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THE MESHING STIFFNESS CHARACTERISTICS OF VARIABLE
HYPERBOLIC CIRCULAR ARC TOOTH TRACE CYLINDRICAL
GEARS UNDER INSTALLATION ERRORS

Summary

To investigate the impact of installation errors on the meshing performance of variable
hyperbolic circular arc tooth trace (VH-CATT) cylindrical gear transmission systems, this study
examines the time-varying meshing stiffness characteristics under the influence of such errors.
First, based on the VH-CATT cylindrical gear forming principle, a precise three-dimensional
model was established after deriving tooth surface equations. Second, the tooth face load and
meshing stiffness of VH-CATT cylindrical gears were calculated using tooth contact analysis
(TCA) and load tooth contact analysis (LTCA) models. Finally, the effects of different
mounting errors on the meshing stiffness of VH-CATT cylindrical gears were examined. The
study conclusively shows that the centre distance installation error, the axial installation error,
and the rotational installation error around the gears’ centre line direction (for the y-axis) exert
a pronounced effect on both the single-tooth stiffness and the meshing stiffness characteristics
of VH-CATT cylindrical gears. The rotational installation error around the normal direction of
the gear centre line (for the x-axis) notably affects the single-tooth stiffness characteristics of
the VH-CATT cylindrical gears, yet it exhibits limited sensitivity towards the meshing stiffness
characteristics. These findings provide a technical basis for reducing vibration and noise,
improving load carrying capacity, and optimising the tooth surface design of VH-CATT
cylindrical gears.

Key words: variable hyperbolic circular arc tooth trace cylindrical gear; load tooth
contact analysis; installation error; meshing stiffness.

1. Introduction

The VH-CATT cylindrical gear is a newly proposed cylindrical gear. The middle cross-
section boasts a tooth profile curve that conforms to a theoretical involute, while the parallel
end-face tooth profile curves, aligned with the middle cross-section, are enveloped by diverse
hyperbolas. The direction of the tooth line follows an arc-shaped curve [1]. Zhao devised a
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comprehensive approach to determining the parameter range spanning the entire tooth surface,
thereby facilitating the formulation of an all-inclusive tooth surface equation for VH-CATT
cylindrical gears [2]. Zhang developed a range of modular division schemes to facilitate the
rapid design of the machine tool in accordance with the functional requirements of the rotary
cutter head cutting machine tool [3-4]. Wu investigated the influence of machine tool errors
on machined tooth surfaces, deriving the error tooth surface equation. In addition, he
pioneered the establishment of an LTCA model tailored specifically for VH-CATT
cylindrical gears [5-7]. Guo proposed an analytical solution method aimed at investigating
the influence of various parameters on the contact ellipse of VH-CATT cylindrical gears [8].
Liu conducted a tooth contact analysis specifically targeted at the modified VH-CATT
cylindrical gears. The author’s analysis aimed at evaluating the contact behaviour and
performance of gears after undergoing the modification process [9]. Liang analysed the
kinematic relationship between the spindle and cutter head of the machine tool based on
cutting principles and investigated the motion stability of the spindle-cutter head system.
Additionally, the study explored the impact of geometric error sources on the errors in the
tooth surface of the gears processed by the specialised VH-CATT gear machine [10-11]. Wei
proposed a comprehensive tooth surface wear prediction model specifically tailored for VH-
CATT cylindrical gears, and studied the variation patterns of tooth surface wear that take into
account assembly errors. This work significantly advances the understanding and prediction
of the durability and performance of such gears under real-world operating conditions [12-
13]. Ma analysed the meshing impact characteristics of VH-CATT gear, performed design
modifications to the tooth surface, and conducted a contact analysis for the modified gear [14-
17]. In summary, significant progress has been made in VH-CATT cylindrical gears,
particularly in tooth surface forming methods, contact properties, manufacturing and tooth
surface wear, and notably in meshing properties and forming methods.

Installation errors in gears can adversely affect their meshing capability, subsequently
leading to increased vibration and noise within the system. Consequently, investigating the
impact of installation errors on the meshing performance of gears is instrumental in mitigating
noise and vibration in gear systems. Luo introduced a novel kinematic model for gear meshing,
and, based on this model, he calculated the meshing stiffness of both healthy and faulty gears
under the assumptions of standard installation and time-varying errors in the centre distance
between gears [18]. Ahmed Shehata utilised three different pieces of software to analyse
variation in the contact position and root stress of helical gears caused by misalignment and
tooth profile deviation [19]. Paras Kumar conducted experimental research to examine how
installation mistakes affect the gear contact area and failure mechanisms [20-21]. Lii carried
out a tooth surface load contact analysis on drum gears with installation errors [22]. Song
conducted a study on the impact of machine tool installation errors on the meshing
performance of small module spiral bevel gears [23]. Zhao analysed the meshing
characteristics of modified spur gear pairs under various assembly error conditions. The study
delved into the intricate relationships between assembly errors, the tooth modification
parameters, and their combined effects on the meshing behaviour of the gear pairs [24]. The
study of VH-CATT cylindrical gears under installation errors has a solid theoretical and
technological foundation thanks to the aforementioned studies on the meshing performance
of gear transmission systems taking installation errors into consideration.

Meshing stiffness plays a crucial role as an excitation parameter in the strength
assessment and dynamic analysis of gear structures [25-27], serving as the primary source of
vibration and noise, thus exerting significant influence on the performance of gear
transmission systems. Currently, the calculation methods for gear meshing stiffness primarily
include the experimental method, the finite element method, and the analytical method. This

20 TRANSACTIONS OF FAMENA L-1 (2026)



The Meshing Stiffness Characteristics of Variable Hyperbolic B. Jiang, Y. Wei, S. Wang,
Circular Arc Tooth Trace Cylindrical Gears under Installation Errors J. Zhang, D. Ma, L. Luo, J. Long

experimental methodology requires sophisticated equipment, specialised measurement
techniques, and stringent hardware demands. When employing a finer mesh of a larger scale
along with appropriate boundary conditions, the finite element method (FEM) yields results
that are more accurate and reliable, frequently serving as a benchmark for comparison and
validation against other methodologies. However, it is characterised by lengthy calculation
processes and limited generalisability of the model. While analytical methods offer high
precision, there are significant challenges in further enhancing the accuracy of gear stiffness,
particularly when calculating the meshing stiffness of gears with complex tooth surface
structures. The complexity of such calculations is a formidable challenge. Marafona Joao
proposed a model for the fast and accurate calculation of meshing stiffness under asymmetric
tooth pairs, using extensive simulations to evaluate how asymmetry affects the meshing
stiffness, dynamic displacement, and load distribution of the gears [28]. Pedrero José
developed a computational model to determine gear mesh stiffness through the precise
calculation of contact line length. This effectively led to improvements in the precision of
mesh stiffness calculations [29]. Wen devised an innovative analytical algorithm grounded in
the slicing method, enabling the precise calculation of meshing stiffness in gears of variable
thickness. To validate the veracity of this approach, the author used the finite element method,
which subsequently underwent rigorous error analysis to ensure its accuracy [30]. Zou
established an iterative model for meshing stiffness that takes into account variation in the
mesh phase difference caused by angular misalignment errors [31]. Liu proposed a meshing
stiffness and transmission error correction algorithm for helical gears, taking into
consideration the root transition curve [32]. Cai employed a hybrid approach that integrates
differential equations with finite element methods to solve mesh stiffness under various
conditions of tooth surface roughness [33]. To accurately calculate the mesh stiffness of spiral
bevel gears under various operating conditions, scholars have independently proposed diverse
methodologies. Each of these approaches aims to address the complexity and specificity of
the gear system, ensuring that the resulting mesh stiffness calculations are precise [34-35].
Sanchez Miryam performed detailed calculations to quantify the mesh stiffness of profile-
modified spur gears, taking into account the influence of surface wear [36]. The researchers
mentioned have devised diverse methodologies for assessing gear mesh stiffness,
predominantly centring on conventional gears such as spur, helical, and spiral bevel types.
Nevertheless, there is a notable gap in the literature concerning the mesh stiffness analysis of
gears featuring intricate tooth surface geometries. The aforementioned investigative
approaches serve as a valuable theoretical and technical framework for computing the mesh
stiffness of VH-CATT cylindrical gears, taking into account potential installation errors.

While numerous researchers have extensively studied the meshing performance of gears
considering installation errors, relatively few studies have focused specifically on the
influence of these errors on mesh stiffness characteristics. This is particularly evident in the
case of complex tooth surface structures like those found in VH-CATT cylindrical gears,
where investigations into how installation errors affect their mesh stiffness properties remain
limited. To address this gap, this paper proposes a method for calculating the meshing
stiffness of VH-CATT cylindrical gears by integrating the TCA model with the LTCA model.
Furthermore, the study concludes with an analysis of the impact of axial installation errors,
centre distance installation errors, rotational installation errors around the gear centre line
direction (for the y-axis), and rotational installation errors around the normal direction of the
gear centre line (for the x-axis) on the meshing stiffness of VH-CATT cylindrical gears.

TRANSACTIONS OF FAMENA L-1 (2026) 21



B. Jiang, Y. Wei, S. Wang, The Meshing Stiffness Characteristics of Variable Hyperbolic
J. Zhang, D. Ma, L. Luo, J. Long Circular Arc Tooth Trace Cylindrical Gears under Installation Errors

2. Accurate modelling of VH-CATT cylindrical gears

The coordinate system of the VH-CATT cylindrical gear machine tool system is
illustrated in Fig. 1, where O, —x,y,z, is the tool static coordinate system; O, —x,y, z, is the
coordinate system of the big cutting tool disc movement; O, —x,y,z, signifies the static
coordinate system of the gear blank, while O, —x,y,z, represents the dynamic coordinate

system of the same gear blank; R; is the radius of the indexing circle of the processed gear; Rt
is the tooth line radius; ¢; is the rotational angle of the gear to be machined in the machining
process; 6; is the rotation angle of the cutterhead; and w1 and w: represent the rotational angular
velocities of the cutting tool and the gear blank, respectively.

Gear Blank [

Fig. 1 VH-CATT cylindrical gear machining coordinate system

Using the principles of gear meshing and the relative motion between the cutting tool and
the gear blank, the position vector of the cutting tool is transformed from the coordinate system
O, —x,y,z, to the coordinate system O, —x,y,z,, which is fixed to the gear being processed.

Based on the detailed derivation process outlined in reference [2], Eq. (1) expresses the tooth
surface equation of the VH-CATT cylindrical gear in the coordinate system O, —x,y,z,:

x, =[-Acosf,+ R, + Ry |cosg, +(u,cosa—R )sing,

Y, =[Acos€l. —R; —&@]sin(pi +(u, cosa—R,)cos ¢,
z,=Asino,

A=Fu;sima+R i%m (1)

cos 6, (RT iij—(Rigoi +R,;)

u, =tsina
cos 6

where a is the pressure angle; m is modulus; u; is the distance between a point on the cutter
surface and the pitch point along the generatrix direction.

According to Eq. (1), the selected gear design parameters are as follows: tooth number
21=29, zp=41, modulus m=8 mm, pressure angle a=20°, tooth width B=80 mm, cutter radial
R7t=200 mm. MATLAB is used to create the mathematical model of the gear tooth's tooth
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flank, as shown in Fig. 2. The MATLAB calculation data were imported into UG three-

dimensional modelling software for three-dimensional solid modelling and for the obtained
3D, as shown in Fig. 3.

50

E
-
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1200 10
10 0
vy, (mm) X, (mm)
Fig. 2 Point cloud of tooth surface Fig. 3 Three-dimensional model

3. Tooth contact analysis model of the VH-CATT cylindrical gear

In the process of analysing the meshing contact between gear tooth surfaces, it is
essential to transform the equations of the tooth surfaces into a unified coordinate system
through coordinate transformations so as to ensure accurate meshing between the pinion and
the gear. To establish a TCA model for the VH-CATT cylindrical gear that accounts for
mounting errors, a coordinate system for gear pair meshing that takes into account such errors
is established as in Fig. 4, where O, —x,y,z, is the fixed coordinate system of the pinion

without installation error; O,—x,y,z, represents the pinion's coordinate system after

incorporating the centre distance installation error De; O, —x,y z, represents the pinion's

a

coordinate system after incorporating the axial installation error Da; O, —x,y,z, is the pinion

n

dynamic coordinate system; O, —x,y,z, 1s the gear fixed coordinate system without
installation error; O, —x,y,z, is the coordinate system after the installation error 8, of the
gear rotational around the y-axis; O, —x y z_is the coordinate system after the installation

error f, of the gear rotational around the x-axis; O, —x, v, z, 1s the gear dynamic coordinate

system. M denotes the instantaneous meshing point between the gear pair, while n represents
the common normal vector to this instantaneous meshing point. y, and w, represent the
engagement angles of the pinion and the gear, respectively; R, and R, respectively represent
the pitch radius of the pinion and the gear.

In the relative position relationship between coordinate systems as in Fig. 4, the
corresponding coordinate transformation matrix is introduced to obtain the conditions for

achieving continuous cutting and touching of the two tooth surfaces, as shown in Egs. (2)
and (3):

1, (v,.0,.0,)=M,(v,) (0,0,

(2)
n,(v,.0,.0,)=L,(v,)n 0,0,

rmp (Wg’em’%n):Mpm (l//g)'rm (em’CD’")

3)
P (Wg’gm’(DM) - me (l//g)'nm (0’"’¢m)
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where M), and L, are the transformation matrices from the coordinate system O, —x,y, z, to
the coordinate system O, —x,y,z,, as shown in Egs. (4) and (5); Mpn and Ly are the
transformation matrices from the coordinate system O, —x, v,z to the coordinate system
0,-x,y,z,,as shown in Egs. (6) and (7).

Yok Ve Yy A
‘: / /))x P # " /,/
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i x}’
— | Og,oy,ox,(/)m/"‘gy X
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Fig. 4 Meshing coordinate system of gear pair under installation errors.

cosy, siny, 0 0
_|—siny, cosy, 0 De @
G 0 1 Da
0 0 0 1
cosy, siny,
L, =|-siny, cosy/p (5)
0
[ cos B, cosy, —cos S, siny, —sin f3, 0 |
cos B siny cos . cosy
NG T sinfeosf, R+R
u —sin S sin B cosy, +sinf sinf siny, 7 .
e sin B, siny, sin B, cosy, — ©)
) ) i cos 5. cos B 0
+cos S, sin 8 cosy, cosf3 sinf3 siny, ’
i 0 0 0 1|
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cos B, cosy, —cos 3, siny, —sin j3,
cos B, siny, cos . cosy, '
L,=| . _ ' . . —sin f3, cos 3, (7
—sin 8 sin 8, cosy, +sin S, sin S siny,
sin 3, siny/, sin 3, cosy/,,
. ) ) cos S, cos 3,
+cos S, sin 8 cosy, —cos B sin B siny,

Therefore, the mathematical model of tooth contact analysis expressed in the coordinate
system O, —x,y z, can be obtained as shown in Eq. (8):

r, (¥,.0,.90,)=1,,(¥,.0,.0,)

(8)
nnp (Wp’en’¢n) = nmp (l//g’em’wm)
By inputting the engagement angle of the pinion v, Eq. (8) and the specific results of 6,,
®n, Om, @m, and e can be solved. Then, the coordinates of the contact points on the two meshing
tooth surfaces and the normal vectors at the contact points can be determined.

4. Load tooth contact analysis mathematical model

Load Tooth Contact Analysis (LTCA) is an important gear design technology. Before the
trial production of gear products, high-precision computer simulation of the meshing process
of gears under load is carried out to obtain the working performance of the designed gears under
quasi-real working conditions.

The tooth contact deformation model is shown in Fig. 5. Fig. 5(a) shows the single-tooth
pair contact deformation, and Fig. 5(b) is the double-tooth pair contact deformation. X, is the

pinion tooth surface, X, is the gear tooth surface, and M is the meshing point. After the gear

!

teeth are loaded, the contact line can be regarded as the contact of numerous points. j and j
represent arbitrary discrete points on the instantaneous contact line between the two tooth
surfaces, and w; represents the normal clearance at that specific point. F; and Fj denote the
normal loads, and the contact deformation under the influence of load P is represented by u;
and u;. When a gear is subjected to a load P, it undergoes a normal displacement denoted by s..
According to reference [37], the deformation compatibility equation pertaining to the scatter
point j can be elegantly formulated as:

0,

Sz

* 0O,

Fi F; Fi
di

° 0 I I I s

(a) Contact deformation of a single-tooth pair (b) Contact deformation of a double-tooth pair

Fig. 5 Gear load contact deformation model
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(Zf +Zf]F tw, =5 +d,, 9)

where d; represents the residual clearance of the tooth surface. In the scenario where the tooth
surface comes into contact at the discrete point j, it follows that d; = 0, F; > 0. Conversely, if
there is no contact at the discrete point j, then d; > 0, F; = 0. The compliance coefficients of the
main driven gear are denoted by fjx and fjx, respectively.

Considering multiple-tooth contact, the comprehensive deformation compatibility
equation is elegantly formulated in a matrix representation as:

S F +w, =se+d, h=1I1, (10)

where § denotes the flexibility matrix of the tooth surface contact points, F represents the load
matrix applied to the contact points, w is the initial clearance matrix of the tooth surface prior
to deformation, d signifies the residual gap matrix after deformation at the tooth surface's
contact points, and /4 stands for the total number of teeth in contact.

The tooth surface flexibility matrix is one of the key technologies of gear load contact
analysis. This study utilises a secondary development approach that combines ABAQUS and
MATLAB to establish a finite element model. Through this model, the flexibility coefficients
of the tooth surface after loading are calculated, enabling the derivation of the flexibility matrix
for the nodes on the tooth surface. Subsequently, a hybrid interpolation method based on the
principle of virtual work is adopted to calculate the flexibility matrix of the discrete contact
points on the major axis of the instantaneous contact ellipse. The specific and detailed
interpolation process is described in references [7,37].

Unit normal load £ U. Magnitude

+1.210e-05
+1.109¢-05
+1.008¢-05

+9.071e-06

+8.063e-06
+7.055¢-06
+6.048¢-06
+5.040¢-06
+4.032¢-06
+3.024¢-06
+2.016e-06
+1.008¢-06
+0.000e+00

Fig. 6 Node load Fig. 7 Tooth surface node deformation

Fig. 6 shows the unit normal load applied on the tooth surface node of the gear, and Fig. 7
is the tooth surface node deformation. The primary modelling procedures and parameter
configurations for the finite element model are as follows:

1. Material properties: The master and slave gears have a density of 7.8x10 T/mm3,
Young's modulus of 2.1x10° MPa, and Poisson's ratio of 0.3.

2. Element type definition: Hexahedral linear reduced-integration elements (C3D8R) are
utilised.

3. Analysis settings: An implicit static analysis algorithm is employed with large
deformation enabled. The initial time step size is set to 0.001.

4. Meshing: For the tooth profile direction, the mesh size in areas of tooth surface contact
and tooth root regions is specified as 0.06 mm, while the mesh size in the tooth width
direction is set to 2 mm.

26 TRANSACTIONS OF FAMENA L-1 (2026)



The Meshing Stiffness Characteristics of Variable Hyperbolic B. Jiang, Y. Wei, S. Wang,
Circular Arc Tooth Trace Cylindrical Gears under Installation Errors J. Zhang, D. Ma, L. Luo, J. Long

5. Boundary conditions: Coupling constraints are established between the gear's rotational
centre and its inner cylinder. The boundary conditions are applied at the coupling point
to constrain all degrees of freedom of the gear.

6. Load application: A unit load of 1 N normal force is applied to the nodes on the meshed
tooth surface of the second gear tooth, as illustrated in the established finite element
model.

Based on the principles of non-embedding, force equilibrium, and deformation
compatibility, a mathematical model was constructed to represent the contact equilibrium state
of tooth surfaces under loading conditions:

/ =min [%(PTS)P}

w,=—S,F, +se+d, h=1I1

n (11)

T = Z(dilnIEl +diIInIIEII)
i=0

St:d,>0(d; =0)|F,=0(F, >0),5.20,F, >0

where P=[ Fr; Fn ]; $=[810;08u |; /=1, 2,..., 2n.

The reduction of the transmission system's deformation energy is the goal of nonlinear
programming. The parameters S, w, T and n in Eq. (11) are known parameters, and the
parameters to be solved are P, s. and d. Based on the discrete load calculated by the nonlinear
mathematical programming model, Eq. (12) can be used to compute the contact tooth pair's
instantaneous load distribution coefficient L:

2
L == h=L1I . (12)
p

After applying a load of 7= 1000 N-m to the gear pair, the computational results reveal
the load distribution across the tooth surface as depicted in Fig. 8, with the maximum load
highlighted in Fig. 9. Based on the analysis of the load distribution on the tooth surface, it can
be observed that the load in the single-tooth mesh area (I) is significantly higher than that in the
double-tooth mesh area (II-1 and II-2), with the load being concentrated towards the middle of
the tooth width.

i

110 15 120 125
Gyration radius R/mm

Fig. 8 Load distribution on tooth surface Fig. 9 Tooth surface maximum load
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5. Meshing stiffness calculation of the VH-CATT cylindrical gear

The time-varying meshing stiffness represents the combined stiffness of all pairs of teeth
engaged in a complete meshing cycle. Due to the continuous nature of gear transmission, the
number of meshing teeth constantly varies between one and two over time, leading to
corresponding changes in the meshing stiffness during each meshing period. The definition of
mesh stiffness refers to the proportionality coefficient, which describes the direct
proportionality between the normal load applied to the gear teeth and the normal deformation
displacement of the gear teeth within the elastic range. Therefore, the mesh stiffness & can be
derived from the ratio of the normal load p along the contact line to the normal contact
deformation s. within one engagement cycle, as shown in Eq. (13). The values of p and s: in the
equation can be computed using LTCA. The calculation process is shown in Fig. 10.

=L (13)
S

z

The LTCA analysis results indicate that the normal deformation of multiple pairs of tooth
meshing simultaneously is consistent due to the deformation coordination conditions.
Additionally, the tooth surface loads involved in the meshing gear are different due to the
varying flexibility coefficients of different contact points. Utilising both Eq. (13) and Eq. (12),
it is possible to calculate the single-tooth stiffness ks during the meshing and disengagement
process of the gear teeth.

k=1,% (14)
S

z

Mathematical model of tooth surface

|

Design parameters of gear pair

|
v v
The TCA model is established to calculate the
geometric contact parameters of the tooth surface

! |

Calculate the deformation of the node after
applying the unit normal load

| ]
v

Compliance matrix of tooth surface contact point
is calculated

|

Developed LTCA model

|

The normal deformation of tooth surface contact
and tooth surface load are calculated

|

Integrated mesh stiffness

Developed 3D models and finite element models

Calculate the tooth surface clearance of the gear

Fig. 10 Comprehensive stiffness calculation process

Fig. 11 represents the comprehensive meshing stiffness of the VH-CATT cylindrical gear
in a complete meshing period calculated accurately by the LTCA methodology. This stiffness
displays a discernible periodic variation pattern, with notably higher values observed in the
double-tooth meshing area compared to the single-tooth meshing area. The transition between
these two areas is marked by a distinct and sudden change in the stiffness profile. Fig. 12 shows
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the single-tooth stiffness behaviour. Notably, the stiffness increases progressively as the
rotational angle rises in the tooth root region, whereas it experiences a gradual decline with an
increase in the rotational angle towards the tooth tip area. The single-tooth stiffness is the

maximum in the middle region, and the fluctuation range is not large. The results are consistent
with the theoretical analysis.

7 4.0

single-tooth meshing area I

351

3.0

double-tooth
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25+
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-0.05 0.05 0.15
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I
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15

0.25

Fig. 11 Meshing stiffness Fig. 12 Single-tooth stiffness

6. The influences of installation error on VH-CATT cylindrical gear stiffness
6.1 The influence of the centre distance installation error De on meshing stiffness

Fig. 13 is the load distribution when De = 3 mm. Figs. 14 and 15 are the impact of De
(with values of 1 mm, 2 mm, and 3 mm, respectively) on both the single-tooth stiffness and the
meshing stiffness of the VH-CATT cylindrical gear. As shown in the figure, when the gear pair
is assembled taking into account the centre distance installation error, there will be a lag
phenomenon when the gear teeth begin to enter the meshing, that is, the actual meshing line
decreases. The hysteresis phenomenon entering the meshing becomes increasingly evident as
De increases, and the real meshing line shrinks as De increases. Furthermore, the gear tooth's
single-tooth meshing area grows as De does.

Based on Figs. 14 and 15, it is evident that as De increases, both the single-tooth stiffness
and the meshing stiffness exhibit a decreasing trend. Fig. 16 depicts the average reduction
amplitude of meshing stiffness. In the area II-1, the average reduction amplitudes are 4.81%,
8.14%, and 11.75%, respectively. In area I, the average reduction amplitudes are 2.99%, 6.38%,
and 10.17%, respectively. Additionally, in area II-2, the average reduction amplitudes are
5.14%, 7.59%, and 12.32%, respectively.

The aforementioned phenomenon can be traced back to the increased centre distance
during the installation process of the pinion and gear, which in turn results in an enlargement
of the backlash between the two components. The pinion must rotate by a certain angle to come
into contact with the gear. As the backlash increases, the second pair of gear teeth undergoes
delayed meshing, leading to a reduction in the simultaneous meshing time of the two tooth pairs.
Consequently, the double-tooth meshing area diminishes, while the single-tooth meshing area
grows. Furthermore, an increase in the centre distance installation error results in greater gear
tooth side clearance and heightened tooth contact deformation. Upon comparison with the
integrated mesh stiffness results derived from literature [38] taking into consideration the centre
distance error, it can be seen that the variation patterns obtained in this study show a certain
degree of similarity to those reported in the references. This consistency effectively validates
the reliability and accuracy of the methodology proposed in this study.
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6.2 Influence of the axial installation error Da on meshing stiffness

Figs. 17 and 18 show the influence of Da on the single-tooth stiffness and meshing stiffness
of the VH-CAT cylindrical gear when Da is 0.4 mm, 0.8 mm, and 1.2 mm, respectively.
According to Figs. 17 and 18, as Da increases, the single-tooth stiffness and meshing stiffness of
the gear decrease. Fig. 19 shows the average reduction amplitude of meshing stiffness under the
influence of Da. The average reduction amplitude of area II-1 is 3.41%, 6.53%, and 9.94%. The
average reduction amplitude of area I is 2.71%, 5.96%, and 10.65%. The average reduction
amplitude of area II-2 is 2.11%, 5.11%, and 10.65%. The data show that the average reduction
amplitude of the meshing stiffness increases with the axial installation error. Furthermore, the
gear teeth in area II-1 are significantly impacted by axial installation errors. As the gear continues
to rotate, there is a gradual decrease in the average reduction amplitude.

The main reasons are as follows: an axial installation error causes the actual meshing line
of the gear to deviate from the theoretical meshing line on the middle section tooth profile,
according to the structural parameters of the VH-CATT cylindrical gear, resulting in the
eccentric loading and increased contact deformation of the gear pair. The increase in tooth side
clearance requires greater contact deformation of the gear teeth under load to facilitate contact
between the second pair of gear teeth, resulting in a greater change in contact deformation,
subsequently leading to a bigger reduction in stiffness.
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6.3 The influence of the x-axis rotational installation error S on meshing stiffness

Fig. 20 shows the influence of the x-axis rotational installation error Sy on the single-tooth
stiffness of the VH-CATT cylindrical gear when the x-axis rotational installation error Sy is 0.1°,
0.2°, and 0.3°, respectively. The stiffness of a single tooth decreases with the increase of the x-
axis rotational installation error fx when the tooth enters the first half cycle of engagement. In
the second half period of tooth engagement, the stiffness of the single tooth increases with the
increase of the x-axis rotational installation error S..

Fig. 21 displays the influence of the x-axis rotational installation error fx on the meshing
stiffness of the VH-CATT cylindrical gear. Fig. 22 illustrates the variation amplitude of the
meshing stiffness under the influence of the different x-axis rotational installation error f,
which is fitted by each discrete variation amplitude point. As can be seen in Figs. 21 and 22,
when the gear pair enters area II-1, area I, and area I1-2, the meshing stiffness decreases first
and then increases with the x-axis rotational installation error f. Fig. 23 shows the average
variation amplitude of meshing stiffness under the influence of the different x-axis rotational
installation error f. In area II-1, the average meshing stiffness increases, with an amplitude of
0.28%, 0.39%, and 0.62%, respectively. In area I, the average meshing stiffness is reduced, and
the reduction amplitudes are 0.01%, 0.09%, and 0.16%, respectively. In area II-2, with the
increase of the x-axis rotational installation error Sy, the average meshing stiffness first increases
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and then decreases. The change amplitudes corresponding to 5, 0of 0.1°,0.2°, and 0.3° are 0.18%,
0.07%, and-0.18%, respectively. However, in general, the rotational installation error around
the x-axis has little effect on the meshing stiffness of the VH-CATT cylindrical gear system.

The aforementioned occurrence is caused by the fact that the gear's initial meshing point
is far from the middle section when the x-axis rotational installation error Sy occurs, and the
degree of deviation declines as the pinion's rotational angle increases. The closer the actual
meshing line is to the middle section of the gear tooth, the smaller the contact deformation.
Moreover, with the increase of the x-axis rotational installation error f,, the load increases
toward the top of the tooth and declines near the base.

Simultaneously, it can be observed in Fig. 24 that as the gear tooth is on the verge of
exiting the double-tooth meshing area II-1 and of entering the single-tooth meshing area I, a
larger x-axis rotational installation error S, leads to greater mutation in meshing stiffness. This
phenomenon arises due to the significant alternation in the contact load between the front and
rear teeth of single and double teeth.
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6.4 The influence of the y-axis rotational installation error on meshing stiffness

Fig. 24 shows the influence of the y-axis rotational installation error £, on the single-tooth
stiffness of the VH-CATT cylindrical gear when the y-axis rotational installation error £, is 0.1°,
0.2°, and 0.3°, respectively. As depicted in the figure, during the initial phase of the tooth
engagement cycle, the single-tooth stiffness exhibits a notable increase in response to a rise in
the installation error . In the second half period of tooth engagement, the stiffness of the single
tooth decreases with the increase of the rotational installation error f, around the y-axis.

Fig. 25 shows the influence of the y-axis rotational installation error f, on the meshing
stiffness of the VH-CATT cylindrical gear. The variation amplitude of the meshing stiffness
under the influence of the different y-axis rotational installation error f, is shown in Fig. 26.
From Figs. 25 and 26, it is evident that as the gear pair enters area II-1, area I, and area II-2, the
meshing stiffness initially increases and then decreases with an increase in the y-axis rotational
installation error f,. Fig. 27 displays the average change amplitude of the meshing stiffness
under the influence of the different y-axis rotational installation error f,. From the figure, it can
be seen that the average meshing stiffness is reduced. In area II-1, the reduction amplitudes are
0.37%, 0.81%, and 1.46%, respectively. In area I, the reduction amplitudes are 0.04%, 0.18%,
and 1.13%, respectively. In area II-2, the reduction amplitudes are 0.35%, 1.71%, and 2.96%,

respectively. However, it can be seen from Figs. 24 and 25 that the fluctuation range of single-
tooth stiffness and meshing stiffness is relatively large.
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The aforementioned phenomenon stems from the fact that in the presence of a y-axis
rotational installation error, the actual meshing line of the gear diverges from the theoretical
meshing line at the midpoint. As the pinion's rotational angle escalates, the degree of deviation
intensifies, causing the gear meshing point to extend towards the end face of the tooth,
ultimately leading to a reduction in the amount of contact deformation. Moreover, with the
increase of the rotational installation error around the y-axis, the load near the root of the tooth
increases, the load near the top of the tooth decreases, and the load difference between the teeth
is large.

Fig. 25 reveals that as the gear tooth approaches the transition from area I to area II-2, a
larger y-axis rotational installation error S, correlates with more pronounced mutation. This is
attributed to the fact that in area II-2 of the gear system, the first pair of meshing teeth carries a
relatively minor load, whereas the second pair assumes most of the load. Consequently, this
transition from single- to double-tooth engagement elicits an amplification in the difference of
contact deformation within the gear system.

7. Conclusion

This paper, leveraging a combined model integrating tooth contact analysis (TCA) with
misalignment errors and loaded tooth contact analysis (LTCA), computes the tooth surface
load distribution under loading conditions for VH-CATT cylindrical gears. Furthermore, it
calculates the single-tooth stiffness and mesh stiffness of VH-CATT cylindrical gears.
Finally, the study examines the influence of various misalignment errors on the single-tooth
stiffness and mesh stiffness of VH-CATT cylindrical gears. The key findings are summarised
as follows:

1. In order to calculate the load distribution and meshing stiffness of VH-CATT
cylindrical gears under installation errors, a calculation method combining the TCA
model and LTCA model with installation errors is proposed. The theoretical analysis
is in excellent agreement with the computational results, thereby validating the
accuracy and reliability of the proposed method.

2. When installation errors arise, the meshing stiffness of VH-CATT cylindrical gears
undergoes notable alterations. For instance, a centre distance installation error
results in a decrease in both single-tooth stiffness and meshing stiffness,
accompanied by an expansion of the single-tooth meshing area within the gear
system and the emergence of a hysteresis phenomenon during meshing.
Additionally, axial installation errors lead to a reduction in both these stiffness
parameters, with the decremental amplitude becoming more pronounced as the error
magnifies. The rotational installation error around the normal direction of the gear
centre line (for the x-axis) significantly affects the distribution of single-tooth
stiffness, specifically causing a decrease in stiffness at the tooth root and an increase
at the tooth tip, albeit with minimal consequences for the overall meshing stiffness.
However, rotational installation errors around the gear centre line direction (for the
y-axis) exert substantial influence on both single-tooth stiffness and meshing
stiffness, resulting in an increase in stiffness near the tooth root, a decrease near the
tooth tip, and substantial fluctuations in meshing stiffness.

3. This paper offers a thorough examination of the meshing stiffness characteristics in
the context of installation errors. The study conclusively demonstrates that the
meshing stiffness of the gear system is profoundly influenced by installation errors.
To enhance the transmission performance of the gear system, it is crucial to
meticulously avoid any installation errors during the installation of the gear pair.
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