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PAIR CORRELATION OF ZEROS OF DIRICHLET
L-FUNCTIONS AND PROPORTION OF SIMPLE ZEROS

RAMUNAS GARUNKSTIS AND JULIJA PALIULIONYTE

Vilnius University, Lithuania

ABSTRACT. Baluyot, Goldston, Suriajaya, and Turnage-Butterbaugh
obtained an unconditional form of Montgomery’s theorem concerning pair
correlation of zeros of the Riemann zeta function. They used it to prove
that under certain assumptions at least 61.7% of the zeros are simple.
In this paper, we obtain an analogous theorem for Dirichlet L-functions
and apply it to prove a similar result regarding simple zeros of Dirichlet
L-functions.

1. INTRODUCTION

Let p = 8 + 47 be a nontrivial zero of the Riemann zeta function {(s) and
W(u) = +25. Following Montgomery [8], Baluyot et al. [1] defined

4—u2?"
F,T)= > 2 W(p-yp),

p.p
0<v,y'<T
and
T -1 T -1
F(a):=( —1logT | FT*T)=(-—1logT T =P VW (p—p').
(a) (% og ) (T*,T) (27r og ) Z W(p—p')
PP
0<vy,Y'<T

They generalised Montgomery’s pair correlation method to prove uncondi-
tionally that (we state the corrected version, see Baluyot et al. [2])

(1.1) F(a)=T72*(logT +0O(1)) +a+0 (@)
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uniformly for 0 < o < 1, T — co. They used this to prove that if all the
zeros p = B+ iy of ((s) with T§ < v < T satisfy % — 2101gT <p< %—}- 2101gT
then at least 61.7% of the nontrivial zeros are simple. Baluyot et al. [1] also

proved that, assuming the weaker hypothesis,

1
2(1—0) -1 - < <
N(o,T)=o0 (T (logT) ) for 5 + SogT = o <1,

at least 61.7% of the nontrivial zeros are simple.

Here, we are interested in pair correlation of zeros of Dirichlet L-functions.
Let ~, denote the imaginary part of the zero of the Dirichlet L-function
L(s,x). Fujii [4, Theorem 13] assumed Generalised Riemann Hypothesis
(GRH) and showed that if x, ¢ are primitive characters mod g, k respectively,
and

T T\\ "' T\ )
F = —log ( — R = W (v, —
o (@) (% og(%)) e OqZﬁ:q(%) (e =) | »
XV >
1 ifxy=4
0 ifx#4’

then for 0 < a <1, §y 4 = { we have

T —2a e 1
Fy (o) =0y pa + <27r> logT+ 0O (T7%*) + 0 <m> .

Karabulut and Yildirim [6, Theorem 3] proved that if x and ¢ are prim-
itive characters mod g, qy > 1, then, assuming GRH,

FX#} ($7 T) = Z xi(’Yx_'Yw)W(fYX _ wa)
0<yx, vy <T

Tlogx Tlogzlogq Tlog?T 1
=0 o ———=%& —FF (140 —
X ( o T ( x T o +Cavay log T

+ O(Tx_% log® 2z) + O(x log 2z loglog 3x) 4+ O(x log T').

In this paper, we will obtain results analogous to [1] concerning pair
correlation for Dirichlet L-functions and the proportion of simple zeros of
Dirichlet L-functions. Let x be a primitive Dirichlet character mod ¢ > 1,
and from now on, let p = § + iy denote a nontrivial zero of L(s, x). Define,
forz>0and T > 2,

4

F(z,T,x) = Z "' Wi(p—p'), where W(u):m7

p.0
0<y,y'<T
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and for a € R,
-1
(1.2)  Fla,x):= (2:; log(qT)) F((¢T)*, T, x)

~(grroen) X @ W ),

/

0<v,y' <T

We will prove the following unconditional theorem.

THEOREM 1.1. Let x be a primitive Dirichlet character mod g > 1. Then
F(a, x) is real, even, and nonnegative. Moreover, as T — oo, we have

(0] 2 og 10
(13) Fla) = () (log(qT) + O(1)) + o + 0 (1L 0ldl) )

uniformly for 0 < a<1,1<q<logT.

In the proof of Theorem 1.1, we will use ideas from the proof of [1, The-
orem 1] and from Montgomery and Vaughan [10]. Note that in (1.3), the last
error term is smaller in the T aspect compared to the corresponding term
in (1.1). This is because the Dirichlet L-function for a primitive Dirichlet
character mod ¢ > 1 is an entire function, whereas the Riemann zeta function
has a pole at s = 1. This difference is reflected in the corresponding explicit
formulas, compare formula (2.2) below with [1, formula (2.3)].

There are many results about the proportion of simple zeros of Dirichlet
L-functions averaged over characters. For example, Sono [12], by examin-
ing a specific averaged zero pair correlation function, proved that, assuming
GRH, at least 93.22% of low-lying zeros of Dirichlet L-functions, averaged
over primitive characters, are simple.

We will demonstrate the following two statements concerning the propor-
tion of simple zeros of individual Dirichlet L-functions.

THEOREM 1.2. Suppose that all the zeros p =+ iy of L(s,x), where x
is a primitive Dirichlet character mod q > 1, satisfy é—z < B < 2711’ and also
that all the zeros with (qT)% <~y < T, 1< q < /logT, satisfy i- m <
B8 < %—&-m. Then as T — 0o, 1 < q < /logT, at least 61.7% of the

nontrivial zeros of L(s, x) are simple.

THEOREM 1.3. Let x be a primitive Dirichlet character mod ¢ > 1. As-
sume that

(1.4) N(o,T,x) = o (' (aT)*" = (log(qT)) ")
uniformly for % + m <o<1l, 1<qg<logT. Then asT — o0, 1 <

q < V1ogT, at least 61.7% of the nontrivial zeros of L(s, x) are simple.
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Most of the results on zero density estimates for Dirichlet L-functions are

of the form

> Y N Tox) < (QPTHAC It

9<Q x(mod q)
where the asterisk means that the sum is over primitive characters only. It is
conjectured that this holds with a = 1, A(c) = 2 for the interval + < o < 1.
Heath-Brown [5] proved this for % <o<1.

The next section is devoted to the proof of Theorem 1.1. In Section 3,

we consider certain Fourier transforms and prove some results about Tsang

kernels, which will be useful in Section 4, where we prove Theorems 1.2 and
1.3.

2. PROOF OF THEOREM 1.1

Write 8 = % + 8, where f% << % For Dirichlet L-functions we have
the following explicit formula.

LEMMA 2.1. Let x be a primitive character mod q > 1. Then for x > 1
and t € R we have

xd+ir—t) = A(n)x(n) n x
2 T . oo s min —, —
(2.1) ; 1+ (t—~vy+1id)? Z natit { }

+ 27! (logqr + O(1)) + O(x_%_“r_l)
0if x(—=1) =1,
1if x(=1) = —1.

PrROOF. If x > 1, x # p™, s # p, s # —(2n + a), then (Yildirim [14,
formula (6)])

R SR e

n<zx

uniformly in q, where 7 = |t| + 2, and a = {

P—s 0 x7(2n+a)7s

p—s+7; 2n+a+s’

Denoting p = % + § + iy we have
l.é—ki('y—t)

zp:a—%—é—i-i(t—’y)

(2.3)

I A(n)x(n) ' o @ (2ne) it
N Z + Z n+aits

n<z n=0

If 0 > 1, then
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Substituting this into (2.3) we get, for o > 1,
(2.4)
—(2n+a)—

2 Fi(r—1) i, A(n)x(n)
;a—%—é—i—i(t—w)iix <a: Z ns Jrz 2n+a+s |’

n>x

Replace o by 1 —0, so that s is replaced by 1 —35. Then we also need s # 1—p
and s # 1+ 2n + a. We get
(2.5)

£HO-D (5 Ax(w) zyioo
Zl 5+z(t—)‘x2(z o (ﬁ)

5—0—
n<z

> x—(2n+a)—it )

L
1—0o .
“1-0 t _E
. L( l’X) n02n+a+170+it

Subtract (2.5) from (2.4) to get, for 1 < o < 2,

(20-1))

7 (0= 1)+ (t -y +i0)?

)

S A(n)x(n) (zy1=e Am)x(n) (a7
(2.6) e n#t (n) ™ ; nit <n>
- 33%76%(1 — o +it,x)

x7(2n+a)7it

20 — 1)z~ 2 .
+ (20—l nzzjo(2n+a+a+it)(2n+a+1—a+it)

Both sides of (2.6) are continuous for all > 1, so we no longer exclude the
values = 1,p™. Using the functional equation of L(s, x) and the fact that

1;/((;)) =logs+ O(|s|™!) in —m+ & < args < 7 + 4 for any fixed § > 0 we get,

foro > 1,
L/
_f(l — o +it,x) =loggqr + O, (1).
The last term of (2.6) is O(z~2~%r~1). Take 0 = 3 to get (2.1). 0

Write (2.1) as I(x,t,x) = r(x,t,x) and define

T

L(z,T,x) ::/\l(m,t,x)|2dt:/|r(ac7t,x)|2dt =: R(z, T, x).
0



212 R. GARUNKSTIS AND J. PALIULIONYTE

In the same way as in [1, Lemma 3] it can be shown that

2
o0

2) 2ty
. F(z,T,x) =— —_—— .
) @ro=2 [ Y i

% Jo<n<T

LEMMA 2.2. Forx > 1,1 < q <logT, we have as T — o0,

(28)  L(z,T.x) = 2nF(x,T.x) + O((47)%) + O(a(log g)*).
Proor. We have
T §+V/ 2
2.9 T,x)=4 dt.
(2.9) @ T>%) /Zl—i-t— Ti6)?
0 P
Using the estimate N(T + 1,x) — N(T, x) < log(qT) we obtain, for T' > 2,
t|<T,
1 log(qT")
(2.10) > < :
14 (t—7)? T—-1t|+1
2T ) i+
and, for |t| > T,
1 log(qT")
(2.11) > < .
1+ (t—7)2 tl-T+1
D B L
By (2.10) and (2.11) we have, for t € R,
1
2.12 —— k1 .
(2.12) X e < losten)
By (2.12),
$6+i7 1 1 1
2.13 —_—— z —_— 2] .
(2.13) ;1+(t—’y+i6)2 <<x2;1+(t—fy)2<<x2 og(47)

For |t| < T and Z > 2T the bound (2.10) leads to

ot 1 1 22 log(qZ)
2.14 —_—— 2 .
(2.14) > T+ G—~rie| <" 2. 1+ 2 7

? >z
>z
Hence by (2.13) and (2.14), taking Z = T'log?(¢T") we get
(2.15)
T

po+iy ot xTlog?(qZ)
v v e 98 9e)
/ Ep: 14 (t —vy+16)? Ep:l+(t—7+i5)2 < Z <

O lly>z
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Also

T
20+ xT log*(qZ)
2.16 dt €K ————— .
PR | D
0

\
From (2.9), (2.15) and (2.16) it follows that

14
|>Z

)

2 20+
(2.17) L(z,T,x) = 4/ S dt + O(x).
0 lhicz
The function L(s, x) has a zero-free region
o>1-—n(tx), |t|>10,

where 0 < 7(t,x) < 3 and 5(t, x) is decreasing in t. Thus, for x > 1, |t| < T,
by (2.10) we have

Z :B5+i’7 _ < m%*n(ZaX) log(qT) :
2o, TH (= +id) T—|t[+1
and by (2.12),
I6+i7 1 1 1 1
DERECAENPY 3 NP S
_ 2 — 2 _ )2
MSZ1+(t v+ i0) \v\§21+(t v) - 14+ (t—7)

< z? log(gT).

Hence

(2.18)
T

S+iy xé—i—zw

/ Z _ =~ |dt< gEX) logg(qT).
——e || 2 ——

) T<7§21+(t v+ id) MgzlJ’(t ~ 4 i0)

If 0 <t <T then

1 log(qT")
Zl+(t—7)2 ST

v<0

sofor0<t<T

) - < otz o8lel)

_ 52
—Zg’y§01+(t v +i9) t+1

Therefore
(2.19)
a dtiy dtiy

x x0T

Z _ —__|dt < %0 1og3(qT).

— || 2 Tra

) | i< 1+ (t—~+19) e 1+ ({t—~vy+1id)
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By (2.17), (2.18) and (2.19) we get
(2.20)

T
5+7'y
T,x) =4 1=n(220 103 (¢T .
L(z,T,x) / Z [ —r dt+O(z 0g”’(qT))+0O(x)
0

)
0<y<T
If ¢t > T then
O+iy 1 1
X 1 1
g — 5 K2 5 — s <2 E —
_ 2 _ 2 2
0<v<10 L+ (t =7 +1id) 0<7<10 L+ (=) 0<~<10 t

t2 2
and by (2.11),
6+'L
—A/ < 1'2 —n(T,x) z ; < x%fn(T,x)M,
10<7§T1+(t_7+26) |\<T1+<t_ )2 t—T+1
Hence, for t > T,
i 1
3 i I log(¢T) =2 lggq.
oty L (t =7 +10) t—T+1 t
It follows that
2
r at 1=0(T)X) 702 2
(2.21) dt < -7 "HX o T) + z(lo .
/ D R g (qT) + x(log q)
T lo<y<T
If £ <0 then
o2y + (=) 1-—t¢
SO
Z sl I e logqT w2 logq'
o<ng1+(t_7+’5) 1—t 1—t
Hence
0 2
m5+i'y

(2.22) / > R ra— dt < &' 71T 10g?(qT) + z(log q)°.

— |o<y<T
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By (2.20), (2.21), (2.22) and (2.7), we obtain

2
0 )
xc?—&-z’y

L(x, T =4 ——— | dt
(2,T.) / zp: 1T+ (t—y+1i0)2
=% |g<y<T
+0(z' 717X 1og?(¢T)) + O(x(log q)?)
=27 F(x,T,x) + O(xl_"(Tlogz(qT)’X) logg(qT)) + O(z(log q)?).
By Khale [7] we can take,
B c
log ¢ + (log |¢]) % (log log [¢]) ¥

for some constant ¢ > 0. Therefore for primitive x, we choose

(2.23) n(t,x) = (log [t]) (log log [¢])

for some constant ¢ > 0.
1
For 1 < ¢ <logT, (¢T)z < x, we have

n(t, x) for ¢ >3, [t| > 10

for 1 < ¢ <loglt|, |[t| > 10

log
(log 2)2/3(log log z)

21=n(T log?(qT),x) 10g3(qT) < Texp (C 1/3) 10g3(qT) <z,

while for 1 < g <logT, 1<z < (qT)%,
g1 (T 108 (D)) 1663 (¢T') < (qT)%.
It follows that
L(x,T,x) = 2rF (2, T,x) + O((qT)*) + O(x(log q)*)
uniformly for x > 1, 1 < g <logT. 0

To obtain Lemma 2.5, we will use the following two lemmas, which are
proved in Montgomery and Vaughan [10, Corollary 26.6 and Theorem 26.7].

LEMMA 2.3. Suppose that a1, as, ... are real or complex numbers such that
oo

an| < 00, ana tet a, be an nteger suc at Gy < 5 ana wi e property
dletd, b it h that d, < % and with th t
n=1

that a,, = 0 whenever 0 < |m —n| < d,. Then for any T > 0,

T | oo 2 [eS) [eS) n\a |2
U dt=T 2+ 0 .
/0 ;n >l +0 3 M

n=1 n=1
LEMMA 2.4. Let Q denote the set of prime powers. Forn € Q, let d,, be
the minimum of |m — n| for m € Q, m #n. Then for U > 4,

Z 1 < UloglogU
T Toell)2
fpers dp, (logU)

U<n<2U
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LEMMA 2.5. For 1 <x <qT and any q > 1 we have as T — oo

1
T, x) =z 2T log?(qT) ( 1 - T1
Rla. 70 =~ Tlog?(at) (140 () ) + Thoge

+O(qT (log ¢) log log(¢T)).
PROOF. We see that |r(z,t, x)| = |l(z,t, x)| < v/zlogqr. Therefore
1
R(z,1,x) = / Ir(z,t, x)|dt < z(log q)*.
0

By Lemma 2.3 we obtain

J]35 M), g2 )

1 n=1

2 o0 2 2
dt :(T_l)zwmm{ﬁﬁ
n=1

n

o0
An)?2 . (n a2
+O<Z 0 mln{;,ﬁ} ,
n=1
where d,, is the distance from n to the nearest other prime power.
By the prime number theorem 6(x) =z + O ( - ) Hence

log x
log x
2 2 _ 9 B )
S AP = X k@loets+ 3 (2] - 1) hioiog’s
nse ps® p<VT
= Z Ix(p)|log” p+ O (6(vz)log )
p<z
= Z Ix(p)|log® p + O(v/x log )
p<z
= Z log” p — Z log? p + O(v/x log )
p<z p<z
plg
= Z log? p + O (log zlog q) + O(v/z log )
p<z

=zlogx + O(zlogq).

Therefore

oo 2 2 2
Zwmin{ﬁ7f} = logx + O(log q).
= n xr n

Lemma 2.4 leads to

i A {E’ {}2 = O(zloglog 4z).
n=1 n

d Tr'n
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Hence
T o N 2
/ Z Mmin{ﬂ, E} dt
n§+Zt rx'n
(2.24) 1 In=1
= (T — 1) (logz + O(log q)) + O(x loglog 4z)
=Tlogxz + O(Tlogq) + O(xloglog 4zx).
We have
T
2 / (log(qr) + O(1))? dt
(2.25) 1

= 22T log?(¢T) (1 +0 (logl(gT)) +O(z"2(log q)?).

By integration by parts we get

T

/n*it log(gr)dt <
1

log(¢7)

for n > 2.
logn

Hence, the correlation between the two main terms of (2.1) is

T oo
o (35 M i (2.2 toar+ o0y
(2.26) 1 \nm1 72

log qT
< Vlog(20)

From (2.24), (2.25) and (2.26) it follows that

/

< Tloggq.

2

dt
T n

—; %min{ﬁ, f} + 27! (log qr + O(1))

= 22T log?(¢T) (1 +0 (log1qT>) + Tlogx 4+ O(T'log q)
+ O(z loglog 4z) + O(z%(log q)?).

The integral of the square of the last error term of (2.1) is

T
/x_l_Q“T_th < 1.
1
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b b
If Ml = f|fz(t)|2dt for i = 172, and M1 Z Mg, then f|f1(t) + fg(f)|2dlf =
My + O(V/ M1 Ms). Thus, for 1 <z < (T,

1
T.y) =2 2Tlog?(qT) [ 1 - T1 T1
R(z,T,x) == og”(q )( +O<loqu>>+ ogz + O(T'log q)

+ O(x loglog 4x) + O(z(log ¢)?)
1
=2 2Tlog?(¢T) (1 — T1
T og”(q )( +O<loqu>> + Tlogx

+ O(qT (log q)* loglog(qT)).

PROOF OF THEOREM 1.1. F(«) is even because we may interchange p
and p’ in (1.2). F(«) is real and nonnegative by (2.7). By Lemma 2.2, for
1<z<qgTand1<qg<logT,

L(z,T,x) = 2nF(z, T, x) + O((¢T) %) + O(z(log q)?)

=27F(x,T,x) + O(qT (log q)?).

By Lemma 2.5,

Tlog*(qT) 1
R, Tox) = —5 (140 log gT

+ T'log x + O(qT (log q)? log log(¢T))

for 1<z<qT.
Since L(z,T,x) = R(x,T,X), it follows that, for 1 <z < ¢T, 1 < ¢ <
log T, we have

Tlog?(qT) 1 Tlogx
Flz,T,x) =————— |1
(2, T,x) 2m w2 +0 log(qT) T

+ O(qT (log q)* loglog(qT)).

From (1.2) we deduce that, for 0 < a<1,1< g <logT,

Flo =B (110 (1t ) oo (Amalpat)
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3. TSANG’S KERNEL

Define the Fourier transform g(z) of g(«) by g(z f g(a)e 2= (.
Then
log(¢T)\ _ [
. oglq alp—o'
3 (160~ )51 ) = [ gla)ar) e da,
™
and so
(3.1)
. log(qT T
> (0B Wio— ) = togtar) [ g(e)Fa. e
- 2w 2
psp —oo
0<v.y'<T

LEMMA 3.1. Let r(a) be a real-valued even function in L*(R) with support
n [—1,1] and Lipschitz continuous at « = 0. Then 7(z) is an even analytic
function,

r(z) = 2/0 r(a) cos(2mza) da,

and we have

Z T (i(p =/ IOgQ(iT)> W(p—1p)

= - log(qT) <T<0> +2 /01 or{e) dox +0 <q<log ﬁfglfq%;g(QT) )>

uniformly as T — 0o, 1 < g <logT.

PROOF. Theorem 1.1 implies

00 1
/F(ax 2/F
—o00 0

2<1+O<log ))qu ~*log(¢T)r(a)da

/ q(log q)* loglog(qT)
+ 20/ar(a)da +0 < log(aT) ) .
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Since r(«) is Lipschitz continuous at a = 0, we get r(«) = r(0)+O (%)

asT—>ooand0<a<% Hence as T — oo, we obtain

log log(qT)
log(qT)

2/ qT)**log(qT)r(a)da = 2 / (qT)~2*1og(qT)r(a)do
0

+0 / (¢T) > log(qT)|r (@) |da

loglog(qT)
log(qT)

loglog(qT)
log(qT)

=2 (r(o) +0 (W» / (qT) 2% log(qT)da

log(qT)
1
1
0| i O/ ir(a)|da
1

_9 (r(o) 10 (%)) @ - W) +0 (log(qu)>

log log(¢T")
_T(O”O< loa(4T) )

(=)

Therefore

o0

[ Forerin= (00 (i) ) (oo (i)

. . /1 a0 <q(1og )% log log(qT)>
0

log(qT)

1
= [ r(0)+2 / ar(a)da + O (q(log q1>0 gl(c;ng;g@T))
0

Then the lemma follows in view of (3.1). 0

Define the Tsang kernel K(z) by

K(t) := j(2nt)sech(27t),
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where j(a) is even, nonnegative, bounded, twice differentiable on [0, 1], with

supp(j) C [-1,1], andOS}(w)<<H_ s for all w € R. Then

. 1
K(z) = — | j(a)sech(a) cos(za)da.
7T \0/'

The Fejér kernel is

jr(a) =max{0,1—|o|},  jr(w)= <sin7m)2

w

The Montgomery-Taylor kernel is (Montgomery [9], Cheer and Goldston [3])

. 1 1.

iaa(@) = e (s sin (Vaieta))) + g cos (ﬁa)>,
For(w) = 1 sin(1 (V2 — 27w)) N sin(1 (V2 + 27w))

Ju 717cosﬂ V2 — 21w V2 + 27w

LEMMA 3.2 (K.-M. Tsang). The kernel K(z) is an even entire function
such that:

(a) K(x)>0 for allz € R,
(b) For z € C—{0}, K(2) < e\1|m|(2>\ ,
(c) For z=uxz+1iy, z,y € R, when |y| <1, we have Re K (x + iy) > 0.

For the proof of this lemma, see Tsang [13, Lemma 1] and Baluyot et al.
[1, Lemma 6].

LEMMA 3.3. For a Tsang kernel K(z), we have

(3.2)
2r > ReK (i(p—p')log(qT)) + S(T)
0<“/:“/’ST
18=81< toztaty
T - q(log q)* log log(qT)
= —log(qT) | K 2 K da
27 og(4T) ( 0)+ /0 “ (2 ) +0 < log(qT)
uniformly as T — oo, 1 < q <logT, where
(3.3) S(T):=2rRe > K(i(p—p)log(qT)) W(p—p).
p.p
0<y,y' <T
18—8'1> gty

Moreover, Re K > 0 for every term in the sum in (3.2), and K >0.
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PROOF. In Lemma 3.1 take r(a) = K () = j(a)sech(a). Then 7(2) =
27K (2rz). By Lemma 3.1,

2r Y K (i(p—p')log(qT)) W(p—p')

psp’
0<v,y' <T
L 1og(qT) f{(o)+2/1 f{(o‘> do + 0 (1008 24)? loglog(qT)
= — o ) o .
2 B 0 27 log(qT)
We have

S WwWe-dl< S W«Tbﬁ(qﬂ

’ ’

, ;
0<v,y' <T 0<y,y' <T

Hence, since W(0) = 1, using Lemma 3.2(b) we get

> K(i(p—p')log(qT)) (W(p—p') — 1)

/

0<y.y/<T
|5—ﬁ/\<m
: (p—p)?
= K — o)1 T
> (i(p = ) Nog(aT)) 7= 2
p#p’
0<y,y'<T
18—8'|< mztary
/\2
K (ilo— o)1 T ﬂ
< > (ilp = ) Nog(aT)) 7= 53
p#p’
0<y,y'<T
18=8'|< togtary
T)18—8] — 2
< Z (q 2) _ lp—p'l -
. p = plPlog®(qT) |4 = (p = )|
p#p
0<y,y'<T
|5—5/\<m
1 ,
- (D)W~ )| < T
yie )
og (¢T) ==
0<y,y'<T
18—8'|< totyry

We get (3.2) by taking real parts.

If|g-p|< m then Re K (i(p — p’) log(¢T)) > 0 by Lemma 3.2(c).
O

LEMMA 3.4. Assume that

(3.4) N(o,T,x) = o (' (aT)* = (log(qT)) ")
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uniformly for % + W <0o<1, 1<qg<+logT. Then
S(T) = o(Tlog(¢T)) as T — o0, 1<q<+/logT.
PRrROOF. Lemma 3.2(b) leads to

(qT)Iﬂfﬁ’\

K (i(p — p')log(qT)) < 1= pRlog(qT)

Further,
4 4
W(p—-p)| = <
W= PN = == = Re@= (r= 7))
4 < 4 <1
—B=8P+(=)? " 3+0(0 =)
Hence
S(y=2mRe S K(i(p—p)log(aT) W(p— )
O<'y ¥ <T
18812 1oz(am
TI8-8'|
< Z / (q 2) / 2
0o (8 — B log(qT))? + ((v — ') log(qT))
<v,v'<T
|5*5'|2m
T)6—5] T)16—5]
< Z l(i(f)y—fy’)QZ Z 1:?(,3_7/)2
0<v,y' <T 0<v,y' <T
|5,ﬁ’|2m 6o’ ‘>log<qT)
T)2181 4 (qT7)219"]
<« X
0<v,y' <T
|6— & ‘>log(qT)

In the sum above we have |§] +d'| > [0 — '] > so either || >

log(qT) ’ 2 log(qT)
or || > W Therefore
)20l 4 (g2’ 7210  (q7)219l
S(T) < Z (qT) (q /)2 + Z (qT) (q /)2
; L+ (v—7") , L+ (y=7")
0<y, ¥ <T 0<y,y' <T
191> 51550y 191> rrogary

)28l 4 (g2l
< ¥ W
0<y,y' <T

1912 105z
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< Z (qT)?"°! n Z (q7)%'|

1 _ ~1)2 1 _ A2
ety LH O =2 = 1)
181> 51500y 19"12 315501y
|8]>10"] [61<]8"]
(¢7)*"°! 5 1
< 2 +O =72 2 O™ 3 g +(r =)
0<vy,Y'<T 0<~y<T o<y’ <T
|6|>2log(qT) w>2log<qT)
< Y (@D)Nog(gly| +2) < log(eT) > (qT)*°L.
0<y<T 0<y<T
|6|>210g(qT) ‘6‘>210g(qT)

Thus, in view of the symmetry of the zeros with respect to the critical
line,

S(T) < log(qT) > (qT)* "
0<~y<T
1241/ (2 log(qT)) <A<1

By the hypothesis (3.4),

1
S(T) < log(qT) / (¢T)>*~\d(~N(u, T, )
1/2+1/(21log(qT))

1
—elog(qT)N | = 7T
elog(qT) (2 2log(qT) 7X)

1 210g%(qT) / N, T ) (qT)? du

1/2+1/(210g(4T))
= o(T'log(qT")).

4. PROOF OF THEOREMS 1.2 AND 1.3

We will show that the assumption of Theorem 1.2 implies the assumption
of Theorem 1.3 and then we will prove Theorem 1.3.

LEMMA 4.1. Suppose that all the zeros p = pP+iy of L(s X) with (qT)g
v<T,1<q<+logT satisfy = 5 210g(qT) <pB<i 5+ 210g(qT)’ Then

N(o, T, x) —0( (q7)*" =) (log(qT))~ )
§5—4 1<qg<+logT.

ProoF. If ¢ > 1 5+ W@T) then by our hypothesis we have

uniformly for i 2t 2log,(qT) S0

N(o,T,x) = N(o, (¢T)%,x) < N((qT)%, x) < (¢T)* log(qT).
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Ifagg—iand1<q§\/lothhenasT%oo,

(qT)* log(qT) _ 4% log?(qT) _ (ogT)log*(TlogT)

0.
g H(qT)?0=)(log(¢T) ™" = T Ts2

Hence, for % + m <oc< %, 1 < q < +/logT', we obtain

N(o,T,x) = o (a7 (a7)2" " (log(aT)) ")

Proor or THEOREM 1.3. Let m, denote the multiplicity of a zero p of
L(s, x). We have

q(log q)? log log(¢T')
log(qT')

Using Lemma 3.3, Lemma 3.4 and (4.1), we derive, for 1 < g < /logT,

1
Ep:mpz > 1:m Z ReK (0)

(4.1) =o0(1) uniformly for T — 00,1 < ¢ <y/logT.

0<y<T 0<'<T 0<yy'<T
p=p' =’
1
S Re K (i(p — p') log(qT
%0 Z e K (i(p — p') log(qT))
pp
0<y'<T
p=p'
1 . /
< 0] Z Re K (i(p — p') log(qT))
PP
0<v,y'<T
188 |< t5gtaTy

_ m% log(qT) <}?(0) + 2/01 ak (%) da + o(1)> .

Let N(T, x) denote the number of nontrivial zeros of L(s,x) with 0 <~ < T.
Then

T qT T
N(T,x) = o log (277) ~ 5 + O(log qT)
uniformly for all ¢ (see [11, Corollary 14.7]). The number of nontrivial zeros
of L(s,x) with =T < v < 0is N(T,%), and the number of nontrivial zeros
with v =0 is O(log q).
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For 1 < ¢ < y/logT, the proportion of nontrivial zeros of L(s,x) in the
upper half-plane that are simple is

1 1
NT 2 12T NE 2

p:simple
0<~y<T 0<~y<T

22—%}1((0)<I?(0)+2/01af((20;) da+0(1)>.

Then the Montgomery-Taylor kernel j(a) = ja(«) leads to (see Baluyot et
al. [1, Section 7])

1

_ 1> 0.617483786... + o(1).
NTo) 2 @

p:simple
0<~y<T
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PARNA KORELACIJA NULTOCAKA DIRICHLETOVIH
L-FUNKCIJA I OMJER JEDNOSTRUKIH NULTOCAKA

R. GARUNKSTIS AND J. PALIULIONYTE

SAZETAK. Baluyot, Goldston, Suriajaya i Turnage-Butterbaugh dobili su
bezuvjetan oblik Montgomeryjeva teorema koji se odnosi na parnu ko-
relaciju nulto¢aka Riemannove zeta-funkcije. Iskoristili su ga za dokaz
da je, pod odredenim pretpostavkama, najmanje 61,7% nultocaka jednos-
truko. U ovom radu dobivamo analogan teorem za Dirichletove L-funkcije
i primjenjujemo ga za dokaz sli¢nog rezultata o jednostrukim nultockama
Dirichletovih L-funkcija.



