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Cyclic up-down words

Sela Fried*

Abstract

A word wyw; - - - wy, of even length n is said to be cyclic up-down if
wy < wp > w3 < --- and w,; > wy. We find the generating function
for the number of cyclic up-down words over {1,2, ..., k}, from which
a closed-form formula is derived. We also construct a bijection with
semi-magic labelings of certain graphs, called cycle-of-loops graphs.

Keywords: Chebyshev polynomial, cyclic up-down word, generating func-
tion, semi-magic labeling

1 Introduction

A permutation ¢ = 0707 - - - 0y, is said to be alternating if o7 < 02 > 03 <
---. By a classical result of André [2], if E, stands for the number of alter-
nating permutations of length 7, then

xn

Y En= =sec(x) + tan(x).
n!

n>0

The analogue problem for words appears to have been first studied by
Carlitz and Scovill [3]. Let k > 1 and n > 0 be two integers and set
(k] ={1,2,...,k}. A word over [k] of length 7 is an element of the set [k]".
Aword wyw; - - - wy € [k]" is said tobe up-downifw; < wp > w3 < ---.In
[3] the generating functions for the number of up-down words over [k] of
even and odd length were found. Gao et al. [6] proved via a bijection that
the number of up-down words over [k] of length 7 is equal to the number
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of order ideals of certain posets. Up-down words were studied implicitly
by Xin and Zhong [11].

For even n, itis natural to consider cyclic alternating permutations. These
are alternating permutations 0107 - - - 0, with the additional requirement
that 0, > 0q. Cyclic alternating permutations seem to have been first stud-
ied by Elkies [5], who proved that the number of cyclic alternating permu-
tations of length 2# is equal to nE;,_1 (see also sequence A024255 in The
On-Line Encyclopedia of Integer Sequences [9]).

This work is concerned with the study of cyclic up-down words, which
seem not to have been studied previously. A word w - - - w, € [k]" of even
length n is said to be cyclic up-down if it is up-down and, in addition,
wy, > wy. Our first main result is an explicit expression for the generating
function Ag(x) = Y00 ax2,x*" counting cyclic up-down words over [k],
in terms of Chebyshev polynomials of the third and fourth kind (Theorem
3.1). From this we derive a closed-form formula for gy 5, as a trigonometric
sum. For k = 3, the sum yields a bisection of the Lucas numbers (Exam-
ple 3.1). In the second part of the paper we construct a bijection between
cyclic up-down words and semi-magic labelings of the cycle-of-loops graph
LOOP x Cy, with prescribed common sum (Theorem 3.2). Table 2 shows
the numbers of cyclic up-down words over [k] for k = 2,...,6, of length
n=0,2,...,14.

2 Preliminaries

Let
(e}
Z fr, 2n+1x

be the generating function for the number of up-down words over [k] of
odd length. In [3] it was shown that F(x) = P(x)/Qx(x), where

k S k+i . k+i—1\ o
x):.z(:)(_l)l<2i+1)XZZH and Qi(x Z < 5 )xZ’.

It is helpful to express the functions Py (x) and Qg (x) in terms of the Cheby-
shev polynomials. These are orthogonal polynomials that are especially
important in approximation theory and numerical analysis. Their connec-
tion to combinatorics goes back atleast to [8]. The Chebyshev polynomials
are divided into four families, whose definitions and recursions are sum-
marized in Table 1.
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Table 1. The definitions and recursions of the four kinds of the Chebyshev

polynomials
Kind Definition Recursion
Ti =1, Ti(x)=x
First Ty (cos8) = cos(n6) o(x) 1(x)
Ti’l+l (x) - Z-XTn(x) — Tnfl (x)
i 1)0) | U 1, Up(x) =2x
Second | U, (cosf) = M o(x) = 1(x)
sin 6 Up1 () = 22Uy (x) = Uya ()
1
= 9 V = 1/ V — 2 _ 1
Third | Vy(cost) = <+ 2)0) | Vo) 1(x) = 2x
cos(3) Vi (%) = 20V (%) — Vi (x)
; 1
= 9 W = l, W f— 2 1
Fourth | W, (cosf) = w o(x) 1(x) x +
sin(3) | Wi (x) = 28Wa(x) = W (3)

It is well-known (e.g., [1,22.5.47 and 22.5.48]), that the Chebyshev poly-
nomials of the first and second kind admit the hypergeometric representa-
tions

It immediately follows that P(x) = xU_1(1 — %-). Now,

Qi(x) = ki(—l)"(" f;l.‘ 1)x2f

i=0
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Thus,
Ry = A7) 1-%)

i (1-%)

It will be convenient in the proof of Theorem 3.1 to modify Fy(x) and re-
place it with Fi(x) + 1 — x. Thus, from now on, Fy(x) denotes this modi-

fied generating function. In particular, fy _; = 1 and f;; = k — 1. Conse-
quently,

Fe(x) = 1 + i (1 _ %2)

Xy, (1 - X;) '
We shall also need the following technical result.

Lemma 2.1. We have
ki Upi—q(x) +2i 1 ((Zk— 1)Wk_1(x) B 1)
= Vi) Vica(x) 2 Vi1(x)

Proof. Let § = arccos(x). We have

k1 Up;_1(x) + 2i

i=1 W(X)‘/i,1 (x)

L, _
:1=1 Vl(x) i1 ( ; Vi(x)Vio 1( )
_ cosz(%) k1 sm(216) N 2isin(6)
sin(0) = \ cos((i+ 1)0) cos((i — 2)8)  cos((i+ 2)8) cos((i —3)8) )
)
With
sin(2i0) = sin((i + )0) cos((i — 1)) + sin((i — 3)0) cos((i + 1)0),
sin(0) = sin((i + 1)6) cos((i — %)8) — sin((i — 3)0) cos((i + 3)6),

we then have that (1) is equal to

C;;z(gg) Zl (tan )0)+tan((i — 1)0) + 2itan((i + 1)0) — 2itan((i — %)9))
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COS2 9
_ Sin((92)) ((2k — 1) tan((k — 3)6) —tan(g))
1 oy Wi ()
=5 ((Zk 1) V1 () 1). -

3 Main Results

Theorem 3.1. Let Ap(x) = Y00 ax0,x>" be the generating function for the
number of cyclic up-down words over [k]. Then

In particular, forn > 1,

c 1
“"'2”:22HZCSC <l)1> 22nZS <213m1> )

Proof. We count the number of cyclic up-down words over [k + 1] accord-
ing to the number of occurrences and positions of the letter k + 1. Notice
that the letter k 4+ 1 can be placed only at an even letter index. There are
ay o cyclic up-down words without any k + 1 and 7 f; 5,1 such words with
exactly one occurrence of k + 1. Now assume that there are at least two oc-
currences of k + 1 and denote by i and j the smallest and largest index of
these k + 1s, respectively. There are fy 1 5(;_;)_1 possibilities for the sub-
word wjyq -+ - wj_q and fi,_o(j_i)—1 possibilities for the (cyclic) subword
Wiyq - Wowy - - wj_1. It follows that

n—-1 n
Be1on = Bkon T Mfian-1+ Y, Y, fer12(—i)—1fkan—2(j—i)-1
i=1 j=ir1

n
= gon + 2 ifi1,2n—i)—1fk2i-1-
i=1

Multiplying the equation by x*", summing over n > 1, and finally adding
1, we obtain

1+Zak+12nx —1+Zﬂk2nx + ZzlkarlZn i) —1.fk2i— 17 (4)

n=1i=1
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We have
App1(x) =14 Y 1007, Ap(x) =1+ Y agp,x™".
n=1 n=1
To identify the double sum term, we calculate

d d 1 ad
2x + ﬁ(xl-"k(x)) =2x + I <x (x — x4+ Z fk,2n+1x2”+l>>

n=0

d 00
2x + % (1 — xz + Z fk,2n+1x2”+2>

n=0

=2Y (n+1)fronpx™

agh

n=0

=2 Z nfklzyl_lxz”_l.
n=1

3 |l

Thus,
& d 2 3 2n—1
SR (%) (20 + - (xFe(%)) | = ¥ Fega (x) Y nfeon1x
n=1
= < Z fk+1,2n+1x2”+3> (Z ”fk,zn_1x2”1>
n=-1 n=1
= Y Y iferiama fraioa XD (5)
m=—1i=1

Wehavem+i+1 > 1and, for n > 1 we have n = m 4 i+ 1 if and only if
1<i<nandm=n—i— 1. Itfollows that the coefficient of x*" in (5) is
given by

n

Y ifir120n—i)-1fe2i1-

i=1
It follows that

x2 d = (& o
7 B (%) <2x+ dx(ka(x))> =) X iferrom—iy-1frai1 | ¥*,

n=1 \i=1

exactly the double sum term in (4). We have therefore shown that

2
A1 () = A(x) + () (26 + L (6R())).
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Using Lemma 2.1, it follows that

2kl
Ap(x) =1+ ; Fiy1(x) <2x + % (XFi(x)))

2 kel Uy (1 - %2) 42

4—x? i:lVi(l—xfzz)Vi—l( _%2>

_1_;_3(2) ((zk_l)wkl(lxzz)_l).

2(4 -2 Vi1 <1 - %)

To prove (3), first recall (e.g., [7, (2.7)]) that the roots of V;_1(x) are

Qj ; = COS <(l %)n) , iefk—1].

1

Thus, the roots of V;_1(1 — "2—2) are £y ;,i € [k — 1], where

.
Bri = 1/2(1 —ay;) = 2sin ((12;_2)17(> )
By [7, (1.17) and (1.18)],
Vic1(x) = Up—1(x) = Ug—a(x), Wio1(x) = Ugq(x) + Ug_2(x).
Thus, Wi_1(x) = Vi_1(x) + 2U_»(x) and therefore

2
Ak(x):1+£ (k1+(2kl)m).
-1 (1—%

In general, if g(x) is polynomial of degree m which factors as
g(x) = (x — B1) -+ (x — Bm) and p(x) is a polynomial whose degree is
less than m, then

_yvrBi) 1

q(x) i=1 q/(ﬁz) x_,Bi.

=

(1 =)V (x) = =((k = D)x+ ) Vi (x) + (k= 3)Viea(x).
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Using Vj_1(ax ;) = 0, we then have
(1 — 2k) Vio (ay.;)
+Br,i(1+ k)

Thus, with the definitions in Table 1 and some elementary trigonometric
identities,

Vk,fl (ki) =

2

(zk,l)w
Vi (1-%)
Y Bri(1 4 o) Up o () 11
Z Vi—a () (X+[3ki x—ﬁk,i)

~ D L 1 1 \
= Zcos( 2 ) ot( 2 ) — :
2k—1 k-1 x—l—ZSm(( )n) x—25in<(l_é)n))

i-Lym
o k-1 COt < T )
= 2 2 —
0i=1 92 (i-3)m
n=0i=1 22n gjn2" ( 1 )

Forn > 0, set

N —

ko1 cot? <(12k)17r>
bn = Z

.1 )
i=1 22;1 SinZn ((ZZkz)lT[)

The function —*— 4 » has the expansion }_,;_; 4,,, Thus, forn > 1,

oy oo X L2
Aoy = [X }Z T k—1+2bjx]

j=0

by k=1 "=l by,
= 4n + Z 4m = 4qn + 20471—111'
m=

i1
B n—1 k-1 cot? (lzki)lﬂ
ok y+2 1 y
k2n — 41 = 4n—m = om g om (i%)n)
- s 1

It follows that
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22n

1 1
Set ¢; = 1/ sin’ ((2k (U ) Then cot? <(’2k3)1”> =c¢;—1and

(NS

m=0 gjn-"

n—1 1 - !
S BT

Therefore

2

i\
o)

S B B Y (Ul LA s
- 22nZ:cot <2k—1 Z:: -
sin®™ ( 2

agon = (k—1)+ -
22n =1
i=1 sm"( =]
1 "-21 1
~ o2n 1
27 = sin2" ((IZkz)lrr)
k—1 (1_ 1)7_[
_ 2n 2
221 ;CSC ( 2k —1

Finally, with

AT AN (k—1i)m
(522 (),

we obtain
.1
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1 k=1 2 i
:ﬁ;secn (2k—l>

1= 2in
—ﬁlgsec (2k—1>’ g

Table 2. Number of cyclic up-down words

k/n || 0] 2 4 6 8 10 12 14
1 1 1 1 1
7 18 47 123 322 843

26 | 129 650 3281 16565 83635
10 | 70 | 571 | 4726 | 39175 | 324787 | 2692756
15 | 155 | 1884 | 23219 | 286555 | 3537032 | 43659386

DN |G|V
[ENG [VIY VI (UGS U

Example 3.1. For k = 2 we have

sec?” () (-2

A22n = 221 - 22n =1,

as it should. For k = 3 we have

1 2 4
31 = on <sec2” (g) + sec?” (;))
2 2
1+v5\ [1-v5\
- 2 + 2

= LG/

where Ly, is the 2nth Lucas number. This seems to give a new combinatorial
interpretation to the bisection of the Lucas numbers (cf. A005248 in [9]).

Recall (e.g., [10, (M.1) on p. 1033]), that a semi-magic labeling is a la-
beling of the edges of a graph by nonnegative integers, such that the sum
of the labels on the edges incident to every vertex is the same. In the fol-
lowing theorem we establish a connection between the number of cyclic
up-down words and the number of semi-magic labelings of the cycle-of-
loops graphs. These graphs are defined by LOOP x C,;, where LOOP is

10
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the 1-vertex-1-loop-edge graph and C,, is the cycle graph of order m. See
Figure 1 for an example.

Figure 1. A semi-magic labeling of the graph LOOP x C; with common
sum 2

Theorem 3.2. The number of cyclic up-down words over [k| of length 2n is equal
to the number of semi-magic labelings of LOOP x Cy, with common sum k — 2.

Proof. First, we notice that a semi-magic labeling of LOOP x C,, is deter-
mined by the labels of the cycle C,,;, since the labels of the loops must com-
plement the sum of the two respective labels to the common sum. Thus,
it suffices to show that the number of cyclic up-down words over [k]| of
length 2n is equal to the number of edge labelings of the cycle C,,, such
that the sum of every two consecutive labels is less than or equal to k — 2.
To this end, consider a cyclic up-down word w; - - - wp, € [k]*" and define
uy -y, €40,1,...,k—2}>" by

w; —1, ifiisodd,
U = P
k—w;, ifiiseven.

Let i € [2n] and identify the index 21 + 1 with the index 1. We need to
show that u; + u; 1 < k — 2. First, assume that 7 is odd. Then w; < w;1,
ie., w;j — w11 < —1. Thus

Ui+ uip =w;i—1+k—wi <k-2.

The case of even i is similar. Conversely, let uy - - - up, € {0,1,...,k — 2}2”
such that u; + u; ;1 < k — 2, for every i € [2n]. Define w; - - - wy, € [k]*" by

u;+1, ifiisodd,
wi = k .
—u;, ifiiseven.

11
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We need to show that wy - - - wy,, is a cyclic up-down word. Assume that i
is odd. We have

w; < Wi = u;+1<k—u
= uitup <k-1
= ujtui] <k-2.

The case of even i is similar.

It is easy to see that the two maps are inverse to one another and hence
bijections. 0
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