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SOME CONSTRUCTIONS OF LCD CODES OVER Z4
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ABSTRACT. In this paper, we consider linear codes with complemen-
tary duals over the ring of integers modulo 4. These codes are defined
as linear codes that intersect their duals trivially and shortly called LCD
codes. We focus on some constructions of LCD codes using the adjacency
matrices of two-class association schemes.

1. INTRODUCTION

Nowadays, codes over rings are gaining a lot of attention. For example,
see [6, 13, 22]. In [5], the authors gave a construction of self-dual codes over
finite fields and over commutative rings, from two-class association schemes,
generalizing Gaborit’s construction of quadratic double circulant codes given
in [7]. Further, in [2], the authors use two-class association schemes to con-
struct linear codes with complementary duals (LCD codes) over the finite
fields. LCD codes were introduced by Massey in [16] and further developed
and studied by many authors. For example, see [12, 23]. One of the reasons
why these type of codes are interesting to study, is that LCD codes meet the
asymptotic Gilbert-Varshamov bound (see [19]). Although LCD codes over
finite fields have been extensively studied so far, not much research is done
on LCD codes over rings.

LCD codes over ring of integers modulo 4 have not been a subject of
studies in many papers. Recently, the authors in [10, 20] studied the family
of LCD codes, i.e., double circulant LCD codes over Z,. In their study, they
were interested in obtaining the exact enumeration formula for these families
of codes. Further, in [21], the authors studied LCD codes over Galois rings.
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There are other studies on LCD codes over rings, but in each study particular
ring (different than Z,) is taken into consideration.

In this paper, following the same approach as in [2], we study conditions
for constructing LCD codes over the ring Z4 from the adjacency matrices of
two-class association schemes, i.e., either strongly regular graphs (SRGs) or
doubly regular tournaments (DRTs), the method that has not been studied
before on the ring of integers modulo 4.

Furthermore, we show how the method can be applied to adjacency ma-
trices of some strongly regular graphs or doubly regular tournaments. The
examples of codes given in this paper have been examined using Magma [1].

The paper is organised as follows. Section 2 provides the necessary def-
initions and notation used throughout. In Section 3, we present the main
construction and in Section 4, we give conditions for constructing LCD codes
over the ring Z4 using adjacency matrices of strongly regular graphs or doubly
regular tournaments. Finally, in Section 5, we construct and give examples
of LCD codes from some strongly regular graphs and doubly regular tourna-
ments.

2. PRELIMINARIES

In this section, we will give some necessary definitions and notation used
throughout the paper.

2.1. d-class association scheme. In this subsection, we define a two-class
association scheme and give basic properties. For further information, see
(3, 9].

Let X be a set of size v. A d-class association scheme on X is a partition
of X x X into d + 1 relations Ry, Ry, ..., Rgq such that

1. Ro=A{(z,z) |z € X},

2. RT = R; for some j =0,1,2,...,d and for all 4,

3. for any triple 4, j, k the number of elements z € X such that (x, 2) € R;

and (z,y) € R; is a constant pfj which does not depend on the choice
of z and y that satisfy (z,y) € Rx.

In this paper, we will be interested in two-class association schemes, i.e.,
the case d = 2. A two-class association scheme is commutative (see [9]), i.e.,
for any triple of indices 1, j, k, pfj = pé“z

Let Ay = I, A; and As be the adjacency matrices of a two-class association
scheme. Let J denote the all one matrix and I the identity matrix. Two cases
may occur. Either AT = A;, AT = A, and then the undirected graph (X, Ry)
is strongly regular (shortly SRG) or AT = A,, AT = A, and the directed
graph (X, R1) is a doubly regular tournament (shortly DRT). It is known
that doubly regular tournaments are equivalent to skew Hadamard matrices
(see [18]).
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In both cases (SRGs and DRTs) we have Ay = J — I — A;. Let A :=
J—I1—-A; =Aand A1 = A. Then AJ =JA=FkJ.
In case of SRGs there is a positive integer k£ and non-negative integers A
and p such that
A2 =kl + M+ pu(J -1 - A),
and for DRTs there are non-negative integers A and g such that
A2 = XA+ p(J -1 - A).

2.2. Zg4-codes. The ring Z4 is the ring of integers modulo 4. A Z4-code
C' of length n is a Z4-submodule of Z}. The Hamming weight wty(x), Lee
weight wtr, () and Euclidean weight wtg(x) of a codeword z of C' are defined
as ny(z) +na(z) + n3(x), n1(z) + 2na(z) + n3(x) and nq(x) + 4ne(x) + ns(x),
respectively, where n;(z) is the number of components of z which are equal to
i. The minimum Lee weight dr(C) (respectively minimum Euclidean weight
dg(C) and minimum Hamming weight dgy(C)) of C' is the smallest Lee (re-
spectively Euclidean and Hamming) weight among all non-zero codewords of
C. Every Z4 linear code has ki + ko codewords and as such is usually said
to be of type 4¥12%2. For more information on codes over rings we refer the
reader to [4, 11].

The dual code C is the orthogonal complement under the standard inner
product (-,-), i.e. C*+ = {v € F? | (v,¢) = 0 forall c € C'}. A linear code
C is called a Euclidean or classical LCD code if C N C*+ = {0}. For more
information see [11]. Usually we just write an LCD code in this instance. It
is easy to see that the dual of an LCD code is an LCD code. A code C is
self-orthogonal if C C C+ and self-dual if equality is attained.

2.3. LCD codes over Z4. In [16], Massey gave the characterization of LCD
codes over a field.

LEMMA 2.1. [16, Proposition 1] Let G be a generator matriz for a code
over a field. Then det(GGT) # 0 if and only if G generates an LCD code.

Since this paper deals with LCD codes over rings, we need to state some
extra definitions and properties. LCD codes over chain rings were examined
in [15], where a sufficient condition for an LCD code over finite chain rings
was given. We begin with some definitions about finite chain rings (see [14]
for more information).

A commutative ring is called a chain ring if the lattice of all its ideals is
a chain. It is well known that if R is a finite chain ring, then R is a principal
ideal ring and has a unique maximal ideal () = Ry = {rvy | r € R}. Its chain
of ideals is

R=(")2>(s") 22" 2 (y) = {0}
The integer ¢ is called the nilpotency index of (v).
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An example of a finite chain ring is Z,., the ring of integers modulo p?,
for some prime p and a > 1. In this paper, we are interested in LCD codes
over Z,4 which fall into this category.

REMARK 2.2. In the case of Zy4, it holds that v =1t = 2.

Let R be a finite commutative ring with identity. Let A = (a;;)mx: be a
matrix over R. If the rows of A are linearly independent, then we say that
A is a full-row-rank matrix. If there is an [ X m matrix B over R such that
AB = I, then we say that A is right-invertible and B is a right inverse of A.
If m = | and the determinant det(A) is a unit of R, then we say that A is
non-singular.

By [15, Lemma 2.3], it holds that an m x m matrix over a finite chain ring
R is invertible if and only if it is non-singular. In order to give a sufficient
condition for LCD codes, we need to define the standard form of a generator
matrix.

DEFINITION 2.3. [17, Definition 3.2] Let C be a linear code over R. A
generator matriz G for C is said to be in standard form if, after a suitable
permutation of the coordinates, the following holds:

Iy, Aopn Ao Aoz - Aggo Ap
0 'YIkl ’YA1,2 ’YA1,3 ’YAl,t—l ’YAl,t
G = 0 0 Iy, ~*Ass -+ Y2Ai V2 Ag,
0 0 0 0 ’yt_llkt71 ’}/t_lAt,Lt
Ag
vA1
— 72 Ay
A

In [15], the authors gave a sufficient condition for a linear code over a
finite chain ring R to be LCD.

THEOREM 2.4. [15, Theorem 3.5] Let C' be a code over R with generator
matriz G in standard form. If the k x k matriz GG is invertible, then C is
an LCD code, where k is the number of rows of G.

In what follows, we study the case when R = Z4. It is obvious that for
Z4-codes the condition from Theorem 2.4 can not be satisfied. However, in the
following theorem we give a condition that enables us to construct LCD codes
over Z4. A statement given in Theorem 2.5 is crucial for the constructions
given in this paper.
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THEOREM 2.5. Let C be a code over Z4 with generator matriz G. If GGT
s a diagonal matriz with all elements on the main diagonal equal to 1 or 3,
then C is an LCD code.

PROOF. Let v1,vs,...,v; be the rows of G, i.e., generators of the code C.
It follows that (v;,v;) = 0 for ¢ # j and (v;,v;) € {1,3}, where 1 <14,j < k.
A codeword w in C is of the form w = ZieA «;v;, where «; € Zy for i € A.
If w is not a zero vector, then (v;,w) # 0, for some j € A. Hence, w ¢ CL.
Since no non-trivial element in C is also in C*, it follows that C is an LCD
code. ]

3. CONSTRUCTION OF LCD CODES OVER Z4

In [5], the authors presented pure and bordered constructions of self-
dual codes. Following the notation given in [2, 5] we give pure and bordered
constructions of LCD codes from SRGs or DRTs over the ring Z,,. Here, we
apply these constructions to LCD codes over Zj.

Let 7,5,t € Zyy, and let Qz, = (rI + sA+tA). In the pure construction,
the generator matrix of a code is given by

(3.1) Py, =(1]Qz,(rst)).

Let 7,s,t € Zy, and let Qz,, = (r] + sA+tA). Let a, 8 and « be scalars. In
the bordered construction, the generator matrix of a code is given by
1/0..0|a| B...8

0 Y

: I 2| Qg (r,s,1)

0 gl

For the construction of LCD codes we will use Theorem 2.5. We state Lemma
3.1 from [5] that will be useful for our constructions.

(3.2) By, =

LeEmMMA 3.1. [5, Lemma 3.3] For strongly reqular graphs we have
Qu (1, 5,1)Qz, (r,5,1)"
= (r? + 8%k —t2 — ’k + t20)I
+ (2rs + s° X\ — 2st — 2st\ + t2 X 4 2stk + t2v — 2t%k) A
+ (20t + s2p — 2stp + 2+ 2sth + 2o — 2t — 2t%k) A.
For doubly reqular tournaments we have
Qz,,(r,5,1)Qz,, (r,5,8)"
=+ (s +HK)I
+(rt+sr+ (s2+12)(k—1—\) + sth+ stu)A
+ (rt 4 st + (s + %) (k — p) + stu + stA)A.
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Under certain conditions, the construction given in Theorem 3.2, i.e., the
pure construction, yields LCD codes over Zy.

THEOREM 3.2. Let r,s,t € Zy and let Qz, = (rI + sA + tA). Further,
let Py, be an n X 2n matriz over Z4 and suppose that Py, generates a [2n,n)
code C over Zy. The code Py, (r,s,t) formed from an SRG(v,k,\, u) is an
LCD code if x € {1,3} and

2+ 2k —t2 — Pk +tPv =2 —1,
2rs 4+ 2\ — 2st — 2st\ + t2\ + 2stk + t2v — 262k = 0,
2t 4+ 52 — 2stp + t2pu + 2stk + t2v — 262 — 26%k = 0.

The code Py, (r,s,t) formed from a DRT(v,k, A\, ) is an LCD code if x €
{1,3} and

P2+t k=21,
rt4sr+ (82 +1%)(k —1—\) + stA + stp =0,
vt + sr 4 (82 + t2)(k — p) + stp + stA = 0.

PROOF. By Equation (3.1) and Lemma 3.1, Pz, P} = (a+1)I+bA+cA,
where QZ4Q%—4 = al + bA + cA.
Ifa+1=2z¢€{1,3},b=0, c =0 over Zy, it holds that PZ4PZ—|; is a scalar

matrix with 1 or 3 on the main diagonal. Hence, by Theorem 2.5, Py, is an
LCD code. a0

Under certain conditions, the construction presented in Theorem 3.3, i.e.,
the bordered construction, yields LCD codes over Zj.

THEOREM 3.3. Let r,s,t € Zy and let Qz, = (rI +sA+tA). Further, let
By, be an (n+1) x (2n+ 2) matriz over Z4 and let o, 5 and v be scalars and
suppose that By, generates a [2n+ 2,n+ 1] code C over Zy.

The code By, (r,s,t) formed from an SRG(v,k,\,u) is an LCD code if
x,y € {1,3} and

24 s?k—t2 Pkt =1 —1—12
2rs 4+ 52X\ — 2st — 2st\ 4+ 2\ + 2stk + t2v — 262k = —1?,
2rt + % — 28ty + 2 + 25tk + t2v — 2% — 2%k = —~?,
1+ a?+ 0B =y,
ay+p(r+sk+tlv—k—1))=0.
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The code By, (r,s,t) formed from a DRT(v,k, A, ) is an LCD code if x,y €
{1,3} and

P (2t k=2 —1—17%
rt4 sr+ (82 +12)(k — 1 — \) + stA + sty = —2,
rt 4 s+ (82 + %) (k — p) + sty + sth = =%
1+a?+vp? =y,
ay+ B(r+sk+tlv—k—1)) =0.

PROOF. In order to obtain that BZ4BZT4 is a diagonal matrix with el-
ements 1 or 3 on the main diagonal the inner product of the top row of
Bz, with itself must be 1 or 3, i.e., 1 +a? +v3% = y € {1,3}. The inner
product of the top row of Bz, with any other row must be equal to 0, i.e.,
ay+p(r+sk+t(v—k—1)) = 0. Finally, the inner products of all the other rows
of Bz, must give a scalar matrix, i.e., I +~v2J + Qz,(r,s,t)Qz, (r,s,t)T = 1,
where z € {1, 3}.

It follows that Qz,(r,s,t)Qz,(r,s,t)T = (z — 1 — )T — y2A — 42 A.
Therefore, by Lemma 3.1 the conditions follow. a0

4. CONDITIONS FOR OBTAINING LCD CODES OVER Zg4

Taking adjacency matrices of two-class association schemes one can apply
Theorems 3.2 and 3.3 to obtain LCD codes over the ring Z4. To simplify the
construction, one can list the conditions for which the used adjacency matrix
of two-class association scheme will produce an LCD code over Z,. Here, we
will interpret integers as their value modulo 4.

4.1. LCD codes from SRGs over Z,. In Table 1 and in Table 2, we list
conditions under which strongly regular graphs can be used for obtaining LCD
codes over Z, by applying pure and bordered constructions.

T S t Pure construction

+1 | +£1 | +1 v=0(x=1)

+1 | 4+110,2 k=x+4+2, A=2, u=0
10,2 | £1 | v=k+2z—-1, A=p=2k—v
+110,20,2 Never

0,2 | £1 | £1 Never

0,2 | +1 (0,2 k=z—-1, A=pu=0
0,210,2| £l jv=k+4+zxz, A=2k—v, u=A+2
0,210,20,2 Always (x = 1)

TABLE 1. LCD codes from SRGs over Zy4, pure construction
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r s t Bordered construction

+1 [ £1 | +1 v=—%(z=1)

+1 | 41 10,2 Ek=x+2—-7% A=2—-72, p=—>
+1 (0,2 | 1| v=k+z—-1—-72 A=p=2k—v—~2

+1/0,2|0,2 Never

0,2 | £1 | £1 Never

0,2 10,2 k=x—1—-72 A=pu=—»>
0,20,2 |+l |v=k4+2—7% A=2k—v—7% u=X1+2
0,210,21]0,2 =0 (zx=1)

TABLE 2. LCD codes from SRGs over Z4, bordered construction

For the bordered construction, two additional conditions involving o and [
are required:

1+a®+vB% =y, ay+B(r+sk+tlv—Fk—1))=0.

4.2. LCD codes from DRTs over Z4. In Table 3, we list conditions un-
der which doubly regular tournaments and pure construction can be used to
obtain LCD codes over Z4. Relations among the parameters that we use in
Table 3 are given in the following lemma.

LEMMA 4.1. IfT is a DRT with parameters (v, k, A, 1), then v = 4\ + 3,
k=2 \+1and p=X+1.

7 S t Pure construction

+1 | £1 | 21 [ 2k=2+2, rt+sr+2(k—1—-X)+stA+stu=0
+1 ] £1 0,2 k=xz4+2, rt+sr+k—1—A+stA+stu=0
+110,2| £1 k=xz+4+2, rt+sr+k—1—A+stA+stu=0

+110,20,2 Never

0,2 +1 | 1 |2k=2—-1, rt+sr+2(k—1—-X)+stA+stpu=0
0,2 | +1 (0,2 k=x—1, sr+k—1—-A+stA+stu=0
0,210,2| +1 k=x—1, rt+k—1—-A+sth+stu=0
0,210,20,2 Always (x = 1)

TABLE 3. LCD codes from DRTSs over Z,, pure construction

In Table 4, we list conditions under which doubly regular tournaments
and bordered construction can be used to obtain LCD codes over Zy.

As stated in Subsection 4.1, for the bordered construction we have two
more conditions on « and 3:

1+ +vB2 =y, ay+B(r+sk+tlv—k—1))=0.



SOME CONSTRUCTIONS OF LCD CODES OVER Z4 191

r s t Bordered construction

+1 | F1 [ 1 [2k=2+2—7% rt+sr+2(k—1— )+ stA+ sty = —°
+1 | +£110,2 E=x+2—72 rt+sr+k—1—X\+sthA+ sty =—>
+1 (0,2 | £1 E=x+2—72 rt+sr+k—1— X+ stA+ sty = —+>

+11{0,21]0,2 Never

0,2 1| £1 | 2k=2—1—~% rt+sr+2(k—1—N\)+ stA+ sty = —>
0,2 | +110,2 k=x—1—-~2 sr+k—1—X+stA+stp=—2
0,20,2| 1 E=x—1—72 rt+k—1—X\+sth+stu=—>
0,210,210,2 V=0 (x=1)

TABLE 4. LCD codes from DRTs over Z4, bordered construction

5. EXAMPLES OF LCD CODES FROM SOME FAMILIES OF SRGS AND DRT's

In this section, we illustrate the methods given in Section 3 by giving
examples of LCD codes constructed over Z,.

Using the Gray map, one can check how good the linear code obtained
from Z4-codes is. In this section, we take just a few examples of SRGs and
DRTs and illustrate how the method can be applied. Use of different SRGs
and DRTs will produce different codes. Since the enumeration and classifi-
cation of LCD codes over Z4-codes is not finished, and there does not exist
any database of such codes, we cannot state with certainty that the produced
codes are new or not. The aim of this paper is to show how one can construct
LCD Zy-codes using SRGs and DRTs.

In [20], the authors examined numerical results. They were comparing the
Zy4-codes with the best known binary linear code with particular parameters,
obtained from Z4 code by the Gray mapping. See ([11]) for more details. In
this paper, we follow the same approach.

5.1. LCD codes from some families of SRGs. In this subsection, we give
some examples of LCD codes over Z4 obtained from some families of strongly
regular graphs. The examples are obtained applying methods given in Section
3 and conditions given in Table 1.

EXAMPLE 5.1 (LCD codes from Paley strongly regular graphs). Let ¢ be
a prime power such that ¢ = 1 (mod 4) and let P(q) be a Paley graph, i.e.,

. -1 ¢-5 g—1 _
strongly regular graph with parameters (q, &=, 42, qT). For v =1 (mod 4)

and p = A+ 1, one can obtain LCD codes in the following cases: by pure con-
struction, for Py, (r,s,t), where r,s,t € {0,2}, and by bordered construction,
for Bz, (r,s,t), where 7, s,t € {0,2}, v € {0,2}, 1+a?+5? € {1,3}, ay+Br =
0.

EXAMPLE 5.2 (The Petersen graph). The Petersen graph is the unique
SRG(10,3,0,1). Taking into account that v = 2 (mod 4), p = 1 (mod 4)
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and u4 = A+ 1, one can obtain LCD codes in the following cases: by pure
construction, for Pg,(r,s,t), where r,s,t € {0,2}, and by bordered con-
struction, for Bg,(r,s,t), where r,s,t € {0,2}, v € {0,2}, 1+ a? +283? €
{1,3}, ay+ B(r+3s) =0.

EXAMPLE 5.3 (The Shrikhande graph). The Shrikhande graph is a
strongly regular graph with parameters (16,6,2,2). Taking into account
that p = 2 (mod 4) and A = p, one can obtain LCD codes in the follow-
ing cases. By pure construction, for Pz, (r,s,t), where r,s,t € {—1,1}, and
Py, (r,s,t), where r,s,t € {0,2}. By bordered construction, for By, (r,s,t),
where r,s,t € {-1,1}, a,v € {0,2}, B(r+2s+1t) =0, and for By, (r,s,t),
where r,s,t € {0,2}, o,y € {0,2}, B(r+1t) =0.

EXAMPLE 5.4 (The Clebsch graph). The Clebsch graph is the SRG(16, 5,
0,2). Cases for which one can obtain LCD codes are the following (ap-
plying methods given in Section 3 and conditions given in Table 1). By
pure construction, for Py, (r,s,t), where r,s,t € {—1,1}, and for Py, (r,s,t),
where r,s,t € {0,2}. By bordered construction, for Bg,(r,s,t), where
r,s,t € {—1,1}, a,v € {0,2}, B(r + s+ 2t) = 0, and for By, (r,s,t), where
st €{0,2}, a,v€{0,2}, B(r+s)=0.

To illustrate, we give examples of LCD codes constructed over Z4 from
above listed SRGs. For the computations we used Magma [1]. Examples of
Zs-codes in Table 5 are written in the form (n, 4¥12%2 d) where n is the length
of the code and d is the minimum Lee distance.

The entry in the last column is the best known minimum distance of a
[2n, n] binary linear code, obtained by the Gray mapping. For example, in the
first row we obtained (10,4°,2) LCD code over Z4. Using the Gray mapping,
the [20, 10, 2] binary linear code is obtained, for which it is known that 6 is
the best known minimum Hamming distance (see [8]).

5.2. LCD codes from some families of DRTs. In this subsection, we give
some examples of LCD codes over Z4 obtained from some doubly regular
tournaments. The examples are obtained applying methods given in Section
3 and conditions given in Tables 3 and 4.

ExampLE 5.5 (DRT(3,1,0,1)). By applying conditions it follows that
one can obtain LCD codes in the following cases: by pure construction, for
Py, (r,s,t), where r,s,t € {0,2}. By bordered construction, for By, (r,s,t),
where r, s,t € {—1,1}, v € {—1,1}, 1+a?+36% € {1, 3}, ay+B(r+s+t) =0,
and for By, (r,s,t), where r,s,t € {0,2}, v € {0,2}, 1+ a® + 332 €
{1,3}, avy+B(r+s+1t)=0.

EXAMPLE 5.6 (DRT(7,3,1,2)). One can obtain LCD codes in the follow-
ing cases. For pure construction, for Py, (r,s,t), where r,s € {—1,1}, r #
s, t € {0,2}, for Py, (r,s,t), where r,t € {—1,1}, r # ¢, s € {0,2}, and for
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’ SRG \ Construction \ C \ dmin ‘
Paley Py,(0,2,0) (10,45,2) 6
Bz,(0,0,2), a=1, =3, y=0 (12,45,2) 8
Pz,(2,2,0) (18,4%,2) | 8
Bz,(0,2,0), a =0, f=7=2 (20,4192) | 9
Petersen | Pgz,(2,0,2) (20,41°2) | 8
Bz,(2,0,2), a=8=2, v=0 (22,41.2) | 10
Shrikhande | Py,(3,1,3) (32,416 4) | 12
Py, (2,2,0) (32,416,2) | 12
Bz,(3,1,3), a=v=0, =3 (34,417, 4) | 13
Bz,(2,2,0), a=v=0, =2 (34,417.2) | 13
Clebsch | P,(3,1,3) (32,416 4) | 12
Py,(0,2,0) (32,416,2) | 12
Bz,(3,1,3), a=v=0, =3 (34,417, 4) | 13
Bz,(2,2,0), =0, f=vy=2 (34,417.2) | 13
TABLE 5. Examples of LCD codes from SRGs over Zy4

Py, (r,s,t), where r,s,t € {0,2}. For bordered construction, we obtain LCD

codes for:

e By, (r,s,t), where r,s,t € {—1,1}, v € {=1,1}, 1 +a? + 382 €
{1,3}, ay+ B(r+3s+3t) =0,
e By, (r,s,t), where r,s € {—1,1}, r # s, t € {0,2}, v € {0,2}, 1+

a? +3p% € {1,3},

ay+ B(r+3s+3t) =0,

e By, (r,s,t), where r,t € {—1,1}, r #t, s € {0,2}, v € {0,2}, 1+

o? +38% € {1,3},

ay+ B(r+3s+3t) =0,

e By, (r,s,t), where r,t € {0,2}, r #1¢, s € {-1,1}, vy € {-1,1}, 1+

a?+382 € {1,3}, ay+ B(r+3s+3t) =0,

e By, (r,s,t), where r,s € {0,2}, r #£ s, t € {-1,1}, vy € {-1,1}, 1+

a?+3p% € {1,3}, ay + B(r +3s+3t) =0,

e By, (r,s,t), wherer, s, t € {0,2}, v € {0,2}, 1+a2+35% € {1,3}, ay+
B(r+3s+3t) =0.

ExamMpPLE 5.7 (DRT(11,5,2,3)). One can obtain LCD codes in the fol-
lowing cases. By pure construction, for Py, (r,s,t), where r,s,¢t € {0,2}.
By bordered construction, for Bg,(r,s,t), where r,s,t € {-1,1}, v €
{—1,1}, 1+a?+38% € {1,3}, ay+ B(r +s+1t) =0, and for Bz, (r,s,t),
where 7, s,t € {0,2}, v €{0,2}, 1+a?+382 € {1,3}, ay+B(r+s+t) =0.

EXAMPLE 5.8 (DRT(15,7,3,4)). One can obtain LCD codes in the follow-
ing cases. For pure construction, for Py, (r,s,t), where r,s € {—=1,1}, r =
s, t € {0,2}, for Py, (r,s,t), where r,t € {—1,1}, r =t¢, s € {0,2}, and for
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Py, (r,s,t), where r,s,t € {0,2}. For bordered construction, we obtain LCD
codes for:

e By, (r,s,t), where r,s,t € {—1,1}, v € {=1,1}, 1 +a? + 382 €
{1,3}, ay + B(r +3s + 3t) =0,

e By, (r,s,t), where r,s € {—1,1}, r = s, t € {0,2}, v € {0,2}, 1+
a?+3p% € {1,3}, ay+ 3Bt =0,

e By, (r,s,t), where r,t € {-1,1}, r =1t, s € {0,2}, v € {0,2}, 1+
a?+382 € {1,3}, ay+38s=0,

e By, (r,s,t), where r,t € {0,2}, r =1t, s € {-1,1}, vy € {-1,1}, 1+
a? 4382 € {1,3}, ay +38s = 0,

e By, (r,s,t), where r,s € {0,2}, r=s, t € {-1,1}, vy € {-1,1}, 1+
a?+3p% € {1,3}, ay + 38t =0,

e Bz, (r,s,t), wherer, s, t € {0,2}, v € {0,2}, 1+a2+35% € {1,3}, ay+
B(r + 3s + 3t) = 0.

To illustrate, we give examples of LCD codes constructed over Z4 from
the above listed DRTs. For the computations we used Magma [1]. Examples
of Z4-codes in Table 6 are written in the form (n,4%12%2 d) where n is the
length of the code and d is the minimum Lee distance.

The entry in the last column is the best known minimum distance of a
[2n, n] binary linear code, obtained by the Gray mapping. For example, in the
first row we obtained (6,4%,2) LCD code over Z,. Using the Gray mapping,
the [12, 6, 2] binary linear code is obtained, for which it is known that 4 is the
best known minimum Hamming distance (see [8]).

’ DRT \ Construction ‘ C ‘ dmin ‘
(3,1,0,1) | P2,(0,2,0) (6,43,2) 4
Bz,(3,1,3), a=p8=v=1 (8,44,4) 5
Bz,(0,0,2), a==2, v=0 (8,4%,2) 5
(7,3,1,2) | Pz,(3,1,2) (14,474) | 8
P,(0,2,0) (14,47,2) | 8
Bz,(0,1,2), a=3, f=y=1 (16,4%,8) | 8
Bz,(0,2,0), a =38=2, y=0 (16,48,2) | 8
(11,5,2,3) | P2,(0,0,2) (22,41 2) | 10
Bz,(3,1,3), a=3, B=v=1 (24,42, 4) | 12
Bz,(0,0,2), a==2, y=0 (24,412 2) | 12
(15,7,3,4) | Pz,(3,3,2) (30,4.6) | 12
P7,(0,0,2) (30,4%5,2) | 12
Bz,(1,1,3), a =3, 3=2, y=1|(32,416.4) | 12
Bz,(0,0,2), a =8=2,v=0 (32,46,2) | 12

TABLE 6. Examples of LCD codes from DRTs over Z4
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NEKE KONSTRUKCIJE LCD KODOVA NAD 7,

A. GrRBAC AND A. SvoB

SAZETAK. U ovom radu promatramo linearne kodove s komplementarnim
dualima nad prstenom cijelih brojeva modulo 4. Promatrani kodovi se
definiraju kao kodovi koji se sa svojim dualnim kodovima sijeku trivijalno, a
kraée ih zovemo LCD kodovi. U ovom radu nas zanimaju neke konstrukcije
LCD kodova u kojima koristimo matrice susjedstva asocijacijskih shema s
dvije klase.



