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Abstract: To investigate the effects of different graphene block distribution modes 

on the vibration characteristics of functionally graded graphene-reinforced 

composite materials, this study first establishes the motion control differential 

equations based on the Halpin–Tsai micromechanical model and Hamilton’s 

principle. The nonlinear and free vibration behaviors of the materials are also 

analyzed. The results indicate that different graphene mass fractions and distri-

bution patterns have varying degrees of influence on the resonance characteristics 

and mechanical properties of functionally graded graphene layer–reinforced 

composites. Among them, the cross distribution pattern exhibits the most effec-

tive vibration suppression under specific conditions. These findings provide a 

theoretical foundation for the development of lightweight, high-strength materi-

als and contribute to understanding the inherent relationship between the dis-

tribution of graphene blocks and material properties.  
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1. Introduction 

The need for high-performance composite materials has become increasingly pressing as science and 

technology continue to advance at an accelerated rate. These composites must exhibit not only excellent me-

chanical properties but also effective vibration control capabilities [1]. As a rapidly developing class of mate-

rials, functionally graded materials (FGMs), with their unique performance gradient design, offer a promising 

solution to these requirements [2]. Functionally graded graphene-reinforced composite materials 

(FG-GPLRCs) represent a novel type of composite in which graphene is incorporated as reinforcement through 

specific spatial distribution patterns [3]. By combining the advantages of FGMs with the exceptional stiffness 

and strength of graphene, these materials achieve significant improvements in mechanical performance due to 

their graded or uniformly distributed structure through the thickness.  

Graphene, owing to its extremely high specific surface area and modulus, serves as an effective reinforc-

ing phase that can substantially enhance the stiffness and strength of composite matrices. For instance, exten-

sive reactive molecular dynamics simulations have shown that graphene-reinforced composites possess con-

siderably higher tensile modulus and strength compared with graphene-free systems [4]. To improve gra-

phene oxide’s mechanical efficiency, a deep reinforcement learning–based design strategy has also been pro-

posed, resulting in graphene oxide structures whose toughness exceeds that of randomly generated configu-

rations by more than two standard deviations [5]. 
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Further studies have examined the static response of functionally graded porous nanocomposite beams 

using a combination of nonlocal strain gradient theory and finite element analysis, demonstrating that gra-

phene sheet distribution patterns and porosity significantly influence structural performance [6]. Analytical 

approaches have also been used to identify optimal elastic foundation distributions, showing that simplified 

refined plate theories adequately capture the relationship between FG-GPLRC properties and displacement 

fields [7]. Additional research has shown that functionally graded structures, in which the weight fraction of 

graphene nanosheets varies smoothly along the thickness of disk-axis rotors, can be effectively modeled using 

Lagrangian equations that incorporate gyroscopic effects [8]. Electromechanical studies employing a modified 

Halpin–Tsai model have indicated that the material grading index substantially affects the electrical charac-

teristics of FG-GPLRCs [9]. 

While previous work has provided valuable insights into the static mechanical performance of 

FG-GPLRCs, their dynamic behavior—particularly nonlinear and free vibration (FV) characteristics—remains 

insufficiently explored. Differential equations (DEs), as fundamental tools for describing mechanical behavior, 

offer considerable potential for advancing research in this area [10]. Recent developments include neu-

ral-network-based solvers that combine orthogonal polynomials with physics-informed methods to efficiently 

address nonlinear partial differential equations [11]. Other investigations have used DE-based models to assess 

how nano-reinforcements influence the elastic characteristics of FGMs, confirming substantial improvements 

in material behavior when reinforcement units are included [12]. Approximate solutions for fractional differ-

ential equations have also been obtained using the Mohand transform and fractional complex transformations, 

simplifying numerical simulation procedures [13]. Additionally, fourth-order time-fractional partial differen-

tial equations have been analyzed using polynomial-based discriminant systems, enabling the determination 

of exact dynamic characteristics such as phase diagrams [14]. 

Studies on the buckling and post-buckling behavior of FG-GPLRCs under external electric fields have 

shown that the stability of graphene-reinforced composite plates can be tailored by adjusting electric-field 

parameters, with governing equations solved using differential quadrature methods [15]. Furthermore, re-

search on nanofluids and enhanced oil recovery has demonstrated that thermophysical behavior can be re-

duced to nonlinear differential equations via similarity transformations, with approximate solutions obtained 

using Chebyshev collocation methods [16]. 

In summary, substantial progress has been made in enhancing the strength, toughness, and static re-

sponse of graphene-based composites. However, the vibrational behavior of FG-GPLRCs—particularly their 

nonlinear and free vibration characteristics—remains insufficiently understood, and their dynamic mechanical 

properties have yet to be comprehensively investigated. Therefore, this study develops motion-control dif-

ferential equations for FG-GPLRCs using the Halpin–Tsai micromechanical model (HTMM) and Hamilton’s 

principle (HP). The aim is to provide a deeper understanding of their nonlinear and FV behavior through 

theoretical modeling and numerical analysis, thereby offering a scientific basis for performance optimization 

and structural design in engineering applications. The novelty of the present work lies in formulating the 

governing motion equations by integrating the HTMM, first-order shear deformation theory (1st-SDT), and 

HP. 

2. Materials and Methods  

To investigate how different graphene block distributions influence the characteristics of FG-GPLRCs, the 

study first establishes the motion-control DEs based on the HTMM and HP. This is followed by a nonlinear 

mechanical analysis, after which the free-vibration behavior of the FG-GPLRC is examined.  

2.1. Kinetic Equation Building and Nonlinear Mechanical Analysis of FG-GPLRC 

The study first develops the kinetic equations to shed light on the relationship between the governing 

equations of motion and the mechanical characteristics of the material, thereby establishing a theoretical 

framework for further analysis. The FG-GPLRC is modeled as a rectangular plate structure. It consists of gra-

phene-reinforced composite layers of equal thickness, with each layer strengthened by graphene blocks serv-

https://doi.org/10.64486/m.65.2.8


Metalurgija/Metallurgy                                                                                     Vol. 65 No. 2 / 2026  
 

177 

 

https://doi.org/10.64486/m.65.2.8 

ing as the reinforcing phase. The length, width, and height of the FG-GPLRC are denoted by a, b, and h, re-

spectively, and the total number of layers is N. The four graphene block distribution patterns are shown in 

Figure 1.  

 

(a) U-GPLRC (b) X-GPLRC

(c) O-GPLRC (d) A-GPLRC

x

z

 

Figure 1. Four distribution patterns of graphene blocks 

In Figure 1, the darker color indicates a higher content of graphene reinforcement. The mass fraction (MF) 

of graphene varies gradually with the number of layers, and each graphene layer is assumed to be isotropic in 

the x-axis direction. In the Uniform-GPLRC (U-GPLRC), all layers contain the same amount of graphene, uni-

formly distributed throughout the matrix. In the Cross-GPLRC (X-GPLRC), the graphene content is highest in 

the surface layer and lowest in the middle layer. The Optimal-GPLRC (O-GPLRC) exhibits the opposite dis-

tribution, with graphene concentrated in the middle layer. In the Adversarial-GPLRC (A-GPLRC), the gra-

phene content increases progressively from the upper to the lower surface. The approximate expression for the 

Young’s modulus (YM), E, of the composite is given in Equation (1) [17].  

 

𝐸 =
3

8
𝐸𝐿 +

5

8
𝐸𝑟                     (1) 

 

In Equation (1), 𝐸𝐿 and 𝐸𝑟  denote the longitudinal and transverse moduli of unidirectional laminates, 

respectively. The HTMM was developed for evaluating the stiffness and swelling behavior of oriented 

short-fiber composites [18]. In this study, the Young’s modulus E of each graphene-flake-reinforced layer is 

estimated using the HTMM, as shown in Equation (2) [18].  

 

{
 
 

 
 𝐸 =

3+3𝜛𝐿𝜂𝐿𝑉𝐺𝐸𝑚

8(1−𝜂𝐿𝑉𝐺)
+

5+5𝜛𝑇𝜂𝑇𝑉𝐺𝐸𝑚

8(1−𝜂𝐿𝑉𝐺)

𝜂𝐿 =
(𝐸𝐺 𝐸𝑚⁄ )−1

(𝐸𝐺 𝐸𝑚⁄ )−𝜛𝐿

𝜂𝑇 =
(𝐸𝐺 𝐸𝑚⁄ )−1

(𝐸𝐺 𝐸𝑚⁄ )−𝜛𝑇

                      (2) 

 

In Equation (2), 𝐸𝐺  and 𝐸𝑚 denote the Young’s moduli of the graphene flakes and composites, respec-

tively. 𝑉𝐺 represents the volume fraction (VF) of graphene flakes. 𝜂𝐿 and 𝜂𝑇 denote the geometrical param-

eters of graphene flakes in the longitudinal and transverse directions, respectively, while 𝜛𝐿  and 𝜛𝑇  repre-

sent corresponding geometrical parameters of the graphene material. The effective Young’s modulus of the 

FG-GPLRC for different graphene block distribution modes is shown in Figure 2.  
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Figure 2. YM of FG-GPLRC under different distribution modes 

In Figure 2, the higher the content of graphene reinforcement, the higher the effective YM of the layer. 

According to the mixing criterion, the Poisson's ratio (PR) 𝜈 and mass density (MD) 𝜌 of each layer are cal-

culated as shown in Equation (3) [19]. 

 

{
𝜈 = 𝜈𝐺𝑉𝐺 + 𝜈𝑚𝑉𝑚
𝜌 = 𝜌𝐺𝑉𝐺 + 𝜌𝑚𝑉𝑚

               (3) 

 

In Equation (3), 𝜈𝐺  and 𝜈𝑚 denote the PR of graphene flakes and composites respectively . 𝜌𝐺  and 𝜌𝑚 

denote the MDs of graphene flakes and composites, respectively. 𝑉𝑚 is the VF of the composite. The 1st-SDT 

can more accurately describe the MB of medium-thickness structures and is specially suitable for engineering 

problems that consider the influence of transverse shear effects [20]. Therefore, it is used to construct the non-

linear dynamic equations of FG-GPLRC. According to the 1st-SDT, the displacement field (DF) of FG-GPLRC 

is shown in Equation (4) [20]. 

 

{
 

 𝑈(𝑋, 𝑌, 𝑍, 𝑡) = 𝑢(𝑋, 𝑌, 𝑡) + 𝑍
𝜕𝑈

𝜕𝑍
(𝑋, 𝑌, 𝑡)

𝑉(𝑋, 𝑌, 𝑍, 𝑡) = 𝑣(𝑋, 𝑌, 𝑡) + 𝑍
𝜕𝑈

𝜕𝑍
(𝑋, 𝑌, 𝑡)

𝑊(𝑋, 𝑌, 𝑍, 𝑡) = 𝑤(𝑋, 𝑌, 𝑡)

           (4) 

 

In Equation (4), 𝑡 denotes time. 𝑢(𝑋, 𝑌, 𝑡), 𝑣(𝑋, 𝑌, 𝑡), and 𝑤(𝑋, 𝑌, 𝑡) denote the mid-plane displacement 

components of the FG-GPLRC. Figure 3 shows the schematic diagram of the 1st-SDT. 
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Figure 3. Schematic diagram of 1st-SDT 

In Figure 3, the classical deformation theory assumes that the normal after deformation is still perpen-

dicular to the midplane and of constant length. The 1st-SDT assumes that the normal is straight and of constant 

length after deformation, but allows it to tilt while maintaining its length. The difference between the two 

theories lies in whether or not shear deformation is considered. Classical theory ignores shear deformation and 

is applicable to thin plate analysis. First-order theory, on the other hand, considers shear deformation and is 

applicable to thick plates or situations where shear deformation is significant. Equation (5) illustrates the non-

linear strain-displacement relationship of FG-GPLRC in accordance with the von Karmen geometric nonline-

arity principle [21]. 

 

{
𝜀𝑥𝑥 =

𝜕𝑢

𝜕𝑋
+ 𝑧

𝜕𝜑

𝜕𝑋
+

1

2
(
𝜕𝑤

𝜕𝑋
)2

𝛾𝑥𝑧 =
𝜕𝑤

𝜕𝑋
+ 𝜑

             (5) 

 

In Equation (5), 𝜀𝑥𝑥 denotes the strain component. 𝜑  denotes the angle of rotation of the cross-section at 

any point on the neutral axis. 𝑤 and 𝑢 denote the displacements along the Z-axis and X-axis directions. After 

obtaining the nonlinear strain displacement relationship shown in equation (5), the normal stress and shear 

stress at any point in FG-GPLRC can be determined based on the constitutive relationship, as shown in Equa-

tion (6) [21]. 

 

{
𝜎𝑥𝑥 = 𝑄11(𝑍)𝜀𝑥𝑥
𝜎𝑥𝑧 = 𝑘𝑄55(𝑍)𝛾𝑥𝑧

               (6) 

 

In Equation (6), 𝑄11(𝑍) and 𝑄55(𝑍) denote the degenerate stiffnesses. 𝑘 denotes the shear correction 

factor. HP utilizes the variational method to describe the laws of motion of a mechanical system and is com-

monly used to model the dynamics of systems with continuous mass and stiffness distributions [22]. Accord-

ing to HP, the NDE of motion of FG-GPLRC under dynamic loading is given in Equation (7) [22]. 
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{
 
 
 
 

 
 
 
 

𝜕𝐹𝑥𝑥

𝜕𝑋
+

𝜕𝐹𝑥𝑦

𝜕𝑌
= 𝐼0

𝜕2𝑢

𝜕𝑡2
+ 𝐼1

𝜕2𝜑𝑥

𝜕𝑡2

𝜕𝐹𝑥𝑦

𝜕𝑋
+

𝜕𝐹𝑦𝑦

𝜕𝑌
= 𝐼0

𝜕2𝑣

𝜕𝑡2
+ 𝐼1

𝜕2𝜑𝑦

𝜕𝑡2

𝜕𝑀𝑥𝑥

𝜕𝑋
+

𝜕𝐹𝑥𝑦

𝜕𝑌
− 𝐶𝑥 = 𝐼2

𝜕2𝜑𝑥

𝜕𝑡2
+ 𝐼1

𝜕2𝑢

𝜕𝑡2

𝜕𝑀𝑥𝑦

𝜕𝑋
+

𝜕𝐹𝑦𝑦

𝜕𝑌
− 𝐶𝑦 = 𝐼2

𝜕2𝜑𝑦

𝜕𝑡2
+ 𝐼1

𝜕2𝑣

𝜕𝑡2

𝜕𝐶𝑥

𝜕𝑋
+

𝜕𝐶𝑦

𝜕𝑌
+ ∆(𝑤) + 𝐹(𝑋, 𝑌, 𝑡) − 𝜇

𝜕𝑤

𝜕𝑡
= 𝐼0

𝜕2𝑤

𝜕𝑡2

          (7) 

 

In Equation (7), 𝐼𝑖  denotes the inertia term. 𝐹(𝑋, 𝑌, 𝑡) denotes the dynamic load. 𝜑𝑥 and 𝜑𝑦 are the ro-

tations of the cross-section about the x and y axes. 𝐶𝑥 and 𝐶𝑦 denote shear forces. 𝐹𝑥𝑥, 𝐹𝑥𝑦, and 𝐹𝑦𝑦 denote 

axial forces. 𝑀𝑥𝑥, 𝑀𝑥𝑦, and 𝑀𝑦𝑦  denote bending moments. After constructing the NDEs of motion of the 

FG-GPLRC, the nonlinear MB of the FG-GPLRC is further analyzed. Galyokin's method is applied to discretize 

the set of NDEs of motion of the FG-GPLRC. Equation (8) defines the non-dimensional displacements in order 

to meet the simply supported boundary conditions [23]. 

 

{
 
 
 

 
 
 𝑢

′ =
𝑢

ℎ
= ∑ ∑ 𝑢(𝑡)𝑐𝑜𝑠  𝑚𝜋

𝑋

𝑎
𝑠𝑖𝑛  𝑛𝐹

𝑓−1
𝑀
𝑚−1 𝜋

𝑌

𝑏

𝑤′ =
𝑤

ℎ
= ∑ ∑ 𝑤(𝑡)𝑠𝑖𝑛  𝑚𝜋

𝑋

𝑎
𝑠𝑖𝑛  𝑛𝐹

𝑓−1
𝑀
𝑚−1 𝜋

𝑌

𝑏

𝑣′ =
𝑣

ℎ
= ∑ ∑ 𝑣(𝑡)𝑠𝑖𝑛  𝑚𝜋

𝑋

𝑎
𝑐𝑜𝑠  𝑛𝐹

𝑓−1
𝑀
𝑚−1 𝜋

𝑌

𝑏

𝜑𝑥 = ∑ ∑ 𝜑(𝑡)𝑐𝑜𝑠  𝑚𝜋
𝑋

𝑎
𝑠𝑖𝑛  𝑛𝜋

𝑌

𝑏

𝐹
𝑓−1

𝑀
𝑚−1

𝜑𝑦 = ∑ ∑ 𝜑(𝑡)𝑠𝑖𝑛  𝑚𝜋
𝑋

𝑎
𝑐𝑜𝑠  𝑛𝜋

𝑌

𝑏

𝐹
𝑓−1

𝑀
𝑚−1

         (8) 

 

In Equation (8), 𝑣 denotes the displacement along the y-axis. 𝑢(𝑡), 𝑤(𝑡), 𝑣(𝑡), 𝜑(𝑡) denote the un-

known functions of non-dimensional time t. To simplify the calculation, the study ignores 𝑢, 𝑣, 𝑣, and 𝜑𝑦 

when constructing the differential control equations for the nonlinear motion of the FG-GPLRC. The final 

differential control equations obtained are shown in Equation (9). 

 

{
𝑤̈1 + 𝜁1𝑤̇1 + 𝜔1

2𝑤1 + 𝐾1𝑤1
3 + 𝐾2𝑤1𝑤2

2 = 𝜗1𝜅 cos (Ω1𝑡)

𝑤̈2 + 𝜁2𝑤̇2 + 𝜔2
2𝑤2 + 𝐾3𝑤2

3 + 𝐾4𝑤2𝑤1
2 = 𝜗2𝜅 cos (Ω2𝑡)

        (9) 

 

In Equation (9), 𝐾  is the stiffness coefficient. 𝜗  is the external excitation coefficient. 𝜁  denotes the 

damping coefficient. 𝜅 denotes the external excitation divided by 𝐸𝑚.Ω1 and Ω2 represent the angular fre-

quencies of the external excitations in two different modes. 

2.2. FV Analysis of FG-GPLRC 

The study analyzes the nonlinear MB of FG-GPLRC, but understanding its nonlinear properties alone is 

not sufficient to comprehensively assess the dynamic performance of the material in practical applications. 

Therefore, to further understand how well FG-GPLRC performs in vibration situations and to provide as a 

foundation for material design and optimization, the study also examines its FV behavior. FV is the term used 

to describe a system's vibration when no external stimulation is present. The inherent features of the system 

dictate its frequency, also known as the intrinsic frequency. FV happens following an initial disturbance to a 

system. In the presence of damping and in the absence of a continuous external force, the vibration's amplitude 

progressively decreases over time. Figure 4 displays the FG-GPLRC schematic diagram on an elastic basis. 
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Figure 4. Schematic diagram of FG-GPLRC on EF 

Elastic foundation (EF) is added beneath the FG-GPLRC matrix in Figure 4, but the physical characteris-

tics of the matrix remain the same as in the nonlinear mechanical analysis section. The Pasternak foundation 

(PF) model and the Hetenyi model are two common two-parameter models. The Hetenyi model is based on the 

Winkler model and introduces an elastic plate or elastic beam with a flexural stiffness DDD to simulate the 

interaction between the independent spring units. The Winkler model assumes that the foundation consists of 

a series of independent springs [24]. Each spring’s deformation is independent of the others, although it is 

proportional to the force applied to it. As a result, it fails to capture the continuity of the foundation soil and 

the action of shear stress. To address the limitations of the Winkler model in characterizing the continuous 

nature of real soil, the PF model was developed based on it [25]. Compared with the Hetenyi model, the PF 

model has a clearer physical meaning and performs better under different boundary conditions. Therefore, the 

PF model is used in this study. The EF consists of a Winkler foundation with elastic stiffness parameter 

k0k_0k0 and a PF shear layer with shear stiffness parameter k1k_1k1. The schematic diagram of the Pasternak 

and Hetenyi foundation models is shown in Figure 5. 

  

Y

Z

Distributed load

Elastic 
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Elastic 
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Y

Z

Distributed load Shear 

layer

(a) Hetenyi (b) Pasternak

Elastic 
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Figure 5. Schematic diagram of Pasternak and Hetenyi foundation models 

In Figure 5, the Hetenyi model consists of an elastic beam and an EF, and is mainly used to analyze the 

combined action of the beam and the foundation. The PF model consists of an EF and a shear layer, and is able 

to account for both the vertical stiffness and the horizontal shear stiffness of the foundation. Higher-order 

shear refinement plate theory (HO-SRPT) is a method used to analyze laminated composite structures. Le-

gendre polynomials are used to approximate the distribution of the DF along the thickness direction, which 

allows this method to better capture the transverse shear effect and interlaminar deformation. To more accu-

rately analyze the FV characteristics of the FG-GPLRC, this study uses HO-SRPT to construct the model. The 

DF of the FG-GPLRC with a rectangular plate structure is shown in Equation (10) [26].  

 

{
 

 𝑢
′ = 𝑢 − 𝑍

𝜕𝑤𝑏

𝜕𝑋
− (−

𝑍

4
+

5𝑍3

3ℎ2
)
𝜕𝑤𝑠

𝜕𝑋

𝑣′ = 𝑣 − 𝑍
𝜕𝑤𝑏

𝜕𝑌
− (−

𝑍

4
+

5𝑍3

3ℎ2
)
𝜕𝑤𝑠

𝜕𝑌

𝑤 = 𝑤𝑏 + 𝑤𝑠

            (10) 
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In Equation (10), 𝑤𝑏  is the bending portion of the lateral displacement. 𝑤𝑠 is the shear portion of the 

transverse displacement. The strain components in each direction are shown in Equation (11) [26]. 

 

{
 
 

 
 𝜀𝑥𝑥 =

𝜕𝑢

𝜕𝑋
+ 𝑧

𝜕2𝑤𝑏

𝜕𝑋2
+ (

5𝑍3

3ℎ2
−

𝑍

4
)
𝜕2𝑤𝑠

𝜕𝑋2

𝜀𝑦𝑦 =
𝜕𝑣

𝜕𝑌
+ 𝑧

𝜕2𝑤𝑏

𝜕𝑌2
+ (

5𝑍3

3ℎ2
−

𝑍

4
)
𝜕2𝑤𝑠

𝜕𝑌2

𝜀𝑥𝑦 =
𝜕𝑣

𝜕𝑌
+

𝜕𝑣

𝜕𝑋
+ 2𝑧

𝜕2𝑤𝑏

𝜕𝑋𝜕𝑌
+ 2(

5𝑍3

3ℎ2
−

𝑍

4
)
𝜕2𝑤𝑠

𝜕𝑋𝜕𝑌

           (11) 

 

The relationship between a material’s stress and strain within the range of elastic deformation is described 

by generalized Hooke’s law (GHL). In other words, a material’s stress and strain are proportional within the 

elastic limit, and the proportionality factor is the material’s elastic modulus. The GHL can be used to compute 

the stress components of each layer in the FG-GPLRC. Subsequently, the study constructs the DE of motion of 

the FG-GPLRC based on HP, as shown in Equation (12) [22].  

 

{
  
 

  
 ∫ (𝛿𝑇 − 𝛿𝑈 − 𝛿𝑊)𝑑𝑡 = 0

𝑡2
𝑡1

𝛿𝑇 = ∫ ∑ ∫ (
𝜕2𝑢′

𝜕𝑡2
+

𝜕2𝑣′

𝜕𝑡2
+

𝜕2𝑤′

𝜕𝑡2
)𝑑𝑋𝑑𝑌𝑑𝑍

𝑍𝑘+1
𝑍𝑘

𝑁
𝑘=1𝑉

𝛿𝑈 = ∫ ∑ ∫ (𝜎𝑖𝑗
𝑘𝛿𝜀𝑖𝑗

𝑘)𝑑𝑋𝑑𝑌𝑑𝑍, (𝑖, 𝑗 = 𝑋, 𝑌, 𝑍)
𝑍𝑘+1
𝑍𝑘

𝑁
𝑘=1𝑉

𝛿𝑊 = ∫ ∑ ∫ 𝛿 (𝑘0𝑤
′ − 𝑘1(

𝜕2

𝜕𝑋2
+

𝜕2

𝜕𝑌2
)𝑤′) 𝑑𝑋𝑑𝑌𝑑𝑍

𝑍𝑘+1
𝑍𝑘

𝑁
𝑘=1𝑉

        (12) 

 

In Equation (12), 𝛿𝑇 denotes the variational component of the kinetic energy of the system. 𝛿𝑈 denotes 

the variational component of the strain energy. 𝛿𝑊 is the variation of the virtual work of the external force. 

The boundary conditions for the FG-GPLRC on the EF are taken for four-sided simple supported as shown in 

Equation (13). 

 

𝐹𝑥𝑥 = 𝑀𝑥𝑥 = 𝑤𝑏 = 𝑤𝑠 = 0, (𝑥, 𝑦 = 0, 𝑎)           (13) 

 

The bending problem of a thin rectangular plate that is simply supported on all sides under multiple 

loads can be solved using the Navier solution. According to the Navier solution method, the displacement 

solution for the FV of the FG-GPLRC can be obtained as shown in Equation (14) [27].  

 

{
 
 

 
 

𝑢0(𝑋, 𝑌, 𝑡) = ∑ ∑ cos (
𝑚𝜋

𝑎
𝑋)𝑠𝑖𝑛(

𝑛𝜋

𝑏
𝑌)∞

𝑛=1
∞
𝑚=1

𝑣0(𝑋, 𝑌, 𝑡) = ∑ ∑ 𝑣1e
i𝒳tsin (

𝑚𝜋

𝐿
𝑋)𝑐𝑜𝑠(

𝑛𝜋

𝑏
𝑌)∞

𝑛=1
∞
𝑚=1

𝑤𝑏(𝑋, 𝑌, 𝑡) = ∑ ∑ 𝑤𝑏1e
i𝒳tsin (

𝑚𝜋

𝐿
𝑋)𝑠𝑖𝑛(

𝑛𝜋

𝑏
𝑌)∞

𝑛=1
∞
𝑚=1

𝑤𝑠(𝑋, 𝑌, 𝑡) = ∑ ∑ 𝑤𝑠1e
i𝒳tsin (

𝑚𝜋

𝐿
𝑋)𝑠𝑖𝑛(

𝑛𝜋

𝑏
𝑌)∞

𝑛=1
∞
𝑚=1

         (14) 

 

In Equation (14), 𝑢1, 𝑣1, 𝑤𝑏1, and 𝑤𝑠1 are the amplitude in each displacement direction. 𝑖 = √−1, 𝒳 is 

the intrinsic frequency at FV state. 𝑚 denotes the number of half-waves in the X direction and 𝑛 denotes the 

number of half-waves in the Y direction. 𝐿 represents the length of the plate substituting the FV displacement 

solution of the FG-GPLRC into the DE of motion, the equation of the intrinsic frequency of the FG-GPLRC in 

the FV state can be obtained, as shown in Equation (15) [28]. 

 

|[𝐻] − 𝒳2[𝑚]| = 0               (15) 

 

In Equation (15), [𝐻] denotes the stiffness matrix and [𝑚] denotes the mass matrix. The free vibration 

natural frequency of FG-GPLRC can be obtained from Equation (15), which forms the basis for evaluating the 
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dynamic performance of the material and is crucial for understanding the response of composite structures 

under free vibration. However, to universally compare the effects of different distribution patterns and elastic 

foundation parameters, the original natural frequencies are nondimensionalized in the results analysis to ob-

tain dimensionless natural frequencies. By solving Equation (15), a series of eigenvalues is obtained, where the 

square root of each positive real eigenvalue corresponds to a natural frequency. In typical plate vibration 

analysis, the first four natural frequencies are the most critical, as they jointly determine the fundamental dy-

namic characteristics of the structure in the free-vibration state. The stiffness and mass matrices are global 

matrices derived from the motion DE of the FG-GPLRC. Their specific forms depend on the material proper-

ties, geometric parameters, and boundary conditions. The stiffness matrix reflects the overall stiffness charac-

teristics of the structure, including the influence of the EF, while the mass matrix represents the inertia distri-

bution of the structure.  

3. Results 

To investigate how different graphene block distribution modes, affect the vibration characteristics of the 

FG-GPLRC, the DEs of motion are established. The nonlinear mechanical and FV behaviors of the FG-GPLRC 

are then analyzed in depth to better understand its vibration and mechanical characteristics. 

3.1. Nonlinear Mechanical Analysis Results of FG-GPLRC 

In nonlinear vibration analysis, the resonance peak (RP) refers to the frequency at which the response 

amplitude of the system reaches a local maximum under periodic excitation. The first RP corresponds to the 

structure's lowest natural frequency (first mode), while the second peak corresponds to its second lowest fre-

quency (second mode), which is usually caused by more complex deformation modes. In the study, graphene 

is used as the reinforcement and polymer epoxy resin is used as the substrate, and the length, width, and 

height of FG-GPLRC are 1 m, 1 m, and 0.05 m, respectively, and the number of layers is 10. The graphene sheet 

has a density of 1.06 g/cm3, a YM of 1.01 TPa, and a total MF of 1 %. The density of FG-GPLRC is 1.2 g/cm3 and 

YM is 3 GPa. The variation of the RP of the first two orders of modes for the upscaled sweep excitation is 

shown in Figure 6. 
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Figure 6. Changes in RPs of the first two modes excited by frequency up sweep excitation. 

The first-order RP of the O-GPLRC progressively increases as the number of layers grows, as shown in 

Figure 6(a). When the number of layers reaches 20, it attains a value of 0.41. The first-order RPs of the 

A-GPLRC and X-GPLRC gradually decrease. At 20 layers, their RPs are 0.27 and 0.30, respectively. The 

first-order RP of the U-GPLRC does not show any significant change and remains stable at approximately 0.35. 
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As the number of layers increases, the patterns of the second-order RPs of the A-GPLRC, O-GPLRC, U-GPLRC, 

and X-GPLRC follow the same trends as the first-order RPs, as shown in Figure 6(b). However, the overall 

second-order RPs are all lower than the first-order values, with the second-order RP of the A-GPLRC remain-

ing the lowest at 0.17 when the number of layers is 20. 

This behavior arises because, in the O-GPLRC distribution pattern, graphene is mainly concentrated in the 

middle layer. Increasing the total number of layers makes the core region relatively thicker, which enhances 

the overall bending stiffness and amplifies the resonance response. In contrast, the A-GPLRC and X-GPLRC 

distribution modes contain higher graphene concentrations near the surface layers. As the number of layers 

increases, this results in an average high-stiffness surface-layer effect. Although the overall stiffness increases, 

the damping characteristics also change, leading to a weakened resonance response. Due to its uniform dis-

tribution, the RP of the U-GPLRC remains stable. Therefore, the subsequent analysis focuses only on three 

distribution patterns: O-GPLRC, U-GPLRC, and X-GPLRC. The variation of the RP under different FG-GPLRC 

lengths is shown in Figure 7. 
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Figure 7. Changes in RPs of the first two modes under different FG-GPLRC lengths. 

In Figure 7(a), the first-order RPs in all three distribution modes gradually increase as the FG-GPLRC 

length increases. Among them, the first-order RP of O-GPLRC is the highest, reaching 1.11 when the length is 

1.8 m. The first-order RP of the X-GPLRC is initially lower than that of the U-GPLRC, but becomes higher once 

the length exceeds 1.5 m. When the length is 1.8 m, the first-order RP of the U-GPLRC is 0.75. The intersection 

of the X-GPLRC and U-GPLRC curves occurs because the two distribution patterns exhibit different sensitivi-

ties to changes in the structural length. For shorter lengths, the overall stiffness of the U-GPLRC is comparable 

to or slightly higher than that of the X-GPLRC. However, when the length exceeds a critical value of approx-

imately 1.5 m, the surface-enhancement effect in the X-GPLRC becomes more pronounced. This leads to a 

higher RP than that of the U-GPLRC, resulting in the intersection observed in the graph. This crossover be-

havior reflects the dependence of different gradient distribution patterns on structural size. 

In Figure 7(b), as the length of the FG-GPLRC increases, the second-order RPs for all three distribution 

modes also increase, although the rate of increase is lower than that observed for the first-order RPs. The sec-

ond-order RP of the O-GPLRC remains the highest, reaching 0.83 when the length is 1.8 m. These results in-

dicate that longer FG-GPLRC structures are more prone to vibration and exhibit reduced mechanical perfor-

mance. Figure 8 shows how the RP of the FG-GPLRC varies under different MFs. 
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Figure 8. Changes in RPs of FG-GPLRC at different mass fractions. 

As the MF increases, the first-order RPs of the three FG-GPLRC distribution patterns progressively de-

cline, as shown in Figure 8(a). This is because increasing the graphene MF significantly enhances the material’s 

overall stiffness, thereby suppressing the vibration response amplitude. Among them, the first-order RP of the 

O-GPLRC is the highest. When the MF is 0.017, the RP is 0.34. The first-order RP of the X-GPLRC is the lowest; 

when the MF is 0.018, the RP is 0.25. This trend is consistent with the findings of Merzouki et al. [6], indicating 

that the gradient distribution of the reinforcing phase has a decisive impact on the dynamic behavior of the 

structure. 

In Figure 8(b), the second-order RPs in all three distribution modes also gradually decrease with increas-

ing MF. Moreover, the second-order RPs are lower than the first-order RPs. The second-order RP of the 

O-GPLRC remains the highest; when the MF is 0.017, the RP is 0.25. These results show that appropriately 

increasing the graphene MF in FG-GPLRC can effectively suppress vibration and improve mechanical per-

formance. 

When a half-sine pulse with an amplitude of 1 is applied to the FG-GPLRC in different distribution 

modes, the variation of the RP for different numbers of layers and MFs is shown in Figure 9. 
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Figure 9. Changes in RPs under different layers and mass fractions. 
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The RP of the O-GPLRC progressively increases as the number of layers grows, as shown in Figure 9(a). 

The RP of the X-GPLRC gradually decreases, while the RP of the U-GPLRC shows no significant change and 

stabilizes around 0.69. In Figure 9(b), the RPs in all three distribution modes decrease as the MF increases. 

Among them, the RP of the O-GPLRC is the highest; when the MF is 0.017, the RP reaches 0.59. This result 

further confirms that adjusting the gradient distribution and graphene content effectively controls the impact 

resistance of composite materials. This finding is consistent with the “stiffness designability” observed by 

Zhao et al. [8] in functionally graded rotating structures.  

3.2. FV Analysis Results of FG-GPLRC 

The variation of FG-GPLRC non-dimensional natural frequency (NDNF) at different values of 𝑘0 and 𝑘1 

is shown in Figure 10. 
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Figure 10. Variation of non-dimensional natural frequency of FG-GPLRC. 

In Figure 10(a), when 𝑘0 = 100, the NDNF of X-GPLRC gradually increases as the number of the layers 

increases. When the number of layers reaches 20, the NDNF is 0.142. The NDNF of the U-GPLRC does not 

change with the number of layers. As the number of layers increases, the NDNF of the A-GPLRC and 

O-GPLRC steadily decreases, and when the number of layers is 20, the NDNF values is 0.115 and 0.103, re-

spectively. In Figure 10(b), the trend of the NDNF of the four distribution patterns when 𝑘1 = 100 is con-

sistent with the trend observed when 𝑘0 = 100. However, the overall NDNF values are higher. These results 

suggest that increasing the number of layers can appropriately improve the intrinsic frequency of the 

FG-GPLRC.  

The variation of the NDNF of FG-GPLRC under different elastic foundations (EFs) with different aspect 

ratios (ARs) is shown in Figure 11. 
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Figure 11. Variation of the non-dimensional natural frequency under different EFs  

In Figure 11(a), for all four distribution patterns, the NDNF of the FG-GPLRC under the Winkler EF pro-

gressively decreases as the AR increases. Among them, the NDNF of the X-GPLRC is the highest; when the AR 

is 4, the NDNF is approximately 0.124. This behavior is mainly attributed to the high graphene content near the 

surface layers of the X-GPLRC, which effectively enhances the bending stiffness. This result is consistent with 

the findings of Gao et al. [7]. Their study also showed that a surface-enhanced gradient mode can more effec-

tively influence the displacement distribution and the overall stiffness of the structure. 

In Figure 11(b), under the Pasternak EF, the NDNF of the FG-GPLRC in all four distribution patterns also 

gradually decreases as the AR increases. Furthermore, once the AR exceeds 2, its influence on the NDNF be-

comes progressively weaker. 

To further examine the effect of different matrix materials on the characteristics of the FG-GPLRC, the 

study uses the X-GPLRC as an example and considers epoxy resin, aluminum alloy, and titanium alloy as 

matrix materials. The corresponding Poisson’s ratios are 0.35, 0.31, and 0.35; the densities are 1210 kg/m³, 2690 

kg/m³, and 4500 kg/m³; and the Young’s moduli are 3 GPa, 70 GPa, and 100 GPa, respectively. Figure 12 illus-

trates how the inherent frequencies of the FG-GPLRC vary with different matrix materials. 
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Figure 12. Natural frequencies of the FG-GPLRC under different matrix materials.  
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In Figure 12(a), as the number of layers increases, the intrinsic frequency of the FG-GPLRC with titanium 

and aluminum alloy matrices first increases and then decreases. The intrinsic frequency of the FG-GPLRC with 

an epoxy resin matrix is the lowest among the three. In Figure 12(b), the ratio of the intrinsic frequency to the 

density of the matrix is the highest for epoxy resin, reaching approximately 0.17. These results indicate that 

although a metal matrix can provide higher absolute stiffness, an epoxy resin matrix offers greater advantages 

for achieving lightweight design. Such a design can significantly reduce structural weight while maintaining 

acceptable frequency performance.  

4. Discussion and Conclusion 

To investigate the distributional effects of the FG-GPLRC, this study established the DEs for motion con-

trol based on the HTMM and HP, and analyzed both the nonlinear and FV behaviors of the FG-GPLRC. The 

results indicate that gradient distribution patterns such as the O-GPLRC and X-GPLRC can significantly reg-

ulate the vibration response and natural frequencies of the structure, performing better than the uniform dis-

tribution (U-GPLRC). In addition, increasing the MF of graphene effectively enhances the material’s stiffness 

and suppresses vibration, whereas increasing the structural size reduces dynamic stability. Among the results, 

the second-order RP of the O-GPLRC was the highest, reaching 0.25 when the MF was 0.017. As the number of 

layers increases, the resonance peak of the uniform distribution mode remains unchanged and stabilizes at 

approximately 0.69. The ratio of intrinsic frequency to matrix density is the highest for the epoxy resin matrix, 

at about 0.17. 

In summary, different graphene block distribution patterns exhibit varying effects on the mechanical en-

hancement of the FG-GPLRC. A reasonable increase in the graphene MF can effectively improve these prop-

erties. However, this study focuses solely on the nonlinear and FV behaviors of the FG-GPLRC. Other me-

chanical behaviors, such as bending under thermal environments, should be examined in future. 
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