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Abstract
This research initially employed a Lagrangian algorithm to simulate two uniaxial compressive and Brazilian tests for 
validating the calibrated structural model, with errors recorded at 2.5% and 13%, respectively. Subsequently, using mesh-
free Galerkin particles and the Johnson-Holmquist concrete material model, simulations of linear shear cutting of Colo-
rado red granite were performed, achieving errors of 10% for vertical force and 13% for rotational force compared to the 
experimental results from Gertsch and colleagues. These results indicate that the modelling possesses sufficient validity. 
Instead of determining the optimal spacing through specific energy, a method based on 80% of the maximum vertical 
force tolerable by the cutting disc is proposed, which aligns with the specific energy method that has significant rigidity 
and drawbacks, demonstrating that this alternative approach is considerably advantageous and simpler. The optimal 
spacing calculated for 17-inch discs is determined to be 76 mm.
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1. Introduction

Full-face tunnel boring machines (TBMs) have be-
come a primary choice for modern tunnel construction 
across sectors like transportation and infrastructure. 
Among their components, the cutter head plays a pivotal 
role, where its design directly affects operational effi-
ciency. Key design factors include the diameter of the 
cutters, the total number of disc cutters, applied vertical 
and torque forces, penetration depth, and the spacing ar-
rangement between adjacent cutting discs.

Among these parameters, shear forces, spacing, and 
penetration depth are key factors affecting cutting effi-
ciency (Cho et al., 2010). The cutting disc is the primary 
tool used for rock fragmentation in full-face tunnel bor-
ing machines. Therefore, analysing the forces acting on 
the cutting disc and examining the effects of penetration 
depth and spacing is essential for optimizing cutter head 
design and improving cutting efficiency (Ma et al., 
2024; Wang et al., 2021).

To determine the aforementioned forces, full-scale 
linear cutting tests (LCM) can be employed, which is a 
reliable method that many researchers have utilized in 
their studies (Chang et al., 2006; Cho et al., 2013; 
Gertsch et al., 2007; Rostami and Ozdemir, 1996).

The most significant research conducted using this 
method pertains to Rostami in the years 1993 and 1997, 
who presented a set of relationships for estimating the 
forces applied on the shear disc of a constant cross-sec-
tion. His primary relationship is based on the distribu-
tion of various pressures in the contact area between the 
shear disc and the rock for different cross-sectional pro-
files of the shear disc. This research was further extend-
ed through laboratory tests to develop a relationship 
with equivalent dimensions for estimating shear forces 
(Rostami, 2013; Rostami and Ozdemir, 1993).

Linear shear testing, despite its numerous advantages, 
requires substantial cost and time for each sample (Ka-
zemi et al., 2024). In addition to theoretical modelling, 
recent experimental and numerical investigations have 
demonstrated the significant influence of operational and 
geomechanical parameters on excavation performance 
and tool wear. Using a custom-designed TBM laboratory 
simulator, it has been shown that factors such as cutter 
head rotation speed, penetration rate, and soil moisture 
content can drastically alter the wear rate of cutting tools 
and overall energy consumption during tunnelling (Mou-
sapour et al., 2023). Integrated geomechanical analyses 
and slope stability modelling, in surface coal mining op-
erations have further emphasized the role of accurate in-
put parameters in ensuring design safety and compliance 
with geotechnical standards (Ahmeti and Maliqi, 2023). 
These studies highlight the growing importance of ad-
vanced simulation tools – such as LS-DYNA – in captur-
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ing complex interactions between excavation tools and 
geological media under varying site conditions.

To address this issue, various predictive models for 
the performance of full-face tunnel boring machines 
have been developed, including the Colorado School of 
Mines (CSM) model and the Norwegian University of 
Science and Technology (NTNU) model (Bruland, 
1998; Rostami and Ozdemir, 1993). Previous research 
has produced numerous theoretical and semi-theoretical 
formulas; however, all these analytical models can only 
provide an approximate estimation of the forces acting 
on the disc. For instance, Foul, and Roxborough and 
Phillips examined shear force based on rock resistance 
and penetration, while Wang, Sanyo, and Farrokh fo-
cused solely on the rate of penetration (Farrokh et al., 
2012; Fowell, 2016; Roxborough and Phillips, 1975; 
Sanio, 1985; Wang and Ozdemir, 1978). The shear 
process was optimized using the shear disc through Par-
ticle Swarm Optimization (PSO) methods, employing 
parameters such as RMR, RQD, and compressive and 
shear strength (Zhou et al., 2020).

Linear shear testing, in conjunction with numerical 
modelling, represents one of the best methods for pre-
dicting the performance of shear discs. In this approach, 
linear shear testing is utilized as a means of validating 
the results of modelling, subsequently leading to the de-
velopment of models for other scenarios. Numerous re-
searchers have employed numerical modelling to simu-
late rock shearing, with most opting for 2D modelling 
using the finite element method with Lagrangian algo-
rithms to reduce computational costs and time. A chal-
lenge of this type of modelling, aside from its lack of 
three-dimensionality, is defining the erosion number for 
removing elements from the rock that have reached a 
certain strain level to prevent the divergence of the prob-
lem (Cardu et al., 2021; Fattahi et al., 2024).

Given the objectives outlined, the aim of this project is 
to investigate the effects of penetration depth and spacing 
on the vertical and rotational forces applied to a shear disc 
using the Smoothed Particle Galerkin (SPG) method and 
LS-DYNA software, focusing on maximizing the shear 
disc’s resistance to the applied vertical force. The advan-
tages of this approach include reduced costs and time, the 
elimination of the need for repeated experiments upon 
changes in any variable, and the potential for generaliza-
tion to various disc and rock types. Furthermore, many 
researchers, such as Chen et al. and Gertsch et al., have 
utilized special energy to attain optimal spacing, while 
Yadong Geo has investigated the effects of slope and di-
rection in addition to spacing (Gertsch et al., 2007; Xue 
et al., 2021; Xu et al., 2022). The influence of a shear disc 
traversing a new path or crossing a shear zone created by 
a previous disc, all employing special energy that is con-
siderably more complex to calculate than vertical force, 
has been analysed (Li et al., 2022). It is important to note 
that special energy refers to the amount of force expended 
to shear a unit volume of rock.

To ensure the accuracy of the simulations, the rock 
sample used in this study is the red granite from Colorado, 
as utilized by Gertsch et al. (2007) The uniaxial com-
pressive strength and shear resistance of this rock were 
determined through simulations of uniaxial compressive 
and Brazilian tests, subsequently compared with labora-
tory values. Following this, a simulation of the 17-inch 
A30581 disc was conducted in accordance with the tests 
performed by Gertsch et al. After achieving highly accu-
rate results, further modelling of the same shear disc was 
carried out with varying penetration depths and spacings.

In this study, the Colorado Red Granite was selected 
as the reference rock type due to its well-documented 
mechanical behaviour and extensive prior use in experi-
mental investigations. This granite originates from the 
Beulah region in the Wet Mountains of southern Colo-
rado, United States (approximate coordinates: 38.08°N, 
104.98°W), an area known for its homogeneous granitic 
formations of Precambrian age. The geological and me-
chanical consistency of this granite has made it standard 
material in linear cutting experiments, as previously em-
ployed in the study conducted by Gertsch et al. (2007), 
which forms the experimental basis for the validation of 
the present numerical simulations.

2. Structural Model of Rock

The Colorado Red Granite utilized in this study is a 
coarse-grained, porphyritic granite of Precambrian age, 
geologically located in the Wet Mountains region of 
southern Colorado, USA. The area is part of the southern 
Rocky Mountains and comprises crystalline basement 
rocks formed during the Proterozoic Eon, primarily as a 
result of magmatic intrusions associated with regional 
tectonic activity. These intrusions underwent slow cool-
ing at depth, resulting in the formation of granitic bodies 
with well-developed crystalline structures. The granite 
exhibits a high degree of mineralogical homogeneity 
and structural integrity, making it suitable for controlled 
rock mechanics studies. Its evolutionary history is 
marked by multiple phases of tectonothermal activity, 
which contributed to the formation of its present-day 
mechanical and petrographic characteristics (Gertsch et 
al., 2007; Tweto, 1979; Wobus and Hedge, 1982).

The Johnson–Holmquist (JH) model was originally 
formulated to represent the dynamic response of brittle 
materials like concrete under conditions involving ele-
vated pressures and strain rates (Holmquist and John-
son, 2011). A key feature of this model is its ability to 
differentiate between material behaviour in tension ver-
sus compression. By establishing a relationship between 
internal pressure and deviatoric stress in the damaged 
state, the JH model effectively estimates the material’s 
resistance characteristics under dynamic loading.

	 � (1)
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Shear stress (τ) behaviour under tensile and compres-
sive conditions can be analysed using the parameter Ks, 
which typically ranges from 0.778 to 1.0 to maintain the 
convex nature of the yield surface. Setting Ks equal to 
1.0 removes the influence of the third invariant of shear 
stress, effectively simplifying the model back to the clas-

Where:
Symbols: Descriptions:

Shear stress

Sij

J2 Second variable of the shear stress tensor
J3 Third variable of the shear stress tensor
fc Uniaxial quasi-static compressive strength
D Compressive damage parameter

Normalized pressure

P Actual pressure

Normalized strain rate

Reference strain rate

A Normalized cohesion (the stress measured in the laboratory that leads 
to material failure due to shear)

B Normalized pressure hardening coefficient
N Compressive stiffness coefficient
C Strain rate coefficient

Maximum normalized hydrostatic tensile pressure

ft Uniaxial tensile strength
Ks Shape parameter of the yield surface in the shear plane

Figure 1. the adopted failure criterion of the material model in two projections:  
(a) the meridional plane and (b) the deviatoric plane (Hibbitt and Sorensen, 2005).

sical Drucker–Prager formulation. The corresponding 
yield surface for this condition is depicted by Equation 
1 in Figure 1 (Hibbitt and Sorensen, 2005).

The hydrostatic pressure within the model is deter-
mined through an equation of state, structurally similar 
to that introduced by Holmquist et al., which character-
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izes the relationship between pressure and volumetric 
changes (Hibbitt and Sorensen, 2005). Moreover, the 
volumetric strain (which is dimensionless) is defined 
based on the principal strain components and can be rep-
resented as follows:

	 � (2)

Here, V0 and V denote the initial and deformed vol-
umes of the material, respectively. When subjected to 
high hydrostatic pressures, the volumetric strain behav-
iour of rocks can be divided into three distinct zones, as 
illustrated in Figure 2. In this context, Pcrush(MPa) repre-
sents the pressure at which the pores are completely 
compacted, while µcrush corresponds to the volumetric 
strain within the elastic threshold. During uniaxial com-
pression experiments, Plock(MPa) and µlock mark the pres-
sure and strain associated with the onset of material 
compaction. To quantify the evolution of plastic strain, a 
non-associated plastic flow rule is applied, with the plas-
tic potential function g formulated as follows:

	 � (3)

notes the plastic strain required for failure under con-
stant pressure p, which is expressed as follows:

	 � (6)

Where D1 and D2 are constants, and p* is the constant 
pressure as previously defined. This is designated to 
generate a limited amount of plastic strain for the failure 
of materials (Hibbitt and Sorensen, 2005). The param-
eters extracted by Hyun Lee et al., as shown in Table 1, 
have been utilized in the simulations for this structural 
model (Li and Du, 2016).

Figure 2. The relationship between pressure and volumetric 
strain (Hibbitt and Sorensen, 2005).

The amount of plastic strain is described as follows:

	 � (4)

Where  is referred to as plastic strain.
Fracture-induced damage is modelled through a cu-

mulative approach analogous to that of the original for-
mulation. This accumulated damage, derived from both 
equivalent plastic strain and volumetric plastic strain, is 
quantified using a compressive damage parameter as de-
fined by Hibbitt and Sorensen (2005).

	 � (5)

Where  and  represent the equivalent plastic 
strain and volumetric plastic strain, respectively, and de-

Table 1. Parameters of Colorado Red Granite Used  
in Numerical Analysis with the Johnson-Holmquist  

Material Model (Li and Du, 2016).

AK  
(GPa)υG  

(GPa)
E  

(GPa)
ρ  
(kg/m3)

0.325.690.23416.61412600
ft  

(MPa)fc (MPa)MNCB

6.781581.50.70.0072.04

µlock
Plock 

(GPa)µcrush
Pcrush 
(GPa)εf minε0

0.10.80.00020.05270.011

KS
K3 

(GPa)
K2 

(GPa)
K1  

(GPa)D2D1

0.8208-1718510.04

3. �Validation of Structural Model 
Parameters
The calibration of the structural model for accurately 

simulating the behaviour of rocks requires the execution of 
a series of complex and costly experiments. These experi-
ments include uniaxial and triaxial compression tests, Bra-
zilian tests, point load tests, and even more specialized 
tests, such as the split-Hopkinson pressure bar test. To re-
duce costs and save time, all parameters utilized in this 
study have been sourced from the research conducted by 
Hyun Lee et al., which comprehensively addresses the 
calibration of numerical models and provides various pa-
rameters from compressive and tensile tests for different 
types of rocks under various conditions (Li and Du, 2016).

To ensure validity, two fundamental tests uniaxial and 
Brazilian were first simulated. These tests serve as key 
tools for evaluating and validating the numerical models 
used in this research. Initially, the uniaxial test was sim-
ulated to measure the compressive strength of Colorado 
red granite samples, and the results were then compared 
with experimental data. Subsequently, the Brazilian test 
was conducted to measure the indirect tensile strength of 
the samples.

3.1. Simulation of the Uniaxial Test
The uniaxial test is one of the primary and widely 

used experiments for assessing the compressive strength 
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of materials, particularly in rock and concrete samples. 
This test is designed to measure a material’s ability to 
withstand compressive loads without failure, and it is 
extensively employed in civil engineering and mining 
research. In the simulations conducted for this study, a 
Colorado red granite sample with a diameter of 54 mm 
and a height of 116 mm was selected. These dimensions 
conform to the general standards for uniaxial compres-
sion tests for construction materials (Bieniawski, 2020).

During the simulation process, the load is applied uni-
formly through the upper jaw of the testing apparatus to 
the rock sample, while the lower jaw remains fixed. This 
loading condition closely resembles laboratory settings 
and is essential for accurately assessing the compressive 
strength of the rock. Figure 3 illustrates the geometry 
designed in the LS-PREPOST software, in which the ge-
ometry of the rock sample and the loading conditions 
have been fully modelled and simulated.

3.2. Brazilian Test Simulation

The Brazilian test is a widely used method for indi-
rectly measuring the tensile strength of rock and con-
crete specimens. This test is particularly relevant in rock 
engineering, as rock samples are prone to sudden failure 
when subjected to direct tensile forces. During the test, 
the specimen is subjected to compressive loading, with 
the standard requirement that the diameter of the sample 
should be twice its length.

In the simulation conducted for this research, the 
specimen’s diameter was set at 54 mm, and its length 
was 27 mm. The geometry of the simulated Brazilian 
test is illustrated in Figure 6, which depicts the manner 
in which the load is applied and the stress distribution 
within the sample.

In the conducted experiments, the tensile strength of 
Colorado red granite was calculated to be 6.8 megapas-
cals. This value was estimated to be 7.7 megapascals in 
the simulations performed. The tensile strength corre-

Figure 3. View of the Geometry of Uniaxial Testing.

Based on numerous uniaxial tests conducted on Colo-
rado red granite, the uniaxial compressive strength of 
this rock has been determined to be 158 megapascals. 
This value was calculated to be 162 megapascals in sim-
ulations carried out using calibrated coefficients refer-
enced in the research conducted by Li and Du (2016) 
and Gertsch et al. (2007). This value corresponds to the 
peak point in the graph illustrated in Figure 4. The error 
obtained from comparing the simulation results with 
laboratory data is approximately 2.5%, which is quanti-
tatively low and indicates a reliable accuracy of the 
model in the simulated model and its suitable alignment 
with experimental reality. Figure 5 presents a view of 
the simulated rock sample after the completion of the 
simulation process, effectively demonstrating the chang-
es and failures that occurred within the sample. This 
simulated image clearly illustrates how the rock behaved 
under compressive loading in the numerical model and 
highlights the potential failures that occurred.

Figure 4. The stress (MPa)- displacement (mm) curve 
obtained from the simulated uniaxial test.

Figure 5. A view of the rock sample following the 
completion of the uniaxial test simulation.
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sponds to the maximum value indicated in the graph 
shown in Figure 7. Additionally, a representation of the 
Colorado red granite sample is illustrated in Figure 8.

Based on the results from the uniaxial and Brazilian 
test simulations, utilizing the calibrated values provided 
by Hyun Lee et al. the errors in the compressive and 
tensile strengths calculated through LS-DYNA simula-
tions are less than 2.5% and 13%, respectively. This 
level of error indicates a high degree of accuracy in the 
calibrated structural model and demonstrates that the 
simulation results align satisfactorily with experimental 
values. This correlation enhances the credibility of nu-
merical models and facilitates their application in more 
complex simulations, such as linear shear simulations of 
rocks using a cutting disk.

3.2. �Petrophysical Properties of Colorado Red 
Granite

While Table 1 presents the numerical parameters 
used in the Johnson–Holmquist material model, the fun-
damental petrophysical properties of the Colorado Red 

Granite are summarized in Table 2. These values have 
been obtained from experimental investigations and lit-
erature sources and are used to validate the material be-
haviour simulated in this study. Presenting these proper-
ties independently offers a broader perspective on the 

Figure 6. The geometry of the Brazilian test on Colorado Red Granite.

Figure 7. The stress (MPa)-displacement (mm) graph 
obtained from the Brazilian test simulation.

Figure 8. A view of the simulated rock specimen following 
the completion of the Brazilian test simulation.

Table 2. Petrophysical Properties of Colorado Red Granite 
(Gertsch et al., 2007; Li and Du, 2016).

ft (MPa)fc (MPa)ρ (kg/m3)
6.781582600
υE (GPa)G (GPa)
0.23441.017.3
p-Wave velocity 
(m/s)

Dynamic E  
(GPa)Age

455748.61.4 by (Precambrian)
s-Wave velocity 
(m/s)Porosity (%)Constituents

28861.2 – 1.5Quartz, feldspar, biotite 
(coarse-grained)
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physical characteristics of the rock, beyond model-spe-
cific parameters.

4. �Characteristics of Linear Shear 
Modelling

LS-DYNA offers multiple finite element solvers tai-
lored for dynamic simulations, including the Lagrangian 
method, Smoothed Particle Hydrodynamics (SPH), and 
the Smoothed Particle Galerkin (SPG) approach. The 
SPG method, an advanced evolution of SPH, is ground-
ed in Galerkin-based formulations, and both techniques 
are categorized as mesh-free methods (Wu et al., 2015). 
According to Rokhy et al., in their investigation of rock 
shearing using LS-DYNA, mesh-free methods like SPH 
and SPG delivered more accurate outcomes compared to 
traditional Lagrangian approaches, primarily due to their 
independence from erosion-related limitations (Bhat 
and Maji, 2022; Rokhy et al., 2021).

In the present study, the Lagrangian solver was se-
lected as the main computational framework for simulat-
ing uniaxial and Brazilian tests, with the intent of reduc-
ing overall computational demands. This method was 
also used for linear shear analyses involving the cutter 
disk and the surrounding rock segments not directly af-
fected by cutting. Conversely, the SPG solver was selec-
tively employed in the zone directly influenced by the 
cutter, defined by a depth equal to ten times the penetra-
tion depth and a width approximately three to four times 
the spacing of the cutter. The complete shear modelling 
arrangement is depicted in Figure 9.

In the SPG simulations, the particle spacing in all 
three directions (DX, DY, DZ) was set to 0.3 mm, which 
ensured sufficient resolution of crack initiation and 
propagation while maintaining computational efficiency. 
The time step was automatically controlled in LS-DY-
NA with a stability scale factor of 0.67, following the 
recommendations in the LS-DYNA manual. Boundary 

Figure 9. Overview of linear shear modelling of rock in LS-DYNA.

Figure 10. Boundary conditions governing the problem 
implemented in LS-DYNA software

Figure 11. View of the 17-inch A30581 disk used  
at the Colorado School of Mines for linear shear tests on 

Colorado red granite (Gertsch et al., 2007).
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conditions were applied such that the movement of the 
rock specimen was restricted at the bottom and lateral 
faces, consistent with the configuration of the uniaxial 
compression test shown in Figure 10, while the upper 
surface was free to interact with the cutter. For the kernel 
function, the Semi-pseudo Lagrangian kernel was em-
ployed, as it provides stable particle interaction and ac-
curate stress transfer within SPG formulations. These 
settings ensured stable and reproducible simulations 
across all penetration depths and cutter spacings investi-
gated. All simulations were executed on a workstation 
with an Intel Core i9-12900K CPU and 64 GB RAM (no 
GPU). With 0.3 mm particle spacing and a stability scale 
factor of 0.67, each linear-cutting case completed in ap-
proximately 24–36 hours of wall-clock time, depending 
on penetration depth and cutter spacing, supporting the 
practical computational efficiency of the adopted setup.

The disk employed in all simulations is the same 17-
inch A30581 disk used by the Colorado School of Mines 
for linear shear testing. A representation of this 17-inch 
shear disk is shown in Figure 11.

5. �Validation of Linear Cutting 
Simulations

The results obtained from validation simulations are 
of significant importance. The closer these simulations 
results are to the values derived from laboratory experi-
ments and field results, the greater the accuracy and reli-
ability of the simulations that lack corresponding exper-
imental and field data. Consequently, every effort has 
been made to ensure that all relevant conditions govern-
ing the experimental setup, including boundary condi-
tions, loading rates, disk movement velocities, and all 
other parameters, are meticulously adhered to during 
these simulations.

To validate the simulations and determine the error 
margin, twelve different simulations were conducted in 
accordance with the linear cutting tests performed by 
Gertsch et al. (2007), under the following conditions:

•	 Rock strength: 158 MPa,
•	 Disk rotational speed: 0.0015 radians per millisec-

ond,
•	 Disk linear cutting speed: 0.33 millimetres per mil-

lisecond,
•	 Penetration depths: 2.5, 5.1, and 6.4 millimetres,
•	 Spacings: 25, 51, and 76 millimetres.
Given that three disks with specified spacings were 

utilized, the forces recorded in all sections pertain to the 
central disk. Due to the significant fluctuations in forces 
reported from the disks at both ends of the rock – attrib-
utable to the boundary conditions – it is preferable to 
consider the average forces in the middle of the rock, 
particularly during the time frame when the cutting disk 
is approximately positioned in the middle of the mod-
elled rock (with a length of 304 millimetres), which oc-

Figure 14. View of the simulated linear cutting of the rock.

Figure 12. Simulated vertical force of the disk  
at a penetration depth of 6.4 millimetres and a spacing  

of 76 millimetres.

Figure 13. Simulated rotational force of the disk  
at a penetration depth of 6.4 millimetres and a spacing  

of 76 millimetres.

curs between 400 and 600 milliseconds. At this point, 
boundary conditions are minimal, and the forces are in 
equilibrium. This average is taken as the effective verti-
cal and rotational forces exerted by the rock on the cut-
ting disk. For instance, Figures 12 and 13 illustrate the 
vertical and rotational forces obtained using the Lagran-
gian-SPG coupled solution method and the Johnson-
Holmquist concrete behaviour model, based on the sim-
ulations with a spacing of 76 millimetres and a penetra-
tion depth of 6.4 millimetres. Figure 14 presents a view 
of the simulated linear cutting of the rock.
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Given that three disks with specified spacings were uti-
lized, the forces recorded in all sections pertain to the cen-
tral disk. Due to the significant fluctuations in forces re-
ported from the disks at both ends of the rock – attributa-
ble to the boundary conditions – it is preferable to 
consider the average forces in the middle of the rock, par-
ticularly during the time frame when the cutting disk is 
approximately positioned in the middle of the modelled 
rock (with a length of 304 millimetres), which occurs be-
tween 400 and 600 milliseconds. At this point, boundary 
conditions are minimal, and the forces are in equilibrium. 
This average is taken as the effective vertical and rota-
tional forces exerted by the rock on the cutting disk.

Figures 12 and 13 illustrate the vertical and rotational 
forces, based on the simulations with a spacing of 76 
millimetres and a penetration depth of 6.4 millimetres. 
In both figures, the forces show a rapid increase during 
the initial engagement of the disks with the rock, fol-
lowed by strong fluctuations before reaching a relatively 
stable trend between 400 and 600 milliseconds. These 
oscillations indicate progressive crack initiation and in-
teraction within the crushed zone, which is consistent 
with laboratory observations. Figure 14 presents a view 
of the simulated linear cutting of the rock.

A comparison of the results in Table 3 and Figures 15 
and 16 shows that the simulated vertical forces deviate 
less than 10% from experiments, while rotational forces 
differ by about 13%. In both figures, vertical and rota-
tional forces increase consistently with penetration depth 
and spacing. However, the error of the vertical force 
does not follow a fixed trend relative to the experimental 
results, indicating that local fracture mechanisms and 
disc–disc interactions influence the accuracy of the mod-
el. In contrast, the error of the simulated rotational forces 
generally decreases with penetration depth, except for 
the case of 51 mm spacing at 3.8 mm penetration depth, 
where the deviation is slightly higher than at 1.9 mm.

6.1. Investigation of Optimal Spacing

There are various perspectives regarding the exami-
nation of optimal spacing; however, this research refer-

Table 3. Results from the simulations and linear cutting experiments conducted by Gertsch et al. (2007)

Distance 
(mm)

Penetration 
Depth (mm)

Vertical Force (kN)Rotational Force (kN)Percentage Error  
of Force Modelling

ModellingActualModellingActualVerticalRotational

25
1.958.9583.63.91.6-6.4
3.8898177.39.9-3.5
6.4122.41161212.45.5-3.2

51
1.968.5734.54-6.111.2
3.894.7939.68.5-1.812.9
6.4128.912113.414.56.6-7.3

76
1.9106.21004.456.2-11
3.8117.812112.611.4-2.610.5
6.4149.71471819.21.8-5.9

Figure 15. The vertical force obtained from the simulation 
compared to the experimental results for three spacings of 
25, 51, and 76 millimetres and three penetration depths of 

1.9, 3.8, and 6.4 millimetres.

Figure 16. The rotational force obtained from the simulation 
alongside the experimental results for the same three 

spacings of 25, 51, and 76 millimetres and three penetration 
depths of 1.9, 3.8, and 6.4 millimetres.

ences the findings of Roby, which indicate that the max-
imum vertical force a 17-inch disk can withstand is 215 
kN (Roby et al. 2008). According to Farokh, to enhance 
the service life of shear disks, the maximum vertical 
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force applied to these disks should not exceed 80% of 
this value, equating to 180 kN (Farrokh et al., 2012). 
Consequently, based on the results obtained from pre-
liminary modelling presented in Table 1, it was observed 
that the vertical force exerted on the shear disk did not 
reach this threshold at any of the penetration depths and 
spacings examined. Therefore, a penetration depth of 7.6 
mm and a spacing of 100 mm were also investigated, 
with the results detailed in Table 4.

The results obtained from the simulations indicate 
that at a spacing of 100 mm, since the maximum vertical 

force exerted on the shear disk must equal 80% of the 
maximum vertical force the disk can withstand (180 
kN), the penetration depth cannot exceed 5.1 mm. This 
limitation on increasing the penetration depth leads to a 
reduction in the penetration rate and efficiency of the 
tunnel boring machine. Additionally, as shown in Fig-
ures 12 and 13, at a spacing of 76 mm, the two side 
shear disks influence the central disk, resulting in lower 
vertical and rotational forces on this disk compared to 
the two side disks. However, at a spacing of 100 mm, for 
all penetration depths examined, the disks do not influ-
ence each other, resulting in a single-disk cutting sce-
nario (where the cutting forces on the central disk equal 
those on the side disks), as depicted in Figures 17 and 
18 for vertical and rotational forces, respectively. This 
condition leads to significantly higher forces exerted on 
the disks, which may prevent crack connectivity and the 
formation of a crushed zone in the rock. This behaviour 
highlights that the disks’ interaction is essential for crack 
coalescence and efficient rock fragmentation, which ex-
plains why 76 mm emerges as the optimal spacing.

Based on the results obtained and their comparison 
with the findings of Gertsch and colleagues, the optimal 
spacing of the disks is approximately 76 mm. This is 
because at spacings less than this, the force exerted on 
the rock, which is equal to the force exerted on the shear 
disk in the opposite direction, is significantly less than 
the shear disk’s resistance. Conversely, at spacings 
greater than 76 mm, such as 100 mm with a penetration 
depth of 5.1 mm, the vertical force exerted on the shear 
disk reaches the critical region (80% of the maximum 
resistance of the disk against vertical force). Therefore, 
it is not feasible to increase the penetration depth of the 
disks to enhance the penetration rate.

6.2. �Statistical Analysis of the Effects  
of Penetration Depth and Spacing  
on Vertical and Rotational Forces

The objective of this statistical analysis is to quantify 
the influence of penetration depth and cutter spacing on 
the forces acting on the disc cutter, and to provide an 
empirical model for predicting these forces in support of 
cutter head design optimization.

In order to investigate the effects of penetration depth 
and spacing on the vertical (Fn) and rotational (Fr) forces 
acting on the shear disc, a multiple linear regression 
analysis was employed. Linear regression is a funda-
mental statistical method that models the relationship 
between a dependent variable and one or more inde-
pendent variables by fitting a linear equation to the ob-
served data (Fayyazi and Doostmohammadi, 2022; 
Kutner, 2004; Montgomery, 2017). This method al-
lows for the quantification of how each predictor varia-
ble influences the target response and is widely used in 
engineering and applied sciences for predictive modem-
ing (Draper, 1998).

Table 4. Results from the Simulation of Shear Disk at 
Increased Penetration Depth and Spacing.

Spacing 
(mm)

Penetration 
Depth (mm)

Vertical Force 
(kN) Model

Rotational Force 
(kN) Model

257.6134.614.5
517.6143.717.9
767.6164.323.6

100

1.9118.49.3
3.813216.8
6.4193.827.1
7.6208.631.7

Figure 18. Simulated Rotational Force on the Disk at a 
Penetration Depth of 6.4 mm and Spacing of 100 mm.

Figure 17. Simulated Vertical Force on the Disk at a 
Penetration Depth of 6.4 mm and Spacing of 100 mm.
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The general form of the regression model used is:

	 � (7)

where Y is the dependent variable (either vertical force 
Fn or FR), S and P are the independent variables, spacing 
and penetration depth respectively, β0 is the intercept, β1 
and β2 are the regression coefficients, and ε is the error 
term accounting for residuals.

To assess the validity and significance of the regres-
sion models, three key statistical criteria were consid-
ered. First, the p-value measures the probability that the 
observed relationship is due to chance. A p-value less 
than 0.05 indicates that the corresponding coefficient is 
statistically significant and that the predictor meaning-
fully contributes to explaining the variance in the de-
pendent variable (Montgomery, 2017). Second, the 
Variance Inflation Factor (VIF) quantifies the degree of 
multicollinearity between predictor variables; a VIF be-
low 10 suggests that multicollinearity is not problemat-
ic, ensuring reliable coefficient estimates (Kutner, 
2004). Third, the coefficient of determination (R²) re-
flects the proportion of variance in the dependent varia-
ble explained by the model, with values closer to 1 indi-
cating stronger predictive power (Draper, 1998).

The regression analysis yielded the following predic-
tive equations:

	

	 � (8)

	

	 � (9)

These results indicate a strong and statistically sig-
nificant positive relationship between penetration depth 
and spacing with both vertical and rotational forces ex-
erted on the shear disc. The very low p-values (<0.001) 
confirm the importance of both predictors in the models, 
while the VIF values demonstrate that multicollinearity 
is negligible. The coefficients further imply that penetra-
tion depth has a more pronounced effect on the forces 
than spacing, which is consistent with the mechanical 
behaviour observed in previous experimental and nu-
merical studies (Gertsch et al., 2007; Rostami, 2013).

These regression models not only confirm the trends 
observed in the simulations but also enable engineers to 
estimate cutting forces based on input parameters without 
performing additional simulations, which can save time 
and computational resources in TBM design projects.

In summary, the regression models provide a reliable 
empirical basis for predicting cutting forces based on key 
operational parameters, facilitating the optimization of 
cutter head design and improving tunnelling efficiency.

7. Conclusions
In this study, a comprehensive three-dimensional nu-

merical model was developed using the mesh-free 

Smoothed Particle Galerkin (SPG) method in LS-DY-
NA to simulate the linear cutting behaviour of hard rock 
by disc cutters. The Johnson-Holmquist (JH2) constitu-
tive model was used to accurately capture the dynamic 
response of Colorado Red Granite under disc cutting 
conditions.

To validate the model, numerical simulations of uni-
axial compressive strength (UCS) and Brazilian tensile 
strength (BTS) tests were performed. The differences 
between numerical and laboratory results were 2.5% and 
13%, respectively, demonstrating acceptable accuracy. 
Furthermore, the model was calibrated and validated 
against experimental results from Gertsch et al. (2007), 
who conducted full-scale linear cutting tests on Colora-
do Red Granite at the Colorado School of Mines.

Specifically, the average results of the nine initial 
simulations reported in Table 3 – each corresponding to 
cutting conditions that were experimentally tested by 
Gertsch et al. – showed strong agreement with labora-
tory data. The average errors in vertical and rotational 
forces obtained from the simulations were 4.67% and 
7.99%, respectively, relative to experimental values. 
This close match confirms the high reliability and valid-
ity of the proposed model. Accordingly, simulations per-
formed under different spacing and penetration condi-
tions (as presented in Table 4), for which experimental 
data are not available, can also be considered valid and 
trustworthy.

The model also introduced a new approach for opti-
mizing disc cutter spacing using 80% of the disc’s verti-
cal force capacity instead of specific energy, which is 
commonly used in literature but requires more complex 
calculations. The optimal disc spacing determined 
through this method was 76 mm, which closely aligns 
with the 80 mm optimal value obtained from Gertsch’s 
experiments – showing less than a 5% deviation. This 
demonstrates that vertical force threshold is a viable and 
simpler alternative for practical design purposes.

It should be noted, however, that the 80% vertical 
force threshold is a deliberately simplified criterion 
aimed at providing a practical and field-deployable 
guideline. While it captures the fundamental mechanical 
limit of the cutter, it does not explicitly consider addi-
tional operational factors such as wear progression, rock 
anisotropy, cutter-head vibration, or crack propagation 
dynamics. These aspects are highly relevant to long-
term performance and will be incorporated in future ex-
tensions of this framework through multi-objective opti-
misation approaches.

Parametric analysis confirmed that increases in both 
spacing and penetration depth lead to significant increas-
es in vertical and rotational forces, which is consistent 
with the trends reported in prior experimental and ana-
lytical studies. The regression models developed for 
force prediction also achieved high accuracy, with R² 
values exceeding 0.9.
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While classical models such as those of Rostami 
(1993, 2013) and Gertsch et al. (2007) have provided 
valuable frameworks for analysing disc cutter forces, they 
are limited by the reliance on complex specific energy cal-
culations and simplified analytical assumptions. The pre-
sent study aimed to overcome these limitations in several 
ways. First, the simulations were performed using the 
Smoothed Particle Galerkin (SPG) method in LS-DYNA. 
Unlike conventional Lagrangian approaches, which re-
quire an erosion number to delete highly deformed ele-
ments – often violating mass and energy conservation – 
SPG eliminates this need and fully preserves conservation 
laws, resulting in more accurate and stable rock-cutting 
simulations. Second, instead of adopting the conventional 
specific energy criterion, a simpler and more practical ap-
proach was introduced based on 80% of the maximum 
allowable vertical force on the cutter. This criterion not 
only shows strong agreement with experimental results 
but is also much easier to obtain in laboratory and even 
field conditions, making it directly applicable to TBM de-
sign and operation. Third, in addition to validation against 
UCS, Brazilian, and Gertsch’s linear cutting data, a statis-
tical regression model was developed to predict cutting 
forces rapidly and at low computational cost using spac-
ing and penetration depth as input parameters. Collective-
ly, these contributions move the present study beyond a 
reiteration of previous models and provide a framework 
that combines numerical accuracy with practical applica-
bility for TBM cutter design.

In conclusion, the combination of advanced numeri-
cal modelling, experimental validation, and a simplified 
optimization criterion offers a powerful and practical 
tool for cutter design and TBM performance prediction. 
The model’s accuracy, validated against reliable labora-
tory data, supports its application in various tunnelling 
and rock excavation scenarios.

Future studies may explore the extension of this mod-
el to simulate rock cutting under more complex condi-
tions, such as the presence of joints, anisotropy, and het-
erogeneity within the rock mass. Investigating the influ-
ence of wear and thermal effects on cutter-rock 
interaction can also enhance the realism of simulations. 
Additionally, coupling the SPG method with real-time 
data from TBM operation could pave the way for intel-
ligent prediction systems. Finally, validating the model 
against additional rock types and full-scale TBM tunnel-
ling data can broaden its applicability and reliability in 
field-scale engineering problems.
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SAŽETAK

Studija slučaja o optimizaciji razmaka disk rezača na temelju granične vrijednosti 
vertikalne sile pri rezanju crvenoga granita iz Colorada korištenjem softvera LS-DYNA

U ovome istraživanju najprije je primijenjen Lagrangeov algoritam za simulaciju dvaju ispitivanja: jednoosno tlačnog 
ispitivanja i brazilskoga testa radi validacije umjerenoga strukturnog modela, pri čemu su zabilježene pogreške od 2,5 % 
i 13 %. Nakon toga korištenjem metode Galerkinovih čestica bez mreže te Johnson-Holmquistova modela betona prove-
dene su simulacije linearne smične obrade crvenoga granita iz Colorada. Dobivene su pogreške od 10 % za vertikalnu silu 
i 13 % za rotacijsku silu u usporedbi s eksperimentalnim rezultatima koje su objavili Gertsch i suradnici. Ovi rezultati 
upućuju na dovoljnu valjanost modeliranja. Umjesto određivanja optimalnoga razmaka na temelju specifične energije 
predložena je metoda zasnovana na 80 % maksimalne vertikalne sile koju disk rezač može podnijeti. Ta se metoda poka-
zala usklađenom s pristupom temeljenim na specifičnoj energiji koji ima izraženu rigidnost i nedostatke, pri čemu se 
novi pristup pokazuje znatno povoljnijim i jednostavnijim. Određen je optimalni razmak od 76 mm za disk rezače pro-
mjera 17 inča.

Ključne riječi: 
disk rezači, LS-DYNA, rezanje stijena, sile rezanja, stroj za bušenje tunela (TBM)
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