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PRESCRIBED WEINGARTEN CURVATURE EQUATIONS IN
WARPED PRODUCT MANIFOLDS

YA Gao, CHENYANG LIU AND JING MAO"
Capital Normal University and Hubei University, China

ABSTRACT. In this paper, under suitable settings, we can obtain the
existence of solutions to a class of prescribed Weingarten curvature equa-
tions in warped product manifolds of special type by the standard degree
theory based on the a priori estimates for the solutions. This is to say that
the existence of closed hypersurface (which is graphic with respect to the
base manifold and whose k-Weingarten curvature satisfies some constraint)
in a given warped product manifold of special type can be assured.

1. INTRODUCTION

Throughout this paper, let (M™, g) be a compact Riemannian n-manifold
with the metric g, and let I be an (unbounded or bounded) interval in R.
Clearly, M =1 x ¢ M™ is actually the (n + 1)-dimensional warped product
manifold (sometimes, for simplicity, just say warped product) endowed with

the following metric
(1.1) g =dt* + f*(t)g,
where f : I — RT is a positive differential function defined on I. Given a

differentiable function w : M™ — I, its graph actually corresponds to the
following graphic hypersurface

(1.2) G ={X(z) = (u(z),z)|lzr € M"}
in M. Equivalently, we can say that G is graphic w.r.t. the base manifold M".

Denote by V, D the Riemannian connections on M and M™, respectively.
Let {e;}i=1,2..» be an orthonormal frame field in M™. Then one can find
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an orthonormal frame field {€q}a=0,1,...n in M such that e, = (1/f)e;, 1 <
a =1 <nand e = d/0t. The existence of the frame fields can always be
assured in the tangent space of a prescribed point. Denote by' u; := D;u,
u;j := DjDju, and w;jx, = D DjD;u the covariant derivatives of u w.r.t. the
metric g. Clearly, the tangent vectors of G are given by

Xi = (Du,1) = e; + u;0/0t = fé&; + u;&, 1=1,2,...,n.

Let (-,-) be the inner product w.r.t. the metric g. Then the induced metric g
on G has the form

Gij = (Xi, X5) = 2055 + wiuy,
its inverse is given by

-- 1 o ulud
T = [ -
S ( 2+ |Du|2> ’

n
where v’ = gYu; = §Yu; = u; and |Dul* = u'u; = Y u?. Of course, in this
i=1

paper we use the Einstein summation convention — repeated superscripts and
subscripts should be made summation?. The outward unit normal vector field
of G is given by

1 0 ;€ 1 )
1.3 V= (= —u' = | = —— (fEy — u'E),
(13) V2 [Dul? (fat f) VFZ+|Dul? (e )
and the component h;; of the second fundamental form A of G is computed
as follows

_ 1
(14) hij = _<vXin7V> =

One can also see [3, Subsection 2.2] for the computations of the above geomet-
ric quantities. Denote by A1, A, ..., A, the principal curvatures of G, which
are actually the eigenvalues of the matrix (hj)nxn W.r.t. the metric g. The
so-called k-th Weingarten curvature at X (z) = (u(z),z) € G is defined as

(1.5) oA, A2, An) = Z Aig Aiy o Ay
1< <ia<--<ip<n

V= (t)% is the position vector field® of the hypersurface G in M, and
clearly, for any © € M™, V|, is a one-to-one correspondence with X (z). Let
v(V) be the outward unit normal vector field along the hypersurface G and

(= fuig + 2f wiuy + 2 '6i5) -

! Clearly, for accuracy, here D;u should be De;u. In the sequel, without confusion and
if needed, we wish to simplify covariant derivatives like this. In this setting, u;; := D;D;u,
Uik = DipDjD;u mean u;; = Dej De;u and ug g, = DekDej De,u, respectively. We will
also simplify covariant derivatives on G and M similarly if necessary.

2 In this setting, repeated Latin letters should be made summation from 1 to n.

3 In R™t1 or the hyperbolic (n + 1)-space H"*1 there is no need to define the vector
field V since these two spaces are two-points homogeneous and global coordinate system
can be set up, and then X (x) can be seen as the position vector directly.
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A(V) = (A1, A2, -+, A,) be the principal curvatures of G at V. Define the
annulus domain M+ ¢ M as follows

Mi— = {(t,l‘) S M|T’1 <t< 7’2}

with 71 < ro. In this paper, we consider the following Weingarten curvature
equation

>
|
—

(1.6) or(A(V)) =Y ai(u(z),z)o(AMV)), YV eG, 2<k<n,
!

Il
=

where {a;(u(z),2)}F~} are given smooth functions defined on G. The k-th
Weingarten curvature o (A(V)) is also called k-th mean curvature. Besides,
when k = 1, 2 and n, o5, (A(V)) corresponds to the mean curvature, the scalar
curvature and the Gaussian curvature of G at V.

We also need the following conception.

DEFINITION 1.1. For 1 <k <n, let I'y be a cone in R™ determined by
Iy = {)\ € Rn‘(ﬂ(}\) >0, 1= 1,2,...,]{3}.
A smooth graphic hypersurface G C M is called k-admissible if at every posi-
tion vector V€ G, (A1, Aa,..., \n) € Tk

For (1.6), we can prove the following theorem.

THEOREM 1.2. Let M™ be a compact Riemannian n-manifold (n > 3) and
M = Ix ¢ M™, with the metric (1.1), be the warped product manifold defined as
before. Assume that the warping function f is positive C? differential, f' > 0
and ay(u(x),x) € C°(I x M™) are positive functions for all 0 <1 < k — 1.
Suppose that

/

(1.7) or(e) (‘?)k > I:z_éal(u,x)al(e) (?)l for u>rg,

(1.8) or.(e) (?)k < I:z:;al(u,x)al(e) (fl)l for 0<u<ry,

f
and
(1.9) % [fkil(u)al(u,x)] <0 forrmp<u<ry, 0<I<k-—1,
where [r1,m9] C I, e =(1,1,...,1). Then there exists a smooth k-admissible,

closed graphic hypersurface G contained in the interior of the annulus MY
and satisfying (1.6).

REMARK 1.3. (1) The proof of Theorem 1.2 can be discussed in two cases:
f”" <0or f” >0, where f is the warping function defined as before. After
careful calculations in Section 4, we find that an important ingredient in C!
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estimate is to keep (¢f’)’ non-positive. In the case f” < 0, this ingredient
can be assured because of the assumptions made on the auxiliary function ¢
(see Section 3 for details). However, in the case f” > 0, one cannot guarantee
that (@f’)" is positive or negative if the same assumptions were made on ¢.
In this situation, we need to do some change, that is, we define a new ¢ as
o = k(f)~1, where k is a positive constant and satisfies f’(r1) < k < f'(r2),
and then this function ¢ satisfies (u) > 0, @(u) > 1 for u < ry, p(u) < 1 for
u >7a, ¢ (u) < 0. Thus (pf’) <0 can also be obtained by this change, and
then in the case f” > 0 the rest of the argument for Theorem 1.2 would go
back to that of the case f”/ < 0 — please see Section 4 for details.

(2) The k-admissible and the graphic properties of the hypersurface G
make sure that (1.6) is a single scalar second-order elliptic PDE of the graphic
function w, which is the cornerstone of the a prior estimates given below. If
furthermore M™ is convex, then M™ is diffeomorphic to S” (i.e. the Eu-
clidean unit n-sphere), G is also a graphic hypersurface over S” and should
be starshaped. In this setting, Theorem 1.2 degenerates into the following:

e FacT 1. Under the assumptions of Theorem 1.2, if furthermore M™
is convex, then there exists a smooth k-admissible, starshaped closed
hypersurface G contained in the interior of the annulus M and satis-
fying (1.6).

(3) We refer readers to, e.g., [21, Appendix A], [23, pp. 204-211 and
Chapter 7] for an introduction to the notion and properties of warped product
manifolds. Submanifolds in warped product manifolds have nice geometric
properties and interesting results can be expected — see, e.g., several nice
eigenvalue estimates for the drifting Laplacian and the nonlinear p-Laplacian
on minimal submanifolds in warped product manifolds of prescribed type have
been shown in [18, Sections 3-5].

(4) The equation (1.6) is actually a combination of elementary symmetric
functions of eigenvalues of a given (0, 2)-type tensor. Equations of this type
are important not only in the study of PDEs but also in the study of many
important geometric problems. For instance, if A(V) in (1.6) were replaced by
eigenvalues of the Hessian D?u of a graphic function u defined over a bounded
(k — 1)-convex domain © C R", Krylov [15] studied the corresponding PDE

k
(1.10) ox(D*u(z)) =Y  ai(x)oy(D*u(x)), VreQ,

l
with a prescribed Dirichlet boundary condition (DBC for short) and coeffi-
cients aq(z) > 0 for all 0 <! < k—1, and observed that the natural admissible
cone to make equation elliptic is I'y; Guan-Zhang [12] showed that comparing
with Krylov’s this observation, for the admissible solution of (1.6) with pre-
scribed DBC in the sense that A(D?u) € T'x_1, there is no sign requirement
for the coefficient function of ay_1(z). Moreover, they also investigated the

|
—

I
o
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solvability of the following fully nonlinear elliptic equation
k—1
o(D?u+ul) = > a(@)or(D*u+ ul), Va €S",
1=0

for some unknown function u : S” — R defined over S™, where o;(z), 0 <
I < k — 2, are positive functions; Fu-Yau [7, 8] proposed an equation of
this type in the study of the Hull-Strominger system in theoretical physics;
Phong-Picard-Zhang investigated the Fu-Yau equation and its generalization
in series works [25, 26, 27]. Inspired by Krylov’s and Guan-Zhang’s works
[12, 15], Chen-Shang-Tu [2] considered the following equation

k—1
(111)  ox(k(X) =D au(X)oi(r(X)), VX e MCR"™, 2<k<n
=0

on an embedded, closed starshaped n-hypersurface M, n > 3, where x(X)
are principal curvatures of M at X, and ay(z), 0 <1 < k — 1, are positive
functions defined over M. Under the k-convexity for M and several other
growth assumptions (see [2, Theorem 1.1]), they can show the existence of
solutions to (1.11). This result has been generalized by Shang-Tu [28] to the
situation that the ambient space R"*! was replaced by the hyperbolic space
H"*!. Recently, Chen-Tu-Xiang [4] studied the equation

(1.12) or(6(V)) = (V,v(V)), VYV eg,

where as before G € M := I x ¢ M™, with f a positive C? differential function
defined on I C R, is a graphic hypersurface (defined as (1.2)) in the warped
product manifold M, o (+) denotes the elementary symmetric function, V and
v(V) are the position vector field, the outward unit normal vector field along
the hypersurface G respectively. Besides, k(V) = (k1,k2,...,kn) stand for
the principal curvatures of hypersurface G at V. If the function (-, -) and the
warping function f satisfy some growth assumptions, by applying the degree
theory, they can prove the existence of C*“-solution to (1.12) in the case
k > n — 2, provided G is k-convex and starshaped.

If M =S", I =(0,¢) with 0 < £ < oo, putting a one-point compactifica-
tion topology by identifying all pairs {0} x S™ with a single point p* to M (see,
e.g., [6, page 705] for this notion) and requiring that f(0) = 0, f/(0) = 1, then
the warped product manifold M becomes the spherically symmetric manifold
M :=[0,£) x y S™. The single point p* is called the base point of M. Applying
FacT 1 in Remark 1.3 directly, one has the following statement.

COROLLARY 1.4. Under the assumptions of Theorem 1.2 with additionally
M™ =8S", I = (0,0) with 0 < £ < oo, one-point compactification topology
imposed, f(0) = 0 and f'(0) = 1, then there exists a smooth k-admissible,
starshaped (w.r.t. the base point p*), closed hypersurface G contained in the
interior of the annulus M* C M and satisfying (1.6).
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REMARK 1.5. (1) If furthermore the warping function f satisfies f”(t) +
K f(t) = 0 for some constant K, i.e. the Jacobi equation, then

sin(vVKt)/VK, K>0, (=1/2VK,
ity =1t K =0, { =00,
sinh(v-Kt)/vV-K, K <0, ¢ =00,

and moreover, in this setting, M corresponds to S**1(1/VK) (i.e., the Eu-
clidean (n + 1)-sphere with radius 1/4/K) with the antipodal point of p*
missed, since we need to make sure that f’ > 0, so we can only get the case
of £ = m/2V/K, R*™! and H"*!(K) (i.e., the hyperbolic (n + 1)-space with
constant curvature K < 0), respectively. From this, one can see that spher-
ically symmetric manifolds cover space forms as a special case and actually
they were called generalized space forms by Katz and Kondo [13].

(2) Clearly, our Corollary 1.4 covers Chen-Shang-Tu’s and Shang-Tu’s
main results in [2, 28] (mentioned in (4) of Remark 1.3) as special cases.

(3) Spherically symmetric manifolds have nice symmetry in non-radial
direction, which leads to the fact that one can use this kind of manifolds as
model space in the study of comparison theorems. In fact, Prof. J. Mao and
his collaborators have used spherically symmetric manifolds as model space to
successfully obtain Cheng-type eigenvalue comparison theorems for the first
Dirichlet eigenvalue of the Laplacian on complete manifolds with radial (Ricci
and sectional) curvatures bounded, Escobar-type eigenvalue comparison the-
orem for the first nonzero Steklov eigenvalue of the Laplacian on complete
manifolds with radial sectional curvature bounded from above, heat kernel
and volume comparison theorems for complete manifolds with suitable curva-
ture constraints, and so on — see [6, 19, 20, 22, 30] for details.

This paper is organized as follows. In Section 2, we will list some useful
formulas including several basic properties of oy, structure equations for hy-
persurfaces in warped product manifolds. A priori estimates (including C?,
C! and C? estimates) for solutions to (1.6) will be shown continuously in Sec-
tions 3-5. We wish to mention that the calculation about prior estimates is
performed at a fixed point on M™, and so the sign of the prescribed function
restricted to this point is fixed. In Section 6, by applying the degree theory,
together with the a priori estimates obtained, we can prove the existence of
solutions to prescribed Weingarten curvature equations of type (1.6).

2. SOME USEFUL FORMULAE

Except the setting of notations in Section 1, denote by V, V the Riemann-
ian connections on M and G, respectively. The curvature tensors in M and
G will be denoted by R and R, respectively. Let {Ey = v, Ey,..., E,} be an
orthonormal frame field in G and {wp, w1, . . .,w, } be its associated dual frame



PRESCRIBED WEINGARTEN CURVATURE EQUATIONS IN WP MANIFOLDS 333

field. The connection forms {w;;} and curvature forms {€2;;} in G satisfy the
structure equations

dwiwaij N wj =0, wij + Wi =0,
7

1
dwij — Zwik Nwij = Qij = —5 ZRijklwk N wi.
& k.l

The coefficients h;j, 1 < 4,7 < n, of the second fundamental form are given
by Weingarten equation

(2.1) Wio = Zhijwj.
J

The covariant derivatives of the second fundamental form h;; in G are given

by
Z hijrwy = dhgj + Z hawij + Z hyjwis,
k 7 7

> higrwr = dhig + Y hugrw + Y hagwi; + > hijiwig.
l l 1 l
The Codazzi equation is
(2.2) hijk — hikj = —Roijk,
and the Ricci identity can be obtained as follows.

LEMMA 2.1 (see also [3, Lemma 2.2]). Let X(x) be a point of G and
{Eo =v,Eq,...,E,} be an adapted frame field such that each E; is a princi-
pal direction and w¥ = 0 at X(z). Let (hj) be the second quadratic form of
G. Then, at the point X (x), we have

haii = higit — him (hmihit — hmihii) = i (hmihin — hinihag)
(2.3) + Roiitt — 2hmiRmia + hitRoior + huRosio
+ Rotitsi — 2hmi Rongir + hii Roior + hui Rovio-
As mentioned in Section 1, one can suitably choose local coordinates such
that {e;};=12, n is an orthonormal frame field in M", and then one can

find an orthonormal frame field {€4}a=01....n in M such that & = (1/f)ei,
1< a=1i<nand e = d/0t. Correspondingly, the associated dual frame
0y = dt. Clearly, {Oz}lzln is the dual frame field of the orthonormal frame
field {e;}i=1,2,...n- We have the following fact.

~ LEMMA 2.2 (see [3]). On the leaf My of the warped product manifold
M =1 xy M", the curvature satisfies

(2.4) RijkO =0
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and the principal curvature is given by

(2.5) K(t) =

where the outward unit normal vector ey = % is chosen for each leaf M.

REMARK 2.3. In fact, the leaf M; can also be seen as a closed graphic
hypersurface in M, which corresponds to the graph of some constant function,
i.e. u = const.. Besides, we refer readers to [3, Section 2] or [24] for the
geometry of hypersurfaces in warped product manifolds if necessary.

Consider two functions 7: G — R and A : G — R given by
(2.6) = fE) = (Vv), A :/ £(s)ds,
0

where V = fey = f % is the position vector field and v is the outward unit
normal vector field. Then we have the following statement.

LEMMA 2.4 (see [1]). The gradient vector fields of the functions 7 and A
are

(2.7) VA= f (e, Ei),
(2.8) Ver=Y Vg Ahj,

J
and the second order derivatives of T and A are given by

(2.9) V.5, A = —Thij + ['9ij,
(2.10) V?E“Ejr =7 Z highi; + f'hij + Z(hijk + Roiji) Vi, A
k k

The following Newton-Maclaurin inequality will be used frequently (see,
e.g., [17, 29]).
LEMMA 2.5. Let A€ R"™. For0<I<k<n,r>s>0, k>r [>s, we
have
k(n —1 + 1)0l71()\)0k()\) S Z(TL —k + 1)0’[()\)ka1

and
1

[m] . = [%} - ) for A eTy.

At end, we also need the following truth to ensure the ellipticity of (3.1).

LEMMA 2.6. Let G = {(u(z),z) |z € M"} be a smooth (k — 1)-admissible
closed hypersurface in M and ay(u,z) > 0 for anyx € M™ and 0 <1 < k—2.
Then the operator

_ a(AV) a(MV))
G (hij(V),u,x) = m N ;O‘l(“’x)m
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is elliptic and concave with respect to h;;j(V).

PROOF. The proof is almost the same with the one of [12, Proposition
2.2], and we prefer to omit here. |

3. CY ESTIMATE

We consider the farnily of equations for 0 <t <1,

ox(AV)) a(MV)) B
(3.1) on ()\(V Ztoz W —ag—1(u,x,t) =0,
where /

and ¢ is a positive function defined on I and satisfying the following condi-
tions:

(a) p(u) >
()ap(u)>1foru<r1,
()gog )<1foru>r2,

(d) ¢'(u) <

LEMMA 3.1 (C° ESTIMATE). Assume that 0 < ay(u,z) € C*°(I x M™).
Under the assumptions (1.7) and (1.8) mentioned in Theorem 1.2, if G =
{(u(z),z)|xr € M™} C M is a smooth (k — 1)-admissible, closed graphic hy-
persurface satisfying the curvature equation (3.1) for a given t € [0,1], then

r1 <u(z) < rg, Ve e M™.

PROOF. Assume that u(z) attains its maximum at zo € M™ and u(xg) >
r9. Then from (1.4), one has

1(.,, 1 flujug ~ Ul Uk U;
:v<f5j—fu¢j+ 2 +;W )
where v = /2 4+ |Vu|?, which implies

si-3(r5-) o

Note that ai: and U’;lfl with 0 <1 < k — 2 are concave in I'y_;. Thus,

Tk o (f Tk . > Tk (f/ )
h%) > =6 ) + ——ui | > —— | =04 ).
kal( j) T Ok—1 (f j> Ok—1 ( f2uj or—1 \ [’

Therefore, it follows that
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Similarly, one can get

a1 (A(V)) aile) (F\!
abﬂuun>§ak4w>(ﬂ) '

Combining with the above two inequalities, we have

o(e) f = ole) (f k—1-1
O'k_l(@) f ;tal(u’x) Uk—l(e) <f/) S ak*l(uvxvt).

Clearly, if t = 0, the above inequality is contradict with (3.1). When 0 < ¢ <1,
we can obtain

ap—1(u,z) = <1 — 1) @J;I Uzk(l‘z)e) + %Ozk_1(3€,% t)

> (34 (1-1)o8) 2,

_ lfaz(u,x) U:l(le()e) (J{/>kl1

=0
!\ ale) (£
~ fok-1(e) ;al(u’x)ﬁk—l(e) <f’) ’

which is contradiction With

in view of (1.7) and the condltlon o(u) < 1 for u > ry. This shows supu < ro.
Similarly, we can obtain inf u > ry in view of (1.8) and the condition p(u) > 1
for u < ry. Our proof is finished. O

Now, we can prove the following uniqueness result.

LEMMA 3.2. Fort =0, there exists a unique admissible solution of (3.1),
namely Go = {(u(x),x) € M|u(x) = up}, where ug is the unique solution of
o(ug) = 1.

PRrROOF. Let Gy be a solution of (3.1), and then for ¢ = 0,

AV !
B0V el £
or-1(A(V)) or-1(€) f
Assume that u(z) attains its maximum umax at £g € M™. Then one has
V) oule) f
ok-1(A(V)) = on-1le) [’

which implies
@(Umax) > 1.
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Similarly, the minimum w,i, of u(z) satisfies
O(Umin) < 1.
Since @ is a decreasing function, we obtain
@(umaX) = @(umin) =1,

which implies that u(x) = ug for any (u(x),x) € Gy, with ug the unique solu-
tion of p(up) = 1. |

4. C' ESTIMATE

We can rewrite (3.1) as follows:

k—2
3 _ _ok(s(V)) a(k(V)) _
G(hij(V),u,z,t) = e (7)) ;tal(u,x) et (R ap—1(u,z,t).
For convenience, we will simplify notations as follows:
ok (A(V)) a(AV))
Gi(hi;(V)) = ———7+A, Gi(hij(V)) = — ,
79( J( )) Jk_l(A(V)) l( J( )) O'k_l()\(V))
and ,
g oG g 0°G
¥} — 17,TS —
GOV = it GOV = g
LEMMA 4.1 (C! ESTIMATE). Assume that k > 2 and
ay(u,z) > ¢ >0, Vo e M"

for0 <1< k—1. Under the assumption (1.9), if the smooth (k—1)-admissible,
closed graphic hypersurface G satisfies (1.6) and u has positive upper and lower
bounds, then there exists a constant C depending on n, k, ¢;, |oy|c1, the C°
bound of f and the curvature tensor R, the minimum and mazimum values
of u such that

|[Vu(z)| < C, Ve e M™.
PROOF. First, we know from (1.3) and (2.6) that
RO
V2 (w) + | Dul?
It is sufficient to obtain a positive lower bound of 7. Define
P = —logT +7(A),

where 7(t) is a function chosen later. Assume that z( is the maximum value
point of . If V is parallel to the normal direction v of G at xg, our result
holds since (V,v) = |V|. So, we assume that V is not parallel to the normal
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direction v at xp, we may choose the local orthonormal frame {E1,..., E,}
on G satisfying

(V,E1) 20 and (V,E;)=0, Vi>2.
Then, we arrive at zy that
(4.1) i =T1Y A

and

1 _
- Z( k + Roiir) A + f TZ kk)

% %
+ (V) ") A+ (' = Thai)

in view of

Tii = Z(hiik + Roii) (V, Ex) + f'hii — TZ Pikhi.
k k

y (2.7), (2.8) and (4.1), we have at xg
(42) hll == ’7"')//, hu == O, Vi 2 2.

Therefore, we can rotate the coordinate system such that {E;}? , are the
principal curvature directions of the second fundamental form h;;, i.e. x; =
hi; = hi = h;;0". Since Ay = (V, Ey), A; = (V, E;) for any i > 2. So, we can
get

!
y 1 . _ y
- LG“hii — =G"(hinn + Roir) A1 + G"h3;
T T

(0 +9) GUAT 4/ G = rh).

Gy =

Noting that
k—2
G =G — Zt — DGy = o1 (u, z,t) — Zt — DGy
=0

and

Ghij1 = Viag_1(u,z,t) ZtvlalGl,
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we conclude
i Ay —
G"i; = —Viog_1(u,z,t) Z tVioyGy
1=0

, k—2
-l—f<—a;c 1(u, 2, t) +Zt —lalGl>—|—G”h?i
1=0

1 .. .
— ;G”ROiilAl =+ ((7/)2 4 ,Y//) GllA% 4 ’Y/G”(f/ _ Th“)

(4.3)
1
:; (_A1V1ak—1(ua'rat) - f/ak_l(u7x7t))
k 2 ..
+ = ZtGl (MVioq + (k= Day) + Gh,
l 0

— %G“RWA1 +(()2+9") GMAT + 4G (f' — Thy).
Since (V, E;) =0 for i = 2,...,n, we obtain
V =(V.E1) E1+(V.v)v =M E1 + TV,
which results in
MV (u, )+ (k=1 f'oqg(u, x) = Vyay(u, )+ (k=1 f'oq(u, ) =7V, (u, x).
We know from the assumption (1.9) that

aOél(ua x)

(k=D f'a(u,z) + Vva(u,z)] = |(k=1)fou(u,z) + f ™ <0.
Thus,
(4.4) —7V,a(u, ) > M Viag(u,x) + (k — 1) f g (u, )
and

i _ok(€)

> Alvlozk_l(u, x,t) + flag_1(u,z,t).

— 7V, 1(u,x,t)
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Taking (4.4) and (4.5) into (4.3), we have at xo that

(4.6)
0> Gy

) y 1 .-
> GG+ (V) +97) GUAL + /G (S = Thii) = —G" Roinda

(1- t) el i _ok(€) e =
- @ +ef )m —tZGlV,,al(u,x)+V,,ak,1(u,x,t)
- 1=0

2
_ Gii <h“ o ;’)’IT> + ((7/)2 +’Y”) GIIA? 4 Gii (,Y/f/ _ i(,y/)27_2)

1 .= 1—-1¢
_ ;G”ROiilAl _ ( ) & f +f") nge)

T or—1(€)
k—2
—t Z GV, (u,z) + Vyag_1(u,x,t).
1=0

According to Remark 1.3, there always exists
o' f' +ef’ <.

Choosing

[e%

V() = 7

for sufficiently large positive constant «, we have
o 2a

V() =5 V=5

Therefore, (4.6) becomes
1 = 1
ii [ 1 gt N2, 2 i
(4.7) 0>G <7f - 1(7) T ) —c1 <§|Gl| + 1) - ;G Roiin A1
in view of
(,7/)2 _"_,7// 2 0,

where ¢; is a positive constant depending on |a;|c1. Since V = (V, Ey) Fy +
(V,v)v, we can find that V' L Span(Fs,...,E,), i.e. V is orthogonal with
the subspace spanned by Fs, ..., F,. On the other hand, E1, v are orthogonal
with Span(_E'g7 ..., Ey,). It is possible to choose a suitable coordinate system
such that Ey L Span(Es,..., E,), which implies that the pairs {V, E;} and
{v, E1} lie in the same plane and

Span(Ey, ..., E,) = Span(Es, ..., E,),

where of course {EO =¢o, FEi,..., E_n} is a local orthonormal frame field in
M. Therefore, we can choose Ey = Es, ..., E, = E,, and then vectors v and
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F1 can be decomposed into
-
f
Ey = (Ey,e0) & + (E1, Ey) Ey.
By (2.4) and the fact V = A1 F; + 7, we can obtain
Rom = R(% E;, E;, Ey)
= ? (E1, ) R(€o, B, E;,e0) + (v, E1) (E1, E1) R(Er, E;, E;, E)

vV = <l/,éo> éo+<I/,E1>E1: é()<|><1/,.E1>.E17

=\ 2

T _ _ v, B - - -
(4.8) =7 (E1,e0) R(eo, i, Ei,€0) — 7’<A11>R(E1a Ei, E;, Eq)
— \2
1 o B
=7 (f (E1,e0) R(€o, Es, Ey, &9) — <VA11>R(E17EZ'7EZ'7E1)> J

where the third equality comes from <V, E1> = 0. Substituting (4.8) into (4.7)
yields

k—2
(4.9) 0>G" <~y’f’ - i(’y/)272> — (Z Gy| + 1) —c Yy G,
=0 A

where ¢; > 0 depends on the C° bound of f and the curvature tensor R. To
continue our proof, we need to estimate G; for 0 <[ < k—2. Let P Rbe a
fixed positive number.

(I) If -2 < P, then we get from «; > ¢; that

Ok
Ok—1 —

1
|Gl| = 9t S — ( Tk —|— al(u,x,t)> S Cg(P+ ].),
Ok—1 ap \Ok—-1

where the constant ¢z > 0 depends on ¢, |ay|co.

(/1) If ;Z— > P, then by Lemma 2.5, one has
o o o o o o1
Ok—1 Oi4+1 0Oi42 Ok—1 Ok

where the positive constant ¢4 depends on k.

Hence, |G;| can be bounded for any 0 < [ < k — 2. By the definition of
operator G and a direct computation, we have ¥;G* > ”*T’“H, and so we can
choose sufficiently large o such that

0 2 Gii I:,y/f/ o (7/)27_2} .
Thus,

which means
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for some positive constant c5 depending on n, k, ¢, |ay|c1, the C° bound of
f and the curvature tensor R. The conclusion of Lemma 4.1 follows directly.
O

REMARK 4.2. After several careful revisions to the manuscript of this
paper, we prefer to number (by subscripts) nearly all the constants in the C!
and C? estimates, and we believe that this way can reveal the relations among
constants clearly to readers.

5. C? ESTIMATES

This section devotes to the C? estimates. However, before that, we need
to make some preparations. First, we need the following fact.

LEMMA 5.1. Let G = {(u(x),x) |x € M™} be a (k—1)-admissible solution
of (3.1) and assume that aj(u,z) > 0 for 0 <1 <k —1. Then, we have the
following inequality

k—2
G =Y tV,VaiGl.

=0

k—2
By 1 t(V al)2
G hijpp >V Vpas_1(u,z,t +E P
ip = VpVpak—1(u ) 1201+k+117l Q

ProOOF. Differentiating (3.1) once, we have
k—2
Vpak,l(u, x, t) = Gijhijp + Z tvpalGl.
1=0
Differentiating (3.1) twice, we obtain
VpVpag_i(u,z,t)
k—2 k—2
= Gij’rshijphrsp + Gijhijpp + 2 Z thalejh,-jp + Z thVpalGl.
1=0 1=0
1

Ok—1
g

Moreover, since the operator ( is concave for 0 < [ < k — 2, we
have (see also (3.10) in [12])

1
k—1-1
Thus, in view that Gy is concave in I'y_1, we have

Vo Vpay_1(u,z,t)

G hijphrsp < (1 + > G G G hijphysy.

k—2 k—2 k—2

S Z tOzlG;j’rshijphmp + Gijhijpp + 2 Z thale hijp + Z tvpvpalGl
=0 =0 =0
k—2 - k—2 N

<p touGrl <1 + k_1_1> (G hijp)® + G hijyy +2 ) tV,00GY higy
=0 =0
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k—2
+ Ztvpvpal(}’l
1=0
1 \Y% ’
ij ay
tOélG Gl]hijp + — T P Gl>
S
k—2 k—2
1 t(Vya L
— T ( o l) G+ szhijpp + Z tV,V,ouG
1=0 k=11 t 1=0
k—2 k—2
1 t(Vyq)? y
D D ( L ) G+ G hijpp + >tV VoGl
1=0 k—1-1 ! 1=0
which completes the proof of Lemma 5.1. ]

We also need the following truth.

LEMMA 5.2. Let G = {(u(z),x) [x € M™} be a (k—1)-admissible solution
of (3.1) with the position vector V in M. We have the following equality

GijTij + Z TGijhikhkj
k

k—
= <Vpak 1 U, T, t ZtvpalGl + ZGinOijp> <V7 Ep>
=0 P

k—2

+ f/ (ak—l(u,x,t) - (k - l)tozlGl> .

=0

Proor. By Lemma 2.4, we have

Tij = _Tzhikhkj + f'hij + Z(h”k + Roiji) (V. Ex),
% %

which results in

GYry; = —1GY Z hikhij + f'GYhij + Z G (hiji + Roiji) (V, Ex) .
k k
Note that

k—2 k—2
Ghiy =G =Ytk — DG = ar_1(u,z,t) = Ytk — DG
l =0

Il
o

and

G hijp = Vpo_1(u, z,1) ZtvpalGl
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Thus,

k—2
Gijﬂ-j = Z (Vpak_l(u, xZ, t) — Z tvpalGl + Gin()ijp> <V, Ep>

p =0
k—2
+f (ak_l(u, ) =Y (k- l)talGl> =Y TG highy;.
1=0 2
Therefore, we complete the proof. 0

Now we begin to estimate the second fundamental form.
LEMMA 5.3 (C? ESTIMATES). Assume that k > 2 and
a(u,z) > ¢ >0, Vo e M™

for 0 <1 < k—1. If the k-admissible, closed graphic hypersurface G =
{(u(z),z) |z € M™} satisfies (3.1) with the position vector V in M, then
there exists a constant C depending on n, k, ¢, lay|cr, |au|cz, |[Vul|co, the
CY, C' bounds of f and the curvature tensor R such that for 1 <i < n, the
principal curvatures of G at V' satisfy

N(V)] <C, Ve e M™.
PrROOF. Since k > 2, G is 2-admissible, for sufficiently large cg, one has
|)\z| S CﬁH,

where the positive constant c¢g depends on n, k. So, we only need to estimate
the mean curvature H of G. Taking the auxiliary function

W(z) =log H — logT.

Assume that xg is the maximum point of W. Then at z(, one has

H; Ti
.]. = Z = —_——— —
(5.1) 0=W, o -
and
Hi i Tij
Choosing a suitable coordinate system {x!,22 ... 2"} in the neighborhood

of Xo = (u(z0),z0) € G such that the matrix (h;j)nx, is diagonal at Xy, i.e.,
hij = hi;0;;. This implies at xo,

ij 1 Glity
(5:3) 0> GYWi(wo) =Y G pii — ———
p=1
By (2.3), we can obtain

hppii = hiipp + h;%phii - hgihpp + ROiip;p + ROpip;i - thpRpiip
+ hii Roioi + hppROiiO + hiiROpOp + hiiRoiio — 2hiiRipip-
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Note that

k—2
Gijhij =G - (k‘ — l)alGl = ak_l(u, l‘,t) — (k‘ — l)alGl.
=0

e
|
V)

N
Il
<

So, we have
>_ G hppis
P

= Z G (hiipp + ROiip;p + ROpip;i) - Z hppGii (hfz + 2Rpiip - ROMO)

p

+ Z G"hii (hfw = 2Ripip + Roioi + Ropop + RWO)

k—2
> ZG Riipp + (\A| —cs) <ak 1(u,x,t) Z =1 alGl> —C7ZG”

P 1=0
— HG" (h}; + ¢9) ,
where the positive constant ¢; depends on the C'! bound of the curvature ten-

sor R, the positive constants cg, ¢y depend on the C° bound of the curvature
tensor R. Together with Lemma 5.1, we know that (5.3) becomes

1 & A2 — ¢ = Giir.
ii — 8 i
ZE E G" hiipp + g (ak_l(u, J),t) — E (k‘ — l)Oqu> B

p=1 =0

ZG” G (h3; + co)

k— HVpou)? k—2
P
Z(VVak 1(u, z,t) Z o Gy ZtVVqul>
p=1 =0 + 1=0
GiiTii A 2 c k—
T +| |H 8(0% 1uact lz —ltalGl>
H G" — G (B + o).
By Lemma 5.2, the above inequality becomes
n k—2 k—2
1 t(V
0> Z <V AV pQk—1 u z, t -l- ( pal) G — Ztv \V4 alGl>
1+ (o7}
p:l =0 =0
A2 —¢ k2 cr g
+ HTS (ak_l(u,l’,t) - 2 (k’ — l)talGl — E G” G”(hi + 09)
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??‘
l\')

=

(Vpakl(u,x,t) tVya,Gy + ZG R(]zzp) (V, Ep)

= p

(e}

f k—2
- = (ak_l(u,x,t) -y (k- l)talGl> + Gk,
pu

=0

Hence, we have

|A]? = cr ii
OZ? ap—1(u,x,t) — Z — Dty G, _<ﬁ+69>ZG
1=0 i
- 7<V,7_Ep> ZGiiROiip
p
k—2

n 1 t 2
Z(VVak 1(u, 2, t) —I—Z (Vpou) Gy

1+k+1 T~

k—2
— Z thVpalGl)

=0
(V. Ep)

. (V ag—1(u,z,t) ZtvpalGl>
k—2
c !
—<§+{_><ak 1w, z,t) — Z —ltOézGl>

=0

A direction calculation implies
(5.4) IVpar—1(u,z,t)| <cio, |VpVpar_i(u,z,t)| <ci1(l+ H),

where the positive constant ¢;9 depends on |oy|c1, and the positive constant
c11 depends on |ag|c2. So,

1 k—2 k—2
_E612 (Z |Gl| + 1> (H + ].) — C13 (Z |Gl| + 1>

1=0 1=0
n k—2
1 t(Vpal)Q
EZ: VpVpog_1(u,z,t) + T - o G,
p=1 =0 l
k—2
(5.5) -3 tvpvpalal)
1=0

V.E
— <T7p> (V ag_1(u,z,t) ZtvpalGl>
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cs [ .
| =+ = @ u, z, 1) - Dt G
(H p ) ( k—1( E_O 1 l)
holds, where the positive constant ¢;2 depends on cg, c19, n, k, ¢, |a;|cr and

the C'! bound of f, and the positive constant c;3 depends on cg, c11, the C*
bound of f. Then, together with the fact [A|> > 1 H?, we have

1 c g
EHOékfl(u,CU,t) — (E? + 014) ZGM

(5.6) < |A|2 ( (u,z,t) — kz:z(kfl)t G)
. ST A1 (U, T oGy
1=0
(ﬁ? ) ZGii _ <VaTEp> Z GiiROiip;

i p

where tkle positive constant c14 depends on cg, the C° bound of the curvature
tensor R. From [12, page 11-12], we have

ZG”* (n—k+1)— (n—k+2)M +(n—k+2) ];_
T Tk-1

+Zal(n7k+2)010'k 27(717[4’1)0’]f 107— 1

=1 Ukl

Since graphic hypersurface G is k-admissible and oy > 0 forall0 <1 < k—1,
thus

k—2
_ n—=k-+2)oon_
2+ZO¢5( 2)lk2

STGT < (n—k+1)+ (n—k+2)ao s

i1 Ok—1 5 Ok—1
- (n—k+2)oj0k— 2
=n—-k+1)+ Z
=0 Th1

Together with Lemma 4.1, we have

k—2

DG < (n—k+1)+(n—k+2)(k—1)> a|G|Gi_2]
=0

<(n—k+1)+ (n—Ek+2)(k—1)sup|a|sup |Gi|?.
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Combining inequalities (5.5) and (5.6) with the fact that ¥;G% has positive
upper bound estimate, we have

k—2
1 Cr 1
0> ~Hays (u,,) - (E i c14) — e (; IGy| + 1) (H +1)

k—2
— C13 (Z |Gl| + 1) .
=0

Let us divide the rest of the proof into two cases.

Caske 1. If % < H%, then we get from a; > ¢; that
1
Gl = 7 < o (2 b)) < et +1)
Ok—1 Q) \Ok—1

where the positive constant ¢i5 depends on ¢;, |a;|co. Thus, we have a con-
tradiction when H is large enough, which implies H < C.

Cask I1 If -2 > H*, then by Lemma 2.5, one has
k—1—1
ST I N ) SPE )
Ok—1 Ol+1 0142 Ok—1 Ok

where the constant cjg > 0 depends on k. In this case, we can also derive
H < C easily.

In sum, the conclusion of Lemma 5.3 follows directly by using the fact
|)\z| < CGH. 0

6. EXISTENCE

In this section, we use the degree theory for nonlinear elliptic equation
developed in [16] to prove Theorem 1.2.

After establishing a priori estimates (see Lemmas 3.1, 4.1 and 5.3), we
know that (3.1) is uniformly elliptic. By [5], [14] and Schauder estimates, we
have

(6.1) [ulcaany < C
for any k-convex solution G to the equation (3.1). Define
Cy*(M™) = {u e C**(M™) : G = {(u(z),z) |z € M™} is k—convex}.
Let us consider the function
F(58): G (M) — G2 (M),
which is defined by

 o(k(V)) 7’“*2(1 oy U)o
o) = 2 v ;t ) vy ~ o)
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Set

Or = {u € Cy*(M") : [u|cr.amy < R},
which clearly is an open set in Cg *(M™). Moreover, if R is sufficiently large,
F(u,z,t) = 0 does not have solution on dOg by the priori estimate established
in (6.1). Therefore, the degree deg (F(+;t), Og,0) is well-defined for 0 < ¢ < 1.
Using the homotopic invariance of the degree, we have

deg(F(;1), Or,0) = deg(F(+;0), Or,0).

Lemma 3.2 shows that u = wug is the unique solution to the above equation
for t = 0. By direct calculation, one has

or(e) f'(sug)
or-1(e) f(suo)

F(sug,z;0) = [1 — p(sup)]
Using the fact ¢(ug) = 1, we have

d
Ouo F (uo, 2;0) = s F(sug,x;0)

s=1

, or(e) f'(uo)
=—¢'(u U
i O)Uk—l(e) f(uo)
where §F'(ug, z;0) is the linearized operator of F' at ug. Clearly, dF(ug,z;0)
has the form

d
0w F (ug,2;0) = o F(ugp + sw, z;0)
s=0
oi(e) f'(uo)
ok—1(e) f(uo)
ak(e) f'(uo)
Trea (@) Fao) > O

= —aYw;; + b'w; — ¢’ (up) w,

where (a%), %, is a positive definite matrix. Since —¢’(ug)
then dF'(ug,x;0) is an invertible operator. Therefore,

deg(F(7 1)7 ORaO) = deg(F(70)a ORaO) = ila

which implies that we can obtain a solution at t = 1. This finishes the proof
of Theorem 1.2.
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ZADANE JEDNADZBE WEINGARTENOVE
ZAKRIVLJENOSTI U PRODUKTNIM
MNOGOSTRUKOSTIMA ZAKRIVLJENE METRIKE

Y. Gao, C. Liu AND J. Mao

SAZETAK. U ovom radu, pod odgovarajué¢im uvjetima, mozemo dokazati
egzistenciju rjeSenja za odredenu klasu zadanih jednadzbi Weingarten-
ove zakrivljenosti u produktnim mnogostrukostima zakrivljene metrike
posebnog tipa, koriste¢i standardnu teoriju stupnja temeljenu na apri-
ornim ocjenama za rjeSenja. Drugim rije¢ima, u danoj produktnoj mno-
gostrukosti zakrivljene metrike posebnog tipa, moze se osigurati postojanje
zatvorene hiperplohe (koja je graf u odnosu na baznu mnogostrukost i ¢ija
k-Weingartenova zakrivljenost zadovoljava odredene uvjete).



