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INDUCTION FROM TWO LINKED SEGMENTS WITH ONE
HALF BORDER AND CUSPIDAL REDUCIBILITY

Icor CIiGANOVIC

University of Zagreb, Croatia

ABSTRACT. In this paper, we determine the composition series of the
induced representation (5([y%p7 vep]) x 8([v—%p,vPp]) % o where a,b,c €
7 + % such that % < a < b < ¢ pis an irreducible cuspidal unitary
representation of a general linear group and o is an irreducible cuspidal

1
representation of a classical group such that v2 p x o reduces.

1. INTRODUCTION

Parabolic induction is an important tool for constructing representations
of groups. However, problem of composition series of induced representations
is solved only in some special cases, such as [2, 7, 9, 14, 21], and for some
low-rank groups. Motivated by simple results obtained in [3] and its exten-
sions in [4, 5], here we continue this effort and calculate composition series of
certain induced representations with increased complexity, in the sense that
we have more reducibilities occuring when inducing from subsets of starting
representations.

To explain this we introduce some notation. Let F' be a local non-
archimedean field of characteristic different than two, | |F its normalized
absolute value and v = |det |p. Let p be an irreducible cuspidal unitary
representation of some GL(m, F), and z,y € R, such that y —x + 1 € Z<o.
The set A = [v*p,v¥p] = {v*p, ..., ¥ p} is called a segment. We have a unique
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244 I. CIGANOVIC

irreducible subrepresentation

6 =06(A)=0(["p,v¥p]) = vpx - xVp,
of the parabolically induced representation. Set e(d) = (z + y)/2. For a
sequence of segments, such that e(d1) > -+ > e(dx) > 0 and an irreducible
tempered representation 7, of a symplectic or (full) orthogonal group, denote
by

L(6y X «++ X 0 X T),

the Langlands quotient of the parabolically induced representation.

Now we fix p as above, and so we shorten the notation 6(z,y) =
0([v"p,v¥p]). Further, let o be an irreducible cuspidal representation of a
symplectic or (full) orthogonal group. We assume that Vi p % o reduces. Let
a,b,c € 7+ % such that % <a < b<ec In [3], we determined composition
series of induced representation

8(=b,c) x 8(%,a) x 0.

We extended this results in [4] to certain induced representations of form
01 X X0 XNo

where §; x 0; and §; x 5~j, i # 7, are irreducible and ~ stands for the contragre-
dient. Loosing this condition on segments, in [5], we determined composition
series of

§(—a,c) x 6(3,b) x 0.
In this paper, we determine composition series of

8(3,¢) x 8(—a,b) x 0.
Here, inducing from segments only, both representations ¢ (%, ¢) x6(—a,b) and

5(%,0) x 0(—a,b)” = 5(%,0) x 0(—b,a)

reduce.

Our main methods are Jacquet modules, Maeglin-Tadi¢ classification of
discrete series and intertwining operators.

To describe the main result of the paper, we introduce some discrete se-
ries, appearing as only irreducible subrepresentations in the following induced
representations (see Theorem 3.1, Proposition 3.2, Lemmas 3.4 and 3.5 and
Theorem 3.7):

Oy = 5(%, a) X o, and similarly for o} and o,

al;fc < §(3,b) x oo, 02:6 + 04 < 6(=b,c) x 0, and similarly for aic,
+

O'é%c’a — 6(%, a) X Uffc, Oape T Tape d(—a,b) x o,

where U:b‘c = 0;’0 . denotes the same representation. In terms of Moeglin-

Tadi¢ classification ([12, 13]), where a discrete series m is described by an
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admissible triple (Jord(r), Teusp, €x), we have the second parameter o in all
our cases, and the remaining are

Jord(o,) = {(2a+ 1,p)} U Jord(o),
Jord(a;c) = Jord(o, ) = {(2b+1,p), (2¢+ 1, p)} U Jord(o),

€o0r €t ,and €or extend €., such that €,,(2a + 1,p) =1,
€t (2b—|—1 p)=c¢, + (2c+1 p)=1, Vo (2b + l,p):eU; (2¢+1,p) = —1,

c

Jord(ab7c7a) Jord(ob Ca) = Jord(o, Tob, o) =
{(2a+1,p), (20 +1,p),(2c+ 1,p)} U Jord(o),

€t Copa and €Ty extend €, such that

ot (2a+1,p) =1, ot (2b+1,p) =1, eobfc‘a(Qc—i— 1,p)=1,

60}; (2a+1,p) =1, 60’:6.”’(2174— 1,p) = -1, €om a(20—|— 1,p) = -1,
@a+1p)=-1, eaa{b;c(Zb Y1) =1, eg;b;@c Y1) =1.

NOW we have
THEOREM. Let 1 = §(3,¢) x 6(—a,b) x o and define representations
W =070 + L(O(30) % 07,
Wa =L(6(%,a) » O’;:C) + L(6(3,b) xo,,) + L(6(=b,c) x 04)
+ L(6(—a,b) x o),
W3 =0, 0+ 00y + L(6(5,0) %
+ L(6(=b,c) x §(%,a) x
Wy =L(6(3,b) x 8(—a,c) x o) +
W5 =L(1)).

Then there exists a sequence {0} =V C V3 C Vo C V3 CVy C Vs =1, such
that

o)+ L(6(—a,c) x op)

o
L(5(%,¢) % ‘7:,1;) + L(é(%,c) X0, )

Vi/Viei 2 Wi, i=1,...,5.

The content of the paper is as follows. After Preliminaries, we introduce
the notation in Section 3 and list some reducibility results. In Section 4
we explain an approach to decompose the induced representation were an
important part plays a kernel of certain intertwining operator. In Section 5
we provide some results on tempered representations, that are used in Section
6, when determining discrete series of the induced representations. The search
for non-tempered candidates is done by Section 7, and their multiplicities are
determined in Sections 8 and 10, while Sections 9 and 11 list composition
factors of representations that are considered. Finally, composition series of
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needed kernel are provided in Section 12, while the main result is proved in
Section 13.

2. PRELIMINARIES

Our setting is as in [5], so we briefly recall. We fix a local non-archimedean
field F' of characteristic different than two. As in [13], we fix a tower of
symplectic or orthogonal non-degenerate F' vector spaces V,,, n > 0 where n
is the Witt index. Denote by G,, the group of isometries of V,,. It has split
rank n. We fix the set of standard parabolic subgroups {Ps} in the usual
way and have Levi factorization Py = M N,. By Alg G,, we denote smooth
representations of G,,, and by Irr G,, irreducible ones. Also, for Alg we use
following subscripts to denote smooth representations with certain property:
f.l. means finite length, v unitary, and cusp cuspidal. Similarly, we also use
subscripts « and cusp for Irr.

For 6; € Alg GL(n;, F),i=1,...,k and 7 € Alg G,,_,, we write

51X...x(;k)qT:Indfj:(él(g"‘@ék@T)

to denote the normalized parabolic induction. If ¢ € Alg G,, we denote by
rs(0) =rp(0) = Jacqu: (o) the normalized Jacquet module of o.

Let | |» be normalized absolute value of F and v = |det |p. For an
irreducible cuspidal unitary representation p of some GL(m, F), and z,y € R,
such that y — x4+ 1 € Zo, the set A = [v7p,v¥p] = {v*p,...,v¥p} is called a
segment. We have a unique irreducible subrepresentation

6 =06(A)=0(["p,v¥p]) = vpx - xVp,

of the parabolically induced representation. For y — x + 1 € Z~( define
[®p,v¥p] = 0 and 6(0) is the irreducible representation of the trivial group.
Set e(0) = (x + y)/2. For a sequence of non-empty segments, such that
e(d1) > -+ > e(dr) > 0 and an irreducible tempered representation 7, of a
symplectic or (full) orthogonal group, denote by

L(61 X -+ X 0 X\ T),

the Langlands quotient of the parabolically induced representation.

If o is a discrete series representation of G, then by the Moeglin-Tadi¢,
now unconditional classification ([12, 13]), it is described by an admissible
triple (Jord, ocysp, €).

Let R(Gy) be the free Abelian group generated by classes of irreducible
representations of G,,. Put R(G) = @,>0R(G,). Let Ri(G) be a Z>q sub-
span of classes of irreducible representations. For 71,71 € R(G) we define
7 < o if my — m € RY(G). Similarly define R(GL) = @©,>0R(GL(n, F)).
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We have the map p* : R(G) — R(GL) ® R(G) defined by
oc)=1®c+ Zs.s.(r(k) (0)), o € R(Gy).

where s.s. denotes the semisimplification. The following result derives from
Theorems 5.4 and 6.5 of [17], see also Section 1. in [13]. They are based on
Geometrical Lemma (2.11 of [1]). We use ™ to denote the contragredient.

THEOREM 2.1. Let o be a smooth representation of finite length a classical
group and [V"p,vYp| # 0 a segment. Then

y—xz+1 ¢

(o pl) no) = T >y

(21) 8’ Qo' <p*(o) =0 j=0
51950 7]) % B(PH1 7 p, V) x 8 © B p, 1 ) o

Now we write some formulae for Jacquet modules. Details can be found
in [10] and corrections of typographical errors, that we state below, in the
Introduction in [11]. Let p be an irreducible cuspidal representations of a
general linear group, o an irreducible cuspidal representations of a classical
group and ¢,d € R,c+d € Z>o. Assume that a € %Zzo is such that v%p x o
reduces. Such « is unique and p is selfdual. Consider induced representation

_c R(G) - c
r = 8= ppl) s " 61w, v%p]) % 0

Three terms are defined:  §([v=°p,vp]y;0), 6([v=p,vip]_;0) and
Lo (5([v=°p,v%p]);0). Each of them is either an irreducible representation
or zero. We have in R(G):

22) (v p,vpl) @0 = 6([v"p,vply;0) + (v =p,vp] 5 0)
' + Lo (8([v = p,v%p]); 0).

‘We have
1 (0([v= p,vpls;0))
d—1 d 4 4 . 4
SN s vtl) x 8 p,vtpl) @ 5[ v plss o)

i=—c—1j=i+1

CORERNP DR

—c—1<i<ce—1 i+1<5<¢
iti<—1
5([ =, p]) X ([T p, p]) @ L (6([* .1 p]); 0)
+a—1
+ Y (i) x S p v p)) @0

i=—c—1
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And for c < a or a < ¢ < d we have
1 (La(8([v = p,v7p));0))

= > >
—e—1<i<d—1 i+1<j<d
(2.4) 092 c i+l d i+1 i
Lo([v™"p,vp]), 6([/ 7 p,v%p])) @ Lo (8([* p, 17 p]); 0)

d
+ Z L(6([v™"p, %)), 6([v" T p, %)) @ 0.

REMARK 2.2. Formula (2.3) has corrected two typographical errors which
exist in [10]. First, the upper limit in the first sum of the second row needs
to be d —1 (instead of ¢, as it is in the published version). Then, the limits of
the first sum in the third row are —¢—1 < i < ¢—1 (instead of —c—1 < i < ¢;
the index ¢ does not give any contribution). The same corrections apply to
corresponding formulas in Corollaries 4.3, 5.4 and 6.4 of [10].

Also, formula (2.4) has corrected a typographical error existing [10]: the
limits in the first sum in the second row are —¢ — 1 < i < d — 1 (instead of
—c—1 <4 < d; the index d does not contribute in the formula). The same
correction applies to corresponding formulas in Corollaries 4.3, 5.4 and 6.4.
in [10].

In this paper we consider the case a = % Subquotients of 7 are as follows.

If 1 < —c, then 7 is irreducible and L(§([v=°p,v%p]);0) = m.

If —c < %, then 7 reduces. By Lemma 3.3 of [10], = has a unique irre-
ducible subquotient that has in its minimal standard Jacquet module at least
one irreducible subquotient whose all exponents are non-negative. We denote
it by ([~ p, v¥p] 15 0).

If —c = 1, then 7 is of length two, d([v=p,v%p]4;0) is a discrete series
subrepresentation and L(§([v~¢p,v%p]); o) is the Langlands quotient of 7.

If —c< —%, and ¢ = d, then 7 is a direct sum of two tempered represen-
tations, 6([v=¢p, v%p]4;0) and §([v~<p,vip]_; o).

If —c < —%, and ¢ # d, then 7 is of length three. It has two dis-
crete series representations, §([v=¢p,v%p]y;0) and §([vp,vip]_;0), and
L(5([v=<p,v?p]); o) is the Langlands quotient.

3. NOTATION AND BASIC REDUCIBILITIES

Now we fix the notation and write some reducibility results. Let p be an
irreducible unitary cuspidal representation of GL(m,, F') and ¢ an irreducible

cuspidal representation of G,, such that ve p » o reduces. By Proposition 2.4
of [18] p is self-dual. We consider

1 1
iga,b,ceZ—i-i,
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that need not be fixed. If all three a, b and ¢ appear in a formula, we have
a < b < c. If only two appear, depending on which do appear, we have a < b,
b < cora<c Wewant to decompose the representation

Y =06(3,¢) x6(—a,b) x o
First, using (2.2) we define:

5([” p,vepl-;0), 5([V_bpa veply; o),

00 = 0([V2p,v"ply;0), 0y, =
Taa = 0([v""p,v"p)450), =5([V‘“p7l/“p]f;<f)-

Here oy, a;f . and o, . are discrete series whose classification, in terms of
Meeglin-Tadié¢ classification, is given by the following theorem. Further T;: a
and 7., are irreducible tempered representations such that we have a direct
sum

§(—a,a) X o =7+ 7.,

where T;r . 1s the only one that has in its minimal standard Jacquet module

at least one irreducible subquotient whose all exponents are non-negative.
Observe that by (2.3) there does exist an irreducible representation 7
of G, for some n, such that p*(0;",) > 6(3,b) @ 7, but such representation

does not exist for o, .. Now, using (2) of Theorem 1.3 of [20], we derive the
following result from Theorem 2.3 of [14].

THEOREM 3.1. With discrete series being subrepresentations, we have in
R(G)

3([v2p,v"p)) @ 0 = a4+ L(5([v2 p,v"p]) x ),
S([vp, %)) x o = O';:C +o,.+ L(5([v="p,v%p]) % o).
Here

Jord(o,) = {(2a + 1, p)} U Jord(o),
Jord(abfc) = Jord(o,, ) ={(2b+ 1,p), (2c + 1,p)} U Jord(o).

Further, €5, €, Fo and €, - extend ¢,, such that e;,(2a + 1,p) = 1, and
€t (2b—|—1 p)—€ + (20+1 p)—l,eU; (2b + l,p):eJ; (2¢+1,p) = —1.

The next proposition finishes our notation. As in Theorem 3.1, the sign
above o should denote value +1 of the epsilon function on Jordan blocks
corresponding to the first two indices. We add the third index, and the epsilon
function has value 1 on the block corresponding to it. The result follows from
Theorem 2.1 of [14].
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PropPOSITION 3.2. We use O—lj:c,a = cr;b7c, Thca and Tobe O denote non-

isomorphic discrete series subrepresentations, such that in R(G) we have
0([v="p,v%p]) % 00 = 07 + Ty + LIV "0,v%p]) ¥ 0a),
5(— ab)xac—abca—Fa + L(6(—a,b) x o).

These discrete series appear as subrepresentations in induced representations.
Also

a,b,c

Jord(or;:c)a) = Jord(oy, . ) = Jord(o,, .)
={(2a+1,p),(2b+1,p), (2¢+1,p)} U Jord(o)

and €ot 5 €qn and €5, extend €, such that
60::0,0,(20/ +1,p) =1, ot (264 1,p) =1, ot (2¢+1,p) =1,
€om (2a+1,p) =1, € (2b+1,p) = —1, €om (2¢+1,p) = -1,

€ - .C(2a+ 1,p) = -1, €0, C(2b+ 1,p) = -1, € 7b.c(20+ 1,p) =1

ga,b a Ta
Next is a consequence of Theorem 6.3 of [19], see also section 3 there.
PROPOSITION 3.3. We have in R(G), with multiplicity one:
V“p><~-~><u% X o> 0.

The next lemma follows from Theorem 5.1 of [14], ii) and Lemma 5.2 of
[5]-

LEMMA 3.4. We have in R(G), with discrete series being a subrepresen-
tation

(3.1) §(%,a) xab:cr:bJrL(é(%,a) X 0p),
8(3,0) ¥ 0o = 0y, + L(8(=a,b) x o) + L(8(5,a)  03)
+ L(8(3,b) % 0q).
By Proposition 2.4 of [3] we have
LEMMA 3.5. We have in R(QG)
(3.3) 8(3,a) x oy, =0y, + L(5(5,a) x 07,), s0
(3.4) W (Thea) 2 8(3,0) @ 0y,

By Propositions 11.6 and 11.8 of [5] we have composition series of §(, b) x

(3.2)

LEMMA 3.6. Representations 6(%,b) x o,
tions
L(8(3,a) x a3 ) + L((=a,b) x o) =8(3,b) x o Jor, . — L(6(5,b) x of ),
L(é(%,a) X oy ) ‘—>5(%,b) X o, . L((s(%,b) X a;c).

)

and §(3,b) X o, . have filtra-
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By Propositions 3.2 of [8] and 13.7 of [5] we have the following result.
THEOREM 3.7. Representation 6(—a,c) X oy has a filtration

L(0(=b,c)x04)+L(6(—a,b)xo.) — §(—a,c)x Ub/ailhc — L(6(—a,c)xop).
ProoF. Composition factors and discrete series being a subrepresenta-
tion follow from Propositions 3.2 of [8] and its proof. Proposition 13.7 of [5]
relies on Proposition 13.1 there, and for the sake of completness we write full
proof of the latter, obtaining both results.
We have embeddings into a multiplicity one representation (Theorem 10.3

of [5])
§(—a,c) X oy — 6(5,b) X 6(—a,c) x o < 8(5,b) x o,

Now filtration of §(3, b) x o, . (Propositions 11.6 of [5]) show that L(d(—a,b) x
o.) needs quotient 6(—a,c) x Ub/"ljfc,a to embed.
Next, consider following two compositions of an embedding and an epi-
morphism
1

§(—a,c) x oy 6(%,¢) x 8(—a,—%) ¥ o, > 8(3,¢) X 0

+
a,b’

1
2
6(=b,c) X 04/0y .4 = 8(3,¢) x 8(=b,—3) x Oa/0heq = §(3,¢) x U;b.

By Lemma 9.1 of [5] and (3.4) we have §(3,a) ® L(6(=b,c) x o) <
p*(L(6(=b,c) x 04)) and 6(3,a) ® U;:C < ,u*(a;c’a) and one can check that
they both appear with multiplicity one in all representations in above two
compositions. Thus both compositions are embeddings and they induce an
embedding

6(=b,c) x 04/}, ., = 6(—a,c) X ov.

This shows that L(6(—b,c) X 0,) needs quotient 6(—a, c) Ub/O';:c’a to embed.
|

The last two statements are Proposition 12.1 of [5] and the main result
there.

THEOREM 3.8. There exists a filtration {V;} of 6(—c,b) x §(%,a) x o such
that
V1 2 L(6(=b,c) % a,),
Vo / V) & O';:C)a +0peq + L(3(=b,c) x §(3,a) x0),
V3/Va =2 L(6(5,a) % O’;:C) + L(6(3,a) x Tpe)
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THEOREM 3.9. There exists a filtration {V;} of 6(—a,c) x §(3,b) x o such
that
Vi=oy , +Lo(3,0) 10y ,),

b,c,a

Vo / V7 = (5(%, a) Xabp)—l—L(&(—a,b) ><106)—|—L(5(%7b) X, .)
L(6(=b,c) x 04),
Va/Va = (5(%7b)>4%c)+L(( a,¢) X op) + 0, .,
+ L(8(=b,¢) x 8(3,a) x 0),
Va/Vs = L(6(=a,c ) 3(3,b) x o).

4. AN ESTIMATE FOR 6(%,¢) x 6(—a,b) x o

We start our decomposition by considering some standard intertwining
operators.

5(L,¢) x 6(—a,b) x o 5 5(—a,b) x 5(,¢) x o
L2 5(—a,b) x 3(—¢,—3) x o
L2 5(—e,~3) x 5(—a,b) x o
L (=, 1) x 6(=b,a) x o

For all ¢ > 1 denote K; = Ker f;. By Theorem 3.1 and the composition series
of 61 X do we have

K1 26(3,b) x §(—a,c) x o, Ky 5(—a,b) %o,
K3 2 6(—c,b) x 5(%,@) xo, Ky=6(—c, —5) X aa’b +0(—c, —%) X O,y
We have in R(G):
8(3,¢) x 6(—a,b) x
= Dom(f1) = Ker(f1) + Im(f1)
= K1 + Dom(fo|tmp) = K1+ Ker(falrmyp,) + Im(folimy,)
(4.1) < Ky + Ky +Im(fz 0 f1) = Ky + Ko + Dom(f3|1m(fs01,))
= K1 + Ko+ Ker(f3|im(fa0r1)) + IM(f3l1m(fa011))
<K+ Ko+ Kz +Im(fso fao fi)
< <K+ Ky + K3+ Ky + Im(fao fz0 fao f1).
The Langlands quotient L((%,c) x 6(—a,b) x o) is the unique irreducible
quotient of 6(3, ¢) X §(—a, b) x o, and the unique irreducible subrepresentation

of §(—c, f%) X 5(,(,, a) X o appearing in both representations with multiplicity
one. So in R(G): Im(fso f30 fao f1) < L(6(3,c) x 6(—a,b) x 7).



TWO LINKED SEGMENTS WITH ONE HALF 253

We denoted ¢ = 6(3,¢) X 6(—a,b) x o and obtain the estimate, in R(G):
(4.2) Vi K<y <K+ K+ K3+ K4+ L(v).
By Section 3, it remains to decompose K, to obtain all composition factors
of 9.
5. ON SOME IRREDUCIBLE TEMPERED REPESENTATIONS

Here we provide some results that we use for multiplicities of discrete
series and their Jacquet modules in Section 6. By [6], we have decomposition
of the induced representation

(5.1) §(—a,a) o, =TT +T~
into a direct sum of non-equivalent tempered representations. They are im-

portant for discrete series aib’c since by [13], see also Theorem 1.1 of [14],

there exist unique €, € {£}, € # 7, such that we have embeddings
(5.2) of, = o0la+1,0)xT¢, o, —6(a+1,b)xT".

a,b,c a,b,c

Similar to Definition 4.6 of [20], we use 7" to denote the unique irreducible
subquotient such that

p(TH) > 6(1,a) x 6(3,0) @,
for some irreducible representation 7. Use (2.1) and (2.3) to calculate
(5.3) w(T) 26(%,a) ><5(%,a)®oc.
Thus
p(0(a+1,0) x TT) > 6(2,a) x 6(3,b) ® o
The following lemma gives some more information.

LEMMA 5.1. Writting out all irreducible subquotients of form 5(%, a)m,
for some irreducible representation w, with maximum multiplicities, we have

W () 2 8(3,0) © L(3(3,0) % 00) +2-8(3,0) o
p(T7) 2 6(3,0) ® L(3(5,a) x oc).
PROOF. Looking for §(3,a) ® 7 in (5.1) we obtain
p(6(—a,a) xo.) >2-8(%,a)®6(3,a) x o,
where by (3.1), in R(G): §(3,a)x0. =0} .+L(5(3,a)x0.). Since p* (o) >

2 ;
§(%,a) ® o, transitivity of Jacquet module and (5.3) imply p*(TF) > 2 -

6(3,a) ® of .. The rest of the claim follows as
TT+ T~ =6(—a,a) xo.—6(3,a) x §(—a,—3) x o

implies p*(T*) > 6(3,a) ® 6(—a, —3) ® 0. and p* (o) # 0(—a, —3) ® o..
0
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ProprosSITION 5.2. Writting with mazimum multiplicities we have in
R(G):
(5.4) §(3,0)xd(-a,a)xo>1-TT+1-T",
where §(—a,a) X oo =TT + T~ and p*(TT) > 6(5,a) x 6(3,a) ® oc.
PROOF. Since §(—a,a)xo. < §(3,¢)xd(—a,a)xo, we look for §(3,a)®@m,
for some irreducible representation 7, in 1*(8(3, ¢) x 6(—a, a) x o) and obtain
2 . 6(5,@) ® 6(5,@) X 6(5,0) X 0.

By Lemma 8.3 of [5], L((S(%,a) X 0.) appears once in (5(%,@) X 5(%,0) X 0, SO

Lemma 5.1 gives (5.4). |

6. DISCRETE SERIES SUBQUOTIENTS

Here we determine discrete series subquotients in the following induced
representations

(6.1) §(3,¢) x 8(—a,b) x o >68(%,c) % G;b +0(3,¢) % Tur
Note that by Lemma 13.4 of [5] we know a;fqa < §(%,¢) x O’;ib.

PROPOSITION 6.1. Writting all discrete series with mazimum multiplici-
ties we have

(6.2) 6(5,¢) x 6(—
(6.3)
(6.4)

a,by xo>1- cha+1 Opeat1 0,

a,b,c’

)>4 ab>]‘ cha+1 cha’

N[ m\»—t -

(3,
0(5,¢) ¥ o Oap 21004

PROOF. As in Lemma 5.1 of [5], we obtain that o, , = o and

jz:b,a,’ Ul;c,a

O o b AT€ only possible discrete subquotients in all equations. Proposition 3.2
and Section 4 imply that they do appear in (6.2).

To check multiplicity one of O'a:cya in (6.2), use Lemma 5.2 of [5] and (3.4)

to see multiplicity one of & (%, a) ® U,fc in the appropriate Jacquet module.

Now, multiplicity of O'Ifqa is one in (6.3), by Lemma 3.4, since u*(azb) >

§(%,a) ® oy Thus multiplicity of agtc . 1s zero in (6.4).

To check multiplicity of o=, , we search for 6(a+ 1,b) ® m, for some

a,b,c’
irreducible representation 7, in pu*(6(3,¢) x 6(—a,b) x o) and obtain

§(a+1,0) ®6(3,c) x 6(—a,a) x 0.

Proposition 5.2 implies multiplicity one of afb’c in (6.2). Here we had contri-
bution

1 (6(—a,b) x o) > 5( )®M— a) %o
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Since p* (07 ,) = 5( +1,b) ® 75,, the contribution comes from o+b + 0,
Using 5(%,0) X O’a b > ab c.a We have 5( ) X aa b > oa bco PrOVINg (6.3) and
(6.4). 0

7. NON-TEMPERED CANDIDATES
As noted in Section 4, we search for non-tempered subquotients in
1 + 1 _
6(3,¢) @0,y and  6(3,¢) X o,

LEMMA 7.1. With mazimum multiplicity of Uifc being one, and e,n € {£}
we have

Ohe <d(at+lc)xol, == e=n,
O’;:C—‘rO';c <dla+1,¢) x6(=b,a) x 0.

PROOF. Denote the last representation by w. We have embeddings
0he = 0(=bc)xo—m

By (2.3), 0(a+1,¢) x 6(a+1,b) ® 75 , appears once in u*(ag’c) Check the
same for p*(m). The first claim follows as w(og,) = d0(a+1,0) @7g,. O

Now we determine non-tempered candidates.

PROPOSITION 7.2. Fiz e = + or —. If w is a non-tempered subquotient
of 5(%,0) X of 4, different from its Langlands quotient, then T can be

L(5(27 ) X Ub c) or L(é(%,b) A Ufz,c)a
and moreover if € = +, then w can also be
L(6(—a,c) xop), L(6(—a,b) xo.) or L(6(=b,c) xog).

PrROOF. We use Lemma 2.2 of [14] (in terms of that lemma m <

0(=l1,la) x o, =11 = %, ly = cand o = JZ,b). Write 7 as a Langlands
subrepresentation

(7.1) T = §(—aq, B1) X 6(—ag, B2) X -+ X 0(—ag, Br) X T,

where oy, 5; € %+Z, i=1,...,k,

(7.2) —ar+ 01 < —az+ B2 < < oy + B <0,

and ; is tempered. If k = 1 define 7’ = ;. Else, if k > 2, let ' be a unique
Langlands subrepresentation

7' §(—ag, B2) X+ X §(—ag, Br) X T
Similarly, if 7’ is not tempered, 7" is defined. We have an embedding

(7.3) T §(—ag, B1) x 7.
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Again, if 7’ is not tempered,

(74) o (S(—OQ, ﬂg) x .
By the lemma, there exists an irreducible representation ¢y such that
(7 5) M*(Otel,,b) 26(%’/81)®0-1’

7w < (g +1,¢) ¥ oy,

and we must have

(76) c> o) > ﬂl > —%.

We have two possible cases:
a) B = —%. Now o1 = of ;, and
(7.7) 7' < 0(on +1,¢) a5y,
e Agsume that 7’ is tempered. By i) of Lemma 2.2 of [14], we
have 2a; + 1 € Jord, (o, ;). So
1) a3 = a. Then
7 <d(a+1,¢) x5,

Lemma 8.1 of [13] implies 7’ = a;:c or 0, .. By Lemma 7.1
we have 7’ = of .. Thus 7 = L(6(%,a) » 05 )

2) a3 =b. Then 7’ < §(b+1,¢) % og - Lemma 8.1 of [13]

implies 7/ = o}, or o, .. By Section 8. of [20], we have

=05, Som= L(5(%,b) % o6 )

o If 7’ is not tempered (k > 2), by Lemma 2.2 of [14], 26; + 1 €
Jord,(of ;) and (262 + 1) = 2(82)- + 1 € Jord, (0 ;) = {2a +
1,2b+ 1} is defined. So (f2)— = a and 3 = b. Thus, (7.4) is

(7.8) 7' = §(—ag,b) x 7.
Further, the lemma (in terms of the lemma oy < (82)— < 2 <
ag <l3) and (7.6) give

(7.9) %§a1§a<b<a2§c.
We want to determine 7”’. The embedding (7.8) and (7.7) imply
§(—ag,b) @ " < p*(d(ar +1,¢) x 0§ ;). So there exist 0 <i <
j<c—ajand ¢ ® o < ,u*(afl’b) such that

0(—ag,b) <d0(i—c,—ag — 1) xd(c+1—j,c) x 8"
7’ <§(c+1—1i,¢c—j) X og.

We have j =0, i = ¢ — az and thus 6” & §(—aq,b). Now

(7.11) 0" @09 = 6(—a1,b) ® 03 < p*(0f ) < p*(6(—a,b) x 0),

(7.12) 7 <d(az+1,¢) ¥ 0.
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Use (2.1) or (2.3) to search for oy in (7.11). There are two
posibilities

i) oy =a, o090,

i) on <a, o092=0(—a,—a; —1)xo0.
Assume 141), the proof is similar for ). By (7.12), we have

7" <6(—c,—ag —1) x §(—a,—a; — 1) x o
By (7.9) and [16, 15] and [21], the induced representation is
irreducible. So a3, ay, f3 and B4 are defined (k =4) and
—+ =~ t+bE —c—ay—1=—az+fs,

contradicting (7.2).

b) B > —%. Then, by the lemma, 23;+1 € Jordp(027b) = {2a+1,2b+1}.
Here we have two options:

e 51 =a. Then p*(of ;) > §(3,a) ® o1. Now (2.3) implies € = +,

o1 =op and @ < §(ag +1,¢) X gy for some a < a1 < ¢ a; €

Z + % By Proposition 3.1 of [14], depending on «y, 7" can be:

L(6(a1 +1,b) xo.) or L(§(a1 + 1,¢) X 0p), a<ay <b,

, o.or L(6(b+1,¢) x ayp), oy = b,
"= L(6(a1 +1,¢) @ ap), b<ay <e,
Op, a; =b.

Assume any of the cases for which 7/ = L(6(aq +1,¢) X 0y),
where a < a1 < ¢. Introducing ®, we have embeddings

= d(—aq,a) X §(—c,—a; — 1) X op =: P,
L(6(—a,c) x op) <> 0(—c,a) X op — D.
By 9.1 of [21], and transitivity of Jacquet modules, for every
0(—a1,a) ®@0(—c,—a1 — 1) @ o, < p*(D)
there also exists one
d(—c,a) @ op < p*(P).

It is not hard to check that the last multiplicity is one.
Thus © = L(6(—a,c) X 0p), as in the case 7' = g3,. Other cases
similarly give m 2 L(6(—a,b) X o.).

e B =0. Then p*(05,) > 6(5,b) ® o1. Now (2.3) implies e = +,
o1 =0, and @ < (g +1,¢) X o, for some b < a1 < ¢, ap €
Z + %, which is irreducible by Proposition 3.1 of [14]. Thus

= d(—a1,b) X §(—c,—ag — 1) X 0.

Similarly as above, we obtain m = L(6(—b,c¢) X 0,).
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8. NON-TEMPERED SUBQUOTIENTS AND THEIR MULTIPLICITIES

Now we show multiplicity one for non-tempered candidates from Propo-
sition 7.2.

8.1. Multiplicity of L(6(%,a) x szc),
LEMMA 8.1.1. Writting with mazimum multiplicity, we have in R(G):
W (5(4.¢) x 6(~a,b) % 0) > 1-6(~a,~) @ o,
W(6(3,0) x o) >1-0(—a,—3) ® o,

Proor. Looking for §(—a, 75) ® m, for some irreducible representation
T, in p*(6(5,¢) x 8(—a,b) x o) we obtain

§(—a,—3) ®d(a+1,c) x 6(—a,b) x o,

with contribution p*(6(—a,b) x o) > 1® §(—a,b) x 0. We prove both claims
using Lemma 7.1. 0

PropoOSITION 8.1.2. Writting with maximum multiplicity, we have in
R(G):

8.2. Multiplicity of L(5(3,b) x o,).
LEMMA 8.2.1. Writting with maximum multiplicity, we have in R(G):
1- agt,c <d6(b+1,¢c) % aff,b,
1~U;C+1-0;C < §(b+1,¢) x §(—a,b) xo.

PRrROOF. This follows from Section 8. of [20] and (2.1). |
LEMMA 8.2.2. Writting with maximum multiplicity, we have in R(G):

W (0(1,¢) x 6(—a,8) %1 0) = 1-5(~b,—1) @ 0%,

W (0(3,¢) % 0%y > 1-6(~b,—1) @ 0%,

PROOF. Looking for §(—b,—%) ® m, for some irreducible representation
T, in p*(6(5,¢) x 8(—a,b) x o) we obtain

§(—=b,—3)®d(b+1,¢) x §(—a,b) x o,

with contribution p*(6(—a,b) X o) > 1® §(—a,b) x 0. We prove both claims
using Lemma 8.2.1. 0
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ProprosITION 8.2.3. Writting with maximum multiplicity, we have in
R(G):

8(3,¢) x 6(—a,b) x o >1-L(6(3,b) x of,),
6(%,¢) x aab >1-L(5(%,b) »
8.3. Multiplicity of L(6(—a,c) X ap).
LEMMA 8.3.1. Writting with maximum multiplicity, we have in R(G):
1 (6(3,¢) x 6(—a,b) x o) >1-0(—c,a) @ ov,
1 (0(5,¢) aib) >1-9(—c,a) ® gy.

PRrROOF. Looking for 6(—c,a) ® m, for some irreducible representation T,
in p*(8(3,¢) x 6(—a,b) x o) we obtain

5=, 1) x 8(3,0) @ 3(4,5) x o,

with contribution p*(§(—a,b) x o) > §(3,a) ® 6(3,b) x 0. The first claims
followby Theorem 3.1 and the second by p* (o b)) =0 (3,0) ® oy 0

ProrosiTiON 8.3.2. Writting with maximum multiplicity, we have in
R(G):

§(3,¢) x 8(—a,b) x 0 >1-L(6(—a,c) x o),
5(%,0) X cr;"b >1-L(6(—a,c) xoyp).
8.4. Multiplicities of L(6(—a,b) X o.) and L(5(—=b,c) x 0,).
LEMMA 8.4.1. Writting with mazimum multiplicity, we have in R(G):
w(3(5,0) x 8(—a,b) x o)
>1-6(3,0) ® L(6(3,b) x 0.) +1-6(3,a) @ L(6(—b,c) x o),
w(0(5,0) % o))
>1-8(2,a)® L(6(3,b) x0.) +1-0(3,a) @ L(6(—b,c) x o).
PROOF. Looking for §(%,a) @, for some irreducible representation m, in
1*(86(5,¢) x 6(—a,b) x ) we obtain
§(3,a)®6(%,c) x 6(3,b) x 0,
with contribution p*(8(—a,b) x o) > §(3,a) ® 6(3,b) x 0. The first claims

follows by Lemmas 5.2 and 8.3 of [5] and the second by p* (o b) = §(3,a)®0.
|

PRrROPOSITION 8.4.2. Writting with maximum multiplicity, we have in
R(G):

5(L,¢) x 6(—a,b) x 0 > 1+ L(6(—a,b) % o) + 1 L(8
5(5,0) %ol > 1-L(6(~a,b) x 0.) +1-L(6

N
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o
X
Q
Q
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N
d@‘
o
X
Q
i~}
S~—



260 I. CIGANOVIC

ProOF. Both claims follow by Lemmas 8.4 and 9.1 of [5]. d

9. COMPOSITION FACTORS OF §(%,¢) x of) AND 6(3,¢) x 0, ,.

Here we take in consideration Propositions 6.1 and 7.2 as well as all
corollaries of Section 8 to immediately obtain composition factors of above
representations.

THEOREM 9.1. We have in R(G)
5(%,0) X a;"b = L(6(—a,c) X op) + L(0(—a,b) x o.) + L(6(—b,¢) X 04)
+ L(6(3,¢) ><10ab)+L(6(% a) o;fc)—f—L(é(%,b) X o))

a,c

5(3,0) @ oy = L(8(3,¢) @ ) + L(6(%.a) x1 05,) + L(5(1,b) % 0,,)

10. MULTIPLICITY OF L(8(—b,¢) x §(%,a) x o)

Here we consider multiplicity of the above subquotient in (3,c) x

0(—a,b) x o, since it appears in two kernels in the decomposition in Section
4.

LEMMA 10.1. We have with mazimum multiplicity:
w*(L(6(—=b,c) x 5(%,(1) xo))>1-0(—a,b) ® o,

PrROOF. We can check multiplicity one of §(—a,b) ® o, in ,u*(é(%,a) X
L(6(—b,c) x 0)), using (2.4). By Corollary 4.1, we have in R(G):

§(%,a) x L(5(—b,c) x ) = L(§(—b,c) x 04) + L(5(=b,c) x §(3,a) x 7).

To see that 6(—a,b) ® o. £ p*(L(6(—b,c) x 04)), check multiplicity one
of 6(—a,b) ® o, in §(—b,c) x 0, and observe that it comes from U;:b’c. 0

Using (2.1) and (2.3), it is not hard to check the following

LEMMA 10.2. We have with mazimum multiplicity:

(10.1) p(6(=b,c) x (3, a) X o)) >2-6(—a,b) ® o,
(10.2) 1 (6(—a,c) x 6(3, a)) >2-6(—a,b) ®@o.,
(10.3) p(8(—a,b) x 6(3, ) 0)) 2 4-6(-a,b) @0,
(10.4) pH(8(5,¢) M at,) >2-6(—a,b) @0,

LEMMA 10.3. We have with mazimum multiplicity:
(L ¢) % 0f ) = 1-6(=a,b) @ o
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PrOOF. By Proposition 9.1 and Theorem 3.9 all irreducible subquotients

of 6(3,¢)xol,, except L(6(3,¢) xof,) and 0o p.c» are contained in §(—a, c) x

§(%,b) x 0. Now (10.2) and (10.4) imply the claim, since exactly o, . and,

a,b,c
by Lemma 10.1, L(6(=b,c) x §(,a) x o) £ 6(3,¢) ¥ aib contribute with
6(—a,b) ® oc in p*(6(—a,c) x §(5,b) x o). 0
Using (10.4) and Lemmas 10.1 and 10.3 have the following result.

LEMMA 10.4. Let 7 be an irreducible subquotient of 6(3,c) x 6(—a,b) x 0.
Then p*(m) > 6(—a,b) ® o, if and only if ™ is one of the following
0(;5767 O b L(§(=b,c) x 5(%,&) X o), L(&(%,c) X O'Ib).
PROPOSITION 10.5. We have in R(G) with mazimum multiplicity
§(3,¢) x 8(—a,b) x 0 >1-L(6(=b,c) x §(3,a) x o)
PRrROOF. Follows directly from (10.3) and Lemma 10.4. |

11. COMPOSITION FACTORS OF §(3,¢) X §(—a,b) X ¢ AND THE FIRST
FILTRATION

Finally we determine composition factors of the induced representation.

THEOREM 11.1. We have in R(QG)

(
+ L(6(3,¢) x §(—a,b) x o)
+ L(6(—a,c) xop) + L(6(—a,b) x o.) + L(6(=b,c) x 7,)
+ L(6(3,a) x O';tc) + L(6(5,b) ¥ U;C) + L(6(3,¢) ¥ Uzb)
+L(6(5,a) @ oy,) + L(6(5,b) @ 0g0) + L(6(5,¢) X 0 )
L

PRrROOF. Theorems 3.7, 3.8, 3.9 and 9.1 describe kernels K; in (4.2), and
thus determine all composition factors. Multiplicity one for discrete series is
proved in Propostiton 6.1. For the other subquotients, appearing in two or
more kernels K;, multiplicity one is proved in Propostions 8.1.2, 8.2.3, 8.3.2,
8.4.2 and 10.5. d

For the sake of the completeness, we say here some more information
about kernels from Section 4. Using notation there, let us denote

k=K, ki=K NIm(fi10---0f1), i=2,34.
LEMMA 11.2. We have
ky =0 ks = {0}, ka2 L(6(3,¢) x o))+ L(6(5,¢) xa,,).

a,b,c?
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PRrROOF. Theorem 3.9 gives composition series of K;. Proposition 3.2 and
Theorems 3.8, 9.1 and 11.1 give composition factors of Ky, K3, K4 and 1.
All factors of Ks, except O per are in K giving the first equation. All factors
in K3 are in either K7 or Kg, giving the second equation. Similarly goes for
the last equation. ]

This gives us a filtration of 1, but in Section 13 we obtain a more precise
result.

COROLLARY 11.3. There exists a filtration {V;} of 6(%,¢) x 6(—a,b) x o
such that

Vizof,  +L0(5,0) xa;,),
Va/V) &2 L(a(l a) X cr;'C) + L(6(—a,b) x o) + L(6(3,b) @ 0,

L(6(=b )Naa)

Vs /Vp = (5(%71?) ae) T L(0(=a,0) xop) + 0y,
+ L(6(=b ) 8(3,a) % a),

Vi/Vs = L(6(— aC) 8(5,b) x 0),

Vs/Vizo,,

Ve/Vs = ( ( ) o)+ L(6(5,0) xo,,).

1 + 1 —
12. COMPOSITION SERIES OF §(3,¢) X 0, AND d(3,¢) X0,
Here we determine composition series of kernel K, from Section 4.

THEOREM 12.1. There exists a filtration {V;} of §(3,¢) x Uzb where

V1 = Ulj:c,a’
Va/Vi L((5( a) X ab c) + L(6(—a,b) xo.) + L(6(=b,c) x 0,),
Va/Va =2 L(6(5,b) @ of ) + L(d(—a,c) x 00) + 05, 4

Vi/Vs = L(3(5,¢) x Ui,b)~
ProoF. By Theorem 11.1 we have multiplicity one representations:
§(%,0) % aib < §(%,¢) x 8(—a,b) x o+ §(3,b) x §(—a,c) x 0.

By Theorems 3.9 and 9.1 all irreducible subquotents of § (%, c) X U;b, except its
Langlands quotient, appear as irreducible subquotients in § (%, b) x 6(—a,c) %
0. We conclude that the unique maximal submodule M of §(1,c) x a;b
is isomorphic to a subrepresentation of §(%,b) x d(—a,c) x . Further, by
filtrations of 0(3,b) x §(—a,c) x o (Theorem 14.1 of [5]) and &(3,b) x Toc
(Proposition 10.2. of [5]) we have

M — 5(%,()) x 0(—a,c) X U/(S(%,b) X 0o, .
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and the claim follows. O

Now we consider composition series of 5(%70) X o, ,. First we need a
,
lemma.

LEMMA 12.2. We have an embedding
(12.1) 6(%,b) NU;C<—>(5(%7C) X0,y
Proor. By Theorem 11.1 we have multiplicity one representations:

5(3,b) X 0, . 6(35,b) x 6(—a,c) x o
1
2

By Lemma 3.6 and Theorem 9.1, all irreducible subquotients of §(%,b) x Toc
appear in composition factors of 6(%, c) x o, ,, and the claim follows. d

By Lemmas 3.6 and 12.2 we have composition series.

THEOREM 12.3. There exists a filtration {V;} of 6(3,¢) x o, where

Vi = L(0(5,0) ¥ 0y.),  Vo/Vi=L(S
Va/Va 2o, Vi/Vs = L(5(3,

CROREAME
a,b,c? 2 C) X Uib

ab):

13. COMPOSITION SERIES OF §(1,¢) x 6(—a,b) x o
Now we have the main result.

THEOREM 13.1. Let ¢ = 6(%, ¢) X §(—a,b) x o and define representations

Wi =0y, +L((5.a) x 0, .),
Ws = L(6(3,a) x Ul':c) + L(5(%,b) x 04c) + L(0(=b,c) x 04)
+ L(6(—a,b) x o.),
Ws =00+ 04+ L(0(3,0) x07.) + L(3(~a,c) x o)
+ L(6(=b,c) x §(3,a) x o),
Wy = L(6(3,b) X 6(—a,c) x o) + L(6(3,¢) » U;L,b) + L(6(3,¢) x Tap)s
W5 = L(¢).
Then there exists a sequence {0} = Vo C V3 C Vo C V3 CVy C Vs =1, such
that
Vi/Vi =W, i=1,...,5.

PROOF. Since
5(%,()) X 0(—a,c) X o <=1,
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its filtration, Theorem 3.9, implies the existence of V; and V5. Additionaly,
composition factors of 5(%,0) X 0, ,, Theorem 9.1, and 5(%,0) Mo, =Y
imply

Oupe Y/ Vo= §(%,0) x 8(—a,c) x a/Va.
This shows W3 < 1/V5 proving existence of V3. Finally, Theorems 3.9, 9.1
and

8(1,¢) x o, =1« 6(1,b) x §(—a,c) x 0.

a,b

show Wy < 1/ V3, proving existence of Vj. 0
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INDUKCIJA IZ DVA POVEZANA SEGMENTA SA JEDNOM
POLOVINOM RUBOM I KUSPIDALNOM REDUCIBILNOSTI

I. Cicanovi¢

SAZETAK. U ovom radu smo odredili kompozicioni niz inducirane
reprezentacije 5([1/%p, vep)) x §([v~=%p, vPp]) x o gdje su a,b, c € Z+% takvi
da je % < a < b < ¢ pjeireducibilna kuspidalna unitarna reprezentacija
opce linearne grupe i o je ireducibilna kuspidalna reprezentacija klasi¢ne
grupe takva da se v2 p x o reducira.



