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NOVEL VARIANTS OF HERMITE-HADAMARD
INEQUALITIES FOR (α, η)−CONVEX FUNCTIONS OF 1st

AND 2nd KINDS

Muhammad Bilal and Asif R. Khan

Abstract. In this article, we aim to present generalized results
related to the well-known Hermite-Hadamard dual inequality for two dis-
tinct types of (α, η) convex functions, employing various techniques such as
Hölder’s and Power mean inequalities. Consequently, both established and
new results will be encompassed as special cases. Additionally, we intend
to explore some relationships between our findings with well-known special
means and trapezoidal formula.

1. Introduction

In mathematics, the study of inequalities has gained increasing interest
among researchers due to its wide range of applications. This field encom-
passes many important areas, particularly the theory of convex functions,
which has received significant attention in the literature over the past few
decades. Convexity has numerous practical applications in fields such as arts,
architecture, industry, management science, economics, and more. Among
the many applications of convexity, Hermite-Hadamard dual inequalities are
particularly important due to their extensive use, especially involving various
types of convex functions. For further study on this topic, see [1], [2], [6], [8],
[9] and [12] – [18] and the references cited therein.

Before proceeding, it is important to introduce some notation that will
be used in this article: I represents a real interval, I◦ denotes the interior of

interval I, and β(o1, o2) =
1∫
0
ξo1−1(1 − ξ)o2−1dξ, for o1, o2 > 0, is the Euler

Beta function. Throughout this article, we adopt the convention that 00 = 1.
We shall begin with some important definitions and results:
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Theorem 1.1 ([10]). Let ϖ : I → R be a convex function. Then

ϖ

(
o1 + o2

2

)
≤ 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ ≤ ϖ(o1) +ϖ(o2)
2 .(1.1)

This result is known as the Hermite-Hadamard dual inequality for convex
functions. For concave functions ϖ, both inequalities are reversed. It should
be noted that Hadamard’s inequality can be viewed as a refinement and follows
naturally from Jensen’s inequality.

Recently, in 2022, Hassan and Khan introduced the concept of (α, η)-
convex functions of the first and second kinds. They further generalized the
definitions of s−convex functions of the first and second kinds as follows:

Definition 1.2 ([11]). A function ϖ : I ⊂ [0,∞) → R is defined as
(α, η)−convex of the 1st kind if

ϖ (ξζ1 + (1 − ξ)ζ2) ≤ ξαϖ(ζ1) + (1 − ξη)ϖ(ζ2),(1.2)

∀ ζ1, ζ2 ∈ I, ξ ∈ [0, 1] and (α, η) ∈ [0, 1]2.

Remark 1.3. The following well-known results can be derived by using
different combinations of values for α and η.

1. By selecting α = η = s in (1.2), we obtain the definition of an s−convex
function of the 1st kind [5].

2. By selecting α = η = 0 with ξ ̸= 0 in (1.2), we obtain the refinement
of quasi convex function [6].

3. By selecting α = η = 1 in (1.2), we obtain the definition of convex
function [6].

Definition 1.4. According to [11], a function ϖ : I ⊂ [0,∞) → R is
defined as (α, η)−convex of the 2nd kind if

ϖ (ξζ1 + (1 − ξ)ζ2) ≤ ξαϖ(ζ1) + (1 − ξ)ηϖ(ζ2),(1.3)

∀ ζ1, ζ2 ∈ I, ξ ∈ [0, 1] and (α, η) ∈ [−1, 1]2.

Remark 1.5. Please note that we enhance the definition given in [11]
by incorporating specific values for α and η. The well-known results can be
derived by using various combinations of these values.

1. By selecting α = η = s in (1.3), we obtain the definition of an extended
s−convex function of 2nd kind [19].

2. By selecting α = η = −s in (1.3), we obtain the definition of an
extended s−Godunova Levin function of 2nd kind [19].

3. By selecting α = η = 0 with ξ ∈ (0, 1) in (1.3), we obtain the definition
of P−convex function [6].

4. By selecting α = η = 1 in (1.3), we obtain the definition of convex
function [6].
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5. By selecting α = η = −1 in (1.3), we obtain the definition of Godunova
Levin function [19].

6. When (α, η) ∈ [−1, 0), then equation (1.3) simplifies to:

ϖ (ξζ1 + (1 − ξ)ζ2) ≤ ϖ(ζ1)
ξα

+ ϖ(ζ2)
(1 − ξ)η

,(1.4)

where ϖ is referred to as an (α, η)−Godunova Levin function of the
2nd kind.

The general form of the well-known Hölder’s integral inequality is pre-
sented as follows [13]:

Theorem 1.6. Let 1 ≤ p, q ≤ ∞ with 1
p + 1

q = 1. If ϖ ∈ Lp and µ ∈ Lq,
then ϖµ ∈ L1 and ∫

|ϖ(ζ)µ(ζ)|dζ ≤ ∥ϖ∥p∥µ∥q,(1.5)

where ϖ ∈ Lp if ∥ϖ∥p =
(∫

|ϖ(ζ)|pdζ
) 1

p < ∞.

Observe that if we set p = q = 2, the above inequality simplifies to
the Cauchy-Schwarz inequality. Additionally, by setting q = 1 and allowing
p → ∞, we obtain: ∫

|ϖ(ζ)µ(ζ)|dζ ≤ ||ϖ||∞||µ||1,

where ||ϖ||∞ denotes the essential supremum of |ϖ|, which is defined as:

||ϖ||∞ = ess sup
∀ζ

|ϖ(ζ)|.

Definition 1.7. Let ϖ and µ be real-valued functions defined on [o1, o2].
If |ϖ| and |ϖ||µ|q are integrable on [o1, o2], then for q ≥ 1, we have:

o2∫
o1

|ϖ(ζ)||µ(ζ)|dζ ≤

 o2∫
o1

|ϖ(ζ)|dζ

1− 1
q
 o2∫

o1

|ϖ(ζ)||µ(ζ)|qdζ

 1
q

.

The inequality above is referred to as the power mean inequality (see [16]).

We now present the following identity, taken from [3], which will be uti-
lized to derive the main results of this article.
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Lemma 1.8. According to [3], let ϖ : I ⊂ R → R be a twice differentiable
function on I◦ with ϖ′′ ∈ L[o1, o2]. Then the following identity holds:

ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

= (o2 − o1)2

2

1∫
0

ξ(1 − ξ)ϖ′′(ξo1 + (1 − ξ)o2)dξ.

This article is organized as follows: In the next two sections, we will esti-
mate the bounds of one of the Hermite-Hadamard inequalities (by evaluating
the absolute difference between the middle and last terms of (1.1)) using twice
differentiable (α, η)-convex functions of the first and second kinds. These re-
sults will include various cases found in [3], [4], [14], and [15]. The fourth and
fifth sections explore applications to special means and trapezoidal formulas,
respectively, while the sixth section provides concluding remarks. The final
section offers additional comments and future directions.

2. Estimations of right bound of Hermite-Hadamard inequality
for twice differentiable (α, η)−convex function of 1st kind

We will now state and prove three generalized results concerning Hermite-
Hadamard type inequalities for twice differentiable (α, η)-convex functions of
the 1st kind. These results will be derived using Definition 1.2, Theorem 1.6,
Definition 1.7, and Lemma 1.8.

Theorem 2.1. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′| is (α, η)-
convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2, then the
following inequality holds:

(2.1)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

[
|ϖ′′(o1)|

(α+ 2)(α+ 3) + |ϖ′′(o2)|
{

1
6 − 1

(η + 2)(η + 3)

}]
.
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Proof. Using Lemma 1.8 and applying the definition of (α, η)-convexity
of the 1st kind to |ϖ′′| on [o1, o2], we obtain:∣∣∣∣∣∣ϖ(o1) +ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

1∫
0

|ξ(1 − ξ)||ϖ′′(ξo1 + (1 − ξ)o2)|dξ

≤ (o2 − o1)2

2

1∫
0

|ξ(1 − ξ)| {ξα|ϖ′′(o1)| + (1 − ξη)|ϖ′′(o2)|} dξ

= (o2 − o1)2

2

|ϖ′′(o1)|
1∫

0

ξα+1(1 − ξ)dξ+|ϖ′′(o2)|
1∫

0

ξ(1 − ξ)(1 − ξη)dξ

.
By putting

1∫
0

ξα+1(1 − ξ)dξ = 1
(α+ 2)(α+ 3)(2.2)

and
1∫

0

ξ(1 − ξ)(1 − ξη)dξ = 1
6 − 1

(η + 2)(η + 3) ,(2.3)

we get (2.1).

Remark 2.2. From Theorem 2.1, one can deduce the following results:
1. Choosing α = η = 0 yields the second result of Theorem 3 from [4].
2. Choosing α = η = 1, yields the Remark 1 from [15].
3. Choosing α = η = s, yields the Corollary 1 from [4].

Theorem 2.3. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′|q is (α, η)-
convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2 and q ≥ 1, then
the following inequality holds:

(2.4)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2 {β(p+ 1, p+ 1)}
1
p

[
|ϖ′′(o1)|q

α+ 1 + η|ϖ′′(o2)|q

η + 1

] 1
q

,

with 1
p + 1

q = 1.
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Proof. By applying Lemma 1.8, Hölder’s integral inequality, and the
definition of (α, η)-convexity of |ϖ′′|q of the 1st kind on [o1, o2], we obtain:∣∣∣∣∣∣ϖ(o1) + ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

1∫
0

|ξ(1 − ξ)||ϖ′′(ξo1 + (1 − ξ)o2)|dξ

≤ (o2 − o1)2

2

 1∫
0

|ξ(1 − ξ)|pdξ

 1
p
 1∫

0

|ϖ′′(ξo1 + (1 − ξ)o2)|qdξ

 1
q

≤ (o2 − o1)2

2

 1∫
0

ξp(1 − ξ)pdξ

 1
p
 1∫

0

{
ξα|ϖ′′(o1)|q + (1 − ξη)|ϖ′′(o2)|q

}
dξ

 1
q

= (o2 − o1)2

2

 1∫
0

ξp(1 − ξ)pdξ

 1
p
|ϖ′′(o1)|q

1∫
0

ξαdξ+|ϖ′′(o2)|q
1∫

0

(1 − ξη)dξ

 1
q

.

By putting
1∫

0

ξp(1 − ξ)pdt = β(p+ 1, p+ 1),

1∫
0

ξαdξ = 1
(α+ 1)

and
1∫

0

(1 − ξη)dξ = η

η + 1 ,

we get (2.4).

Remark 2.4. From Theorem 2.3, one can deduce the following results:
1. Choosing α = η = 0, yields the 2nd result of Theorem 4 from [4].
2. Choosing α = η = 1, yields the Corollary 2 from [15].
3. Choosing α = η = s, yields the 1st result of Corollary 2 from [4].

Theorem 2.5. Let ϖ : I ⊂ (0,∞) → R be a twice differentiable mapping
on I◦ such that ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I◦ and o1 < o2. If |ϖ′′|q, q ≥ 1
is (α, η)−convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2, then
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following inequality holds:

(2.5)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2(6)1− 1
q

[
|ϖ′′(o1)|q

(α+ 2)(α+ 3) + |ϖ′′(o2)|q
{

1
6 − 1

(η + 2)(η + 3)

}] 1
q

.

Proof. By applying Lemma 1.8, the Power Mean Integral Inequality,
and the definition of (α, η)-convexity of |ϖ′′|q of the 1st kind on [o1, o2], we
obtain:∣∣∣∣∣∣ϖ(o1) + ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

1∫
0

|ξ(1 − ξ)||ϖ′′(ξo1 + (1 − ξ)o2)|dξ

≤ (o2 − o1)2

2

 1∫
0

|ξ(1 − ξ)|dξ

1− 1
q
 1∫

0

|ξ(1 − ξ)||ϖ′′(ξo1 + (1 − ξ)o2)|qdξ

 1
q

≤ (o2 − o1)2

2

 1∫
0

|ξ(1 − ξ)|dξ

1− 1
q

×

 1∫
0

|ξ(1 − ξ)|
{

ξα|ϖ′′(o1)|q + (1 − ξη)|ϖ′′(o2)|q
}

dξ

 1
q

= (o2 − o1)2

2

 1∫
0

|ξ(1 − ξ)|dξ

1− 1
q

×

|ϖ′′(o1)|q
1∫

0

ξα+1(1 − ξ)dξ + |ϖ′′(o2)|q
1∫

0

ξ(1 − ξ)(1 − ξη)dξ

 1
q

.

By putting
1∫

0

ξ(1 − ξ)dξ = 1
6

and using (2.2), (2.3) we get (2.5).

Remark 2.6. From Theorem 2.5, one can deduce the following results:
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1. Choosing α = η = 0, yields the 2nd result of Theorem 5 from [4].
2. Choosing α = η = 1, yields the 2nd result of Corollary 3 from [4].
3. Choosing α = η = s, yields the 1st result of Corollary 3 from [4].

3. Estimations of right bound of Hermite-Hadamard inequality
for twice differentiable (α, η)−convex function of 2nd kind

We will now present and prove three generalized results concerning
Hermite-Hadamard type inequalities for twice differentiable (α, η)-convex
functions of the 2nd kind, utilizing Definition 1.4, Theorem 1.6, Definition
1.7, and Lemma 1.8.

Theorem 3.1. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′| is (α, η)-
convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈ [−1, 1]2, then the
following inequality holds:

(3.1)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

[
|ϖ′′(o1)|

(α+ 2)(α+ 3) + |ϖ′′(o2)|
(η + 2)(η + 3)

]
.

Proof. The above outcome can be demonstrated through a method anal-
ogous to that used in the proof of Theorem 2.1, relying on the definition of
(α, η)−convex functions of the 2nd kind.

Remark 3.2. From Theorem 3.1, one can deduce the following results:
1. Choosing α = η = 0 yields the 3rd result of Corollary 1 from [4].
2. Choosing α = η = 1 yields the Remark 1 from [15].
3. Choosing α = η = s yields the 2nd result of Corollary 1 from [4].
4. Choosing α = η = −s yields a specific result of Theorem 4 from [14],

applicable only when α = 1.
5. Choosing α = η = −1 yields a specific result of Theorem 4 from [14],

applicable only when α = s = 1.

Corollary 3.3. Theorem 3.1 presents a result concerning the Hermite-
Hadamard inequality for the class of (α, η)-GL functions when (α, η) is strictly
within the interval [−1, 0):∣∣∣∣∣∣ϖ(o1) +ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2

[
|ϖ′′(o1)|

(2 − α)(3 − α) + |ϖ′′(o2)|
(2 − η)(3 − η)

]
.
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Theorem 3.4. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′|q is (α, η)-
convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈ (−1, 1]2 and q ≥ 1,
then the following inequality holds:

(3.2)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2 {β(p+ 1, p+ 1)}
1
p

[
|ϖ′′(o1)|q

α+ 1 + |ϖ′′(o2)|q

η + 1

] 1
q

,

with 1
p + 1

q = 1.

Proof. The above outcome can be demonstrated through a method anal-
ogous to that used in the proof of Theorem 2.3, relying on the definition of
(α, η)-convex functions of the 2nd kind.

Remark 3.5. From Theorem 3.4, one can deduce the following results:
1. Choosing α = η = 0 yields the 2nd result of Corollary 2 from [4].
2. Choosing α = η = 1 yields Corollary 2 from [15].
3. Choosing α = η = s yields the Theorem 10 from [3].

Corollary 3.6. Theorem 3.4 presents the following result concerning
the Hermite-Hadamard inequality:

1. For the class of (α, η)−GL function if (α, η) strictly belongs to (−1, 0) :∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2 {β(p+ 1, p+ 1)}
1
p

[
|ϖ′′(o1)|q

1 − α
+ |ϖ′′(o2)|q

1 − η

] 1
q

.

2. For the class of s−GL function by taking α = η = −s :∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2 {β(p+ 1, p+ 1)}
1
p

[
|ϖ′′(o1)|q + |ϖ′′(o2)|q

1 − s

] 1
q

.

Theorem 3.7. Let ϖ : I ⊂ (0,∞) → R be a twice differentiable function
on I◦ such that ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I◦ and o1 < o2. If |ϖ′′|q,
with q ≥ 1, is (α, η)-convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈
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[−1, 1]2, then the following inequality holds:

(3.3)

∣∣∣∣∣∣ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2(6)1− 1
q

[
|ϖ′′(o1)|q

(α+ 2)(α+ 3) + |ϖ′′(o2)|q

(η + 2)(η + 3)

] 1
q

.

Proof. The above outcome can be demonstrated through a method anal-
ogous to that used in the proof of Theorem 2.5, relying on the definition of
(α, η)−convex functions of the 2nd kind.

Remark 3.8. From Theorem 3.7, one can deduce the following results:
1. Choosing α = η = 0 yields the 3rd result of Corollary 3 from [4].
2. Choosing α = η = 1 yields the 2nd result of Corollary 3 from [4].
3. Choosing α = η = s yields Theorem 8 from [3].
4. Choosing α = η = −s yields a specific result of Theorem 5 from [14],

applicable only when α = 1.
5. Choosing α = η = −1 yields a specific result of Theorem 5 from [14],

applicable only when α = s = 1.

Corollary 3.9. Theorem 3.7 presents the following result concerning the
Hermite-Hadamard inequality for the class of (α, η)-GL functions, provided
(α, η) strictly belongs to [−1, 0) :∣∣∣∣∣∣ϖ(o1) +ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣
≤ (o2 − o1)2

2 × (6)1− 1
q

[
|ϖ′′(o1)|q

(2 − α)(3 − α) + |ϖ′′(o2)|q

(2 − η)(3 − η)

] 1
q

.

In the subsequent two sections, we will explore the applications of the
results we have derived, specifically in the context of the special means and
trapezoidal rule.

4. Application to special means

We will now introduce the definitions of the following special means, as
detailed in [7]:
(1) The Arithmetic mean:

A = A(o1, o2) = o1 + o2

2 .

(2) The Geometric mean:
G = G(o1, o2) =

√
o1o2; o1, o2 ≥ 0.
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(3) The Harmonic mean:

H = H(o1, o2) = 2o1o2

o1 + o2
; o1, o2 ∈ (0,∞).

(4) The Logarithmic mean:

L = L(o1, o2) = o2 − o1

ln o2 − ln o1
; o1 ̸= o2 & o1, o2 ∈ (0,∞).

We will now establish connections between different means using the results
from the previous sections.

Example 4.1. Consider the function ϖ defined by ϖ(ζ) = 1
ζ , where

0 < o1 < o2. Then, we have:

1
o2 − o1

o2∫
o1

ϖ(ζ)dζ = L−1(o1, o2) = L−1,

ϖ(o1) +ϖ(o2)
2 = H−1(o1, o2) = H−1,

|ϖ′′(o1)| + |ϖ′′(o2)|
2 = 2H−1 (o1

3, o2
3)

and (
|ϖ′′(o1)|q + |ϖ′′(o2)|q

2

) 1
q

= 2
[
H−1 (o1

3q, o2
3q
)] 1

q .

1. Then (2.1) becomes,

∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2

G2 (o13, o23)

[
o2

3

(α+ 2)(α+ 3) + o1
3
{

1
6 − 1

(η + 2)(η + 3)

}]
.

(4.1)

(a) If we put α = η = 0 in (4.1), we get,∣∣H−1 − L−1∣∣ ≤ o2
3(o2 − o1)2

6G2 (o13, o23) .

(b) If we put α = η = s, in (4.1), we get,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2

6G2 (o13, o23)

[
6o2

3 + s(s+ 5)o1
3

(s+ 2)(s+ 3)

]
.

(c) If we put α = η = 1, in (4.1), we get,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2

6 H−1 (o1
3, o2

3) .
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2. Then (3.1) becomes,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2

G2 (o13, o23)

[
o2

3

(α+ 2)(α+ 3) + o1
3

(η + 2)(η + 3)

]
.(4.2)

(a) If we put α = η = 0 in (4.2), we get,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2A(o1
3, o2

3)
3G2 (o13, o23) = (o2 − o1)2

3H(o13, o23) .

(b) If we put α = η = s, in (4.2), we get,∣∣H−1 − L−1∣∣ ≤
2(o2 − o1)2A

(
o2

3, o1
3)

G2 (o13, o23) (s+ 2)(s+ 3) = 2(o2 − o1)2

H(o13, o23)(s+ 2)(s+ 3) .

(c) If we put α = η = 1, in (4.2), we get,∣∣H−1 − L−1∣∣ ≤
(o2 − o1)2A

(
o2

3, o1
3)

3G2 (o13, o23) = (o2 − o1)2

3 H−1 (o1
3, o2

3) .
(d) If we put (α, η) strictly belongs to (−1, 0), in (4.2), we get,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2

G2 (o13, o23)

[
o2

3

(2 − α)(3 − α) + o1
3

(2 − η)(3 − η)

]
.

(e) If we put α = η = −s, in (4.2), we get,∣∣H−1 − L−1∣∣ ≤ 2(o2 − o1)2A(o1
3, o2

3)
G2 (o13, o23) (2 − s)(3 − s) = 2(o2 − o1)2

H(o13, o23)(2 − s)(3 − s) .

(f) If we put α = η = −1, in (4.2), we get,∣∣H−1 − L−1∣∣ ≤ (o2 − o1)2A(o1
3, o2

3)
G2 (o13, o23) = (o2 − o1)2

H(o13, o23) .

Remark 4.2. Similarly, by considering different convex functions, we can
derive additional relationships among various special means.

5. Application to trapezoidal rule

Let J be a division of the interval [o1, o2], i.e., J : o1 = ν0 < ν1 < ... <
νn−1 < νn = o2 and consider the quadrature formula

X =
o2∫

o1

ϖ(ζ)dζ = T (ϖ,J) +R(ϖ,J)

where

T (ϖ,J) =
n−1∑
k=0

ϖ(νk) +ϖ(νk+1)
2 (νk+1 − νk)

is the trapezoidal formula and R(ϖ,J) denotes the associated approximation
error of the integral I.
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Theorem 5.1. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′| is (α, η)-
convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2 and for every
division J of [o1, o2] then following inequality holds:

|R(ϖ,J)|

≤
n−1∑
k=0

(νk+1 − νk)3

2

[
|ϖ′′(νk)|

(α+ 2)(α+ 3) + |ϖ′′(νk+1)|
{

1
6 − 1

(η + 2)(η + 3)

}]
.

Proof. Applying inequality (2.1) on [νk, νk+1] and summing over k from
0 to n − 1 and then by using triangular inequality, we get the result of the
theorem.

Theorem 5.2. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′|q is (α, η)-
convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2 and q ≥ 1 and
for every division J of [o1, o2] then following inequality holds:

|R(ϖ,J)| ≤
n−1∑
k=0

(νk+1 − νk)3

2 {β(p+1, p+1)}
1
p

[
|ϖ′′(νk)|q

α+ 1 + η|ϖ′′(νk+1)|q

η + 1

] 1
q

,

with 1
p + 1

q = 1.

Proof. The proof of the aforementioned outcome employs a similar tech-
nique, applied to the inequality (2.4) instead of (2.1), akin to the approach
employed in Theorem 5.1.

Theorem 5.3. Let ϖ : I ⊂ (0,∞) → R be a twice differentiable mapping
on I◦ such that ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I◦ and o1 < o2. If |ϖ′′|q, q ≥ 1
is (α, η)−convex of the 1st kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2 and
for every division J of [o1, o2] then following inequality holds:

|R(ϖ, J)|

≤
n−1∑
k=0

(νk+1 − νk)3

2(6)1− 1
q

[
|ϖ′′(νk)|q

(α+ 2)(α+ 3) + |ϖ′′(νk+1)|q
{

1
6 − 1

(η + 2)(η + 3)

}] 1
q

.

Proof. The proof of the aforementioned outcome employs a similar tech-
nique, applied to the inequality (2.5) instead of (2.1), akin to the approach
employed in Theorem 5.1.

Theorem 5.4. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′| is (α, η)-
convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈ [0, 1]2 and for every
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division J of [o1, o2] then the following inequality holds:

|R(ϖ,J)| ≤
n−1∑
k=0

(νk+1 − νk)3

2

[
|ϖ′′(νk)|

(α+ 2)(α+ 3) + |ϖ′′(νk+1)|
(η + 2)(η + 3)

]
.

Proof. The proof of the aforementioned outcome employs a similar tech-
nique, applied to the inequality (3.1) instead of (2.1), akin to the approach
employed in Theorem 5.1.

Theorem 5.5. Let ϖ : I ⊂ [0,∞) → R be a twice differentiable function
on I◦ with ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I and o1 < o2. If |ϖ′′|q is (α, η)-
convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈ (−1, 1]2 and q ≥ 1
and for every division J of [o1, o2] then the following inequality holds:

|R(ϖ,J)| ≤
n−1∑
k=0

(νk+1 − νk)3

2 {β(p+1, p+1)}
1
p

[
|ϖ′′(νk)|q

α+ 1 + |ϖ′′(νk+1)|q

η + 1

] 1
q

,

with 1
p + 1

q = 1.

Proof. The proof of the aforementioned outcome employs a similar tech-
nique, applied to the inequality (3.2) instead of (2.1), akin to the approach
employed in Theorem 5.1.

Theorem 5.6. Let ϖ : I ⊂ (0,∞) → R be a twice differentiable function
on I◦ such that ϖ′′ ∈ L[o1, o2], where o1, o2 ∈ I◦ and o1 < o2. If |ϖ′′|q,
with q ≥ 1, is (α, η)-convex of the 2nd kind on [o1, o2] for some fixed (α, η) ∈
[−1, 1]2 and for every division J of [o1, o2] then the following inequality holds:

|R(ϖ,J)| ≤
n−1∑
k=0

(νk+1 − νk)3

2(6)1− 1
q

[
|ϖ′′(νk)|q

(α+ 2)(α+ 3) + |ϖ′′(νk+1)|q

(η + 2)(η + 3)

] 1
q

.

Proof. The proof of the aforementioned outcome employs a similar tech-
nique, applied to the inequality (3.3) instead of (2.1), akin to the approach
employed in Theorem 5.1.

6. Conclusion

The Hermite-Hadamard dual inequality is among the most well-known
inequalities, with numerous generalizations and variants documented in the
literature. We have extended this inequality by employing the newly gen-
eralized concept of (α, η)-convex functions of the first and second kinds. In
Sections 2 and 3, we present three distinct results concerning the estima-
tion of the bound on the difference between the middle and left terms of the
Hermite-Hadamard dual inequality in absolute terms, specifically for twice
differentiable (α, η)-convex functions of both kinds. We employed various
techniques, including Hölder’s and power mean inequalities. These results
encompass several findings from the articles [3], [4], [14], and [15]. Section 4
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and 5 explore some relationships between our derived results with well-known
special means and trapezoidal formulas, respectively. Finally, the concluding
section provides remarks and outlines future research directions for readers.

We will now provide some observations and suggest potential directions
for future research related to our results.

7. Remarks and future ideas

1. All the inequalities presented in this article can also be expressed in
reverse for concave functions by using the simple relationship that a
function ϖ is concave if and only if −ϖ is convex.

2. According to [17, p. 140], for a convex function f , we have that

(7.1) 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ −ϖ

(
o1 + o2

2

)

≤ ϖ(o1) +ϖ(o2)
2 − 1

o2 − o1

o2∫
o1

ϖ(ζ)dζ.

In all the results presented in Section 2, we derived bounds specifically
for ∣∣∣∣∣∣ϖ(o1) +ϖ(o2)

2 − 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣ .
By applying the relation provided in (7.1), we directly obtain bounds
for ∣∣∣∣∣∣ϖ

(
o1 + o2

2

)
− 1
o2 − o1

o2∫
o1

ϖ(ζ)dζ

∣∣∣∣∣∣ .
3. One could also explore Fejer’s inequality by incorporating weights into

the Hermite-Hadamard dual inequality.
4. Similar work could be undertaken using various other classes of func-

tions.
5. One could also explore expressing all the results presented in this article

in the discrete case.
6. One could also extend all the results discussed in this article to higher

dimensions.
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Nove varijante Hermite-Hadamardovih nejednakosti za
(α, η)−konveksne funkcije prve i druge vrste

Muhammad Bilal i Asif R. Khan

Sažetak. U ovom članku prikazujemo generalizirane rezul-
tate vezane uz dobro poznatu Hermite-Hadamardovu dualnu ne-
jednakost za dva različita tipa konveksnih funkcija (α, η), koris-
teći različite tehnike, poput Hölderove nejednakosti i nejednakosti
sredina potencija. Posljedično, i poznati i novi rezultati bit će
obuhvaćeni kao posebni slučajevi. Osim toga, istražujemo neke
odnose izmedu naših rezultata i dobro poznatih specijalnih sred-
ina i trapezne formule.
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