i• the configuratlenal · free energy per atom of the untfol'II
D 

•Y•t•• of concentration C� (fig.a) !

f(C ) • - kBT [ In cl> + II ( C lnC + (1-C ) In ( 1-C ) } - 4 C la µ ]D U n n  n D D n 

+ 6 {T
AB 

+ (cn-t> <v
.u

-"nn> } ( T) 

Ybere \J i a  the so lution of eq . l'i .  rith C . • C 1 , t .e .  µ • µ ' 
1 n n n+ . n n+ 

and + the correaponding expreHt on fro• ( 4a) .n 

X•2 

osJ F"(r,TJ 
Nk8 T 

FI0 .2.  
�ee enerq of  mixing per atoa 
F • f - 6 { C v

.U
+ ( 1-C ) "BB J

v• .compoaition .  

The gradient coefficient K equala _1 

K(C ) • �
T 

•n ['cr.3/2 + 2 \Jn X + µ: r/2 } + { .1 (1 - CD) r µ.8 
D 2 \J. 

+ 3 (3-4

n

C
0

) t'/1! µ! + 6 (1-2 C8
) X \10 + (1-4 C

0
) t'/a } -1 ]

We thu• have an analytic expreaaton for the configurati enal part of 
the gradi�nt coefficient K which i• plotted as a function of ooacen­
tratton hi tig .3 . It i i  •trongly dependent on c, thia h i n  contraat
to the rtinlt obtained by Hil lert ( 7) using Bragg-WU Ua1111 approxi­
mation, Ybo found it to be concentration independent . 
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no.a . 
0
1 iIW x. o.e ·-�- X ,1.1 !ill - - 1 "t The gradient coefficient K for 

r.c . c . etructure :911o co• p oeitioli.•

-10 

-When the interacti on energy v i- negati"Ye ,  i •• •  % > 1 ,  K ie poaiti..,.
(i .e .  poaiti""f'e departure from ideali�y with a lliecibi lity gap) . Thi• i•
the caae of •pinodal decompodtion considered by ili 11ert ( T) ,  Cahn ( 8)
and others . When T • o, the solution h ideal and there h no additional
free energy for the inhomogeneou• eyete•.
The Iaet caee i• v > o, K become• negati-.. ( i .e .  negative departure tro•
ideality) , thue etabi lizing large gradient reapreeented by ..-ery abort

Y8.v1 Iength correaponding to ordered syete• (9) . The continuna approxi­
mation becomes inappropriate , and ,re 11n1at return to the discrete aet of
equations .5 . ,  for all n. In thia case, instead of using the d�ecrete
•odel it may be more useful to define an order parameter giving the
concentration for two con&eotttin planes • .Aftenrarda a oontinud appr ...
ximati on 11111.y be used ndng order paruaeter instead ef concentrati on
parameter, as the variable to treat the caee T > o .  Thh may be applica,..
ble to the a lowly varying order parameter describing antiphaae
boundariea or long period auperlattice in a l loya (Jo) .

III . Stationarz states . 

With the expression of free energy of the inhomogeneous system (eq .6) 
,re can determine the stationary atate• .Theae are the atatea for Yhioh 

the total energy F i• an extremum, taking into account the oonaerT&tion 
of each 11peciea i .e .  /<en - tl)dn • 0 • ( 8) 

tl being the mean concentration of one co•ponent ia the alloy . 
Thie gives the Euler equation t 

df A � 1 2 2 K C11 0 dC - - dC n - n • 
n n 

(9) 

). being a constant to be calculated by eq.(8)  t it ia the generalised 
chemical potential tor the non-uniform ey1tem. 
We may integrate eq .(9)  to obtain t 
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K(e ) e •
2 • f ( e  ) - .\ ( e  - C) - eonatant . ( IO )  

n n n n 
To determine the nature of the ao lutions of this differential equation
,we shall  u•e the generalized Poincare theerem ( 1 1 ) ,  baaed on the study
of the natur� of the singular point• of the non- linear differential 

equati on . For this purpose we re,rrite equat • 9 . by putting T • e •n

dv 
de •

n 

df 
n 

.\ dK 2- - dC T 
n 

2 v K{en}
( 1 1 )  

df The singular pointa are defined by de - .\ • O l\nd v • o. Firat ly, the
n 

positions of these •ingular point� in the (v, e )  apace are independentn 
of the gradient coefficient K {�n) ,  and are function only of the uni�
form free energy curve f (en) •

l(c
l 

l(c)-A
f 

de 

jJ\ I -
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, -I I ' I I I 

: I I 
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FIG . 4 . 

The nature of the singular points 
for the variational problem from 

the free energy curve . 

Looking at the nature of these aingular points , we find that when 
- .\ < .\ <J. ( >. being the tangent at the inflexion points of f ( e ) ) ,o o o · n 
there are three singular points e1 , e

2
, e3 • Otherwise, there i a  only

one , and the so luti ons en are unbounded, and thus of no physioal inte­

rest . The type of the simple singularity (nodal ,  vortex or center, 
a 2 f aaddle, and spiral  point ) ia  determined by the sign of D • 8 aca C•CiK

(e1 ) .  We shall2confine ourselve• to the caae v < o, i .e .  K > o .  The
a f point. where 

2
> 0 are saddle points (fig.4) and those for whi ch

a2r ac 
2 

< o, an additional teat is neoeasary to differentiate between a
ac center and a spiral point . Here , aimply from eqnat . (ro) ,  it aay
easi ly be seen that the 118%imna number of point• v • 0 for a given 
solution equals two ao that the point 111&y not be a spiral point, it
i• a canter . The curTe in the (v,e) apace paaaing through the aaddle 
point i• cal led .the aeparatrix and it correapond• to the critical nu­
cleus ,  of maximum concentration em into a matrix of concentration c.
Closed curve•,  inside it,  correspond to peri odic di atributiona 
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of concentration osci l lating bet1reen the tYo extreme value• c1 and c1
there ia a closed re lation bet.een the amplitude and the period of 
these states . Other atates are unbounded and non phyaical . 

In the apeciu.l case Ybere ). • 6 ( T il - TBB) the tYO llinbaa of f ( c )
have the aaao value , and the •eparatrix paases through the tYO aaddll 
points . The aeparatrix define• the atate of e�ui libriua bet,reen twe
region• of concentration Ca and CB . States inside the aeparatrix are 

sti l l  peri odic states . Al l the states correspond to the mean conceatra-
- l tion C • 2•

The positi on aa ,rel l  aa the nature of the singular point• are indepen­

dent of the exact form of the gradient coefficient K (C) and the aat11J'e 

of the stationary states are found i dentical aa if  K 1rere auppoaed te 
be constant ( 12) . Only the exact profi le of the concentrati on for the 

stationary states i a  modified . 
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DISCUSSION 

Have you computed numerical results by using thermodynamic 
data of systems where they are sufficiently we l l  known ? 

No, not for the case of concentration fl uctuations but we 
have done analogous calculation for order parameter as In the 
case of CuAuff (to be p.ibl ished) using the general ideas of 
inhomogeneous systems . 

If the order parameter would go l ike a square wave instead 
of a sinusoidal wave one could not understand the higher 
entropy of CuAul l  (versus CuAul )1 but the i rrational period
would surely be understandable . 

I n  what respect do your study and predictions differ from 
the analys is of Calm and H i l l iard and the more recent work
of H I i i iard and co-workers ? 

First of a l. I , the use of B ragg-Wi l l iams approxiniation by 
H i l l iard and co-workers fs completely inc9rrect In .case c,f
F ,  C .  C .  systems . We have used the Yang-lee method , w�lch 
Is the only correct way to treat tlie problem and our results 
are different from others .  Also, we have studied the general 
instabi l i ties of a metastable system , to give either a critical 
nucleus or a periodic variation of concentration or of the 
order parameter .  




