RAD HAZU. MATEMATICKE ZNANOSTI
Vol. 30 = 570 (2026): 111-123
DOI: https://doi.org/10.21857/yq320hrl79

A NOTE ON THE CHEBYSHEV INEQUALITY AND
RELATED INEQUALITIES FOR FIBONACCI NUMBERS

VERA CULJAK AND JOSIP PECARIC

ABSTRACT. Some new results for Fibonacci sequence concerning the
Chebyshev type inequalities are proved.

1. INTRODUCTION

The Chebyshev inequality is the important inequality in mathematical
analysis which state that

n n n n
(1.1) D opi Y pimiyi > > pir; > piys
Jj=1 i=1 Jj=1 i=1

where x = (z1,22,...,2,),¥Y = (Y1,Y2, .-, Yn) are n-tuples monotonic in the
same direction, and p = (p1,p2,...,Pn) is a positive n-tuple.

If x and y are monotonic in opposite direction then the reverse of the
inequality (1.1) holds.

In either case equality holds if and only if either z; = 29 = --- =z, or

Y1 =Y2="'"="Yn.

The Chebyshev inequality can be generalized for m nonnegative n-tuples
x; = (xj1,252,...,%jn), j = 1,2,...,m : m > 2) which are monotonic in the
same direction. Then it holds

m n

12 (ipiy’“ imnm > f[l@pixﬂ).

j=1 i=1

If all n-tuples x are positive, then the equality in (1.2) holds if and only
if at least m — 1 n-tuples among x;, ..., X,, have identical components.
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Let us denote difference of the Chebyshev inequality

(1.3) (x,y;p szszxzyl Zp]xj szyz

We will also consider inequalities related to the Chebyshev inequality. The
Griiss inequality provides bound for the difference in the Chebyshev inequality
and the Karamata inequality is an analogous result for the ratio (see [7], pp.
296, 298 and [6], pp. 206, 212). There are a number of further refinements
and generalizations of Griiss inequality.

Let us recall the definition of the Fibonacci sequence F,,: F), is the n'”?
Fibonacci number defined by Fy =0, F} = 1 and for all n > 2,

Fo=F, 1+ F, 2.
Furthermore, for Fibonacci numbers, let us state some known identities
(see [4], p. 11 and p. 61):
(14) ZFE = FnFn+17

i=1

(1.5) Z Fi=F,—

(1.6) ZF2i—1 = Fon,
i=1

n
(1.7) > Fai = Fypa — 1.

i=1
(1.8) > iF;=Fop— Fos+2,
(19) ZFM*Q = F22na

i=1

n n
(110) E (i)FQi :FZH-
i=1

In this note we are inspired by the Popescu and Diaz Barrero result for
Fibonacci numbers F,, published in [8]:

THEOREM Al. Let n be a positive integer and | be an integer. Then it
holds

n

(1.11) (FpFpi)? Z ZH:F;‘*R
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The authors used the Jensen inequality for convex functions and the proof
reveals that (1.11) is valid for all n € N and all [ € R. Recently, Alzer and
Luca in [2] obtained the following extension of this result by using the Cauchy-
Schwarz inequality.

THEOREM A2. Letr,s € R withr+ s > 4. Then for n > 1, it holds
(1.12) (FuFo1)? <> FT Y F;

The sign of equality is valid in (1.12) if and only if n = 1,2 orn > 3, r =
s =2.

Alzer and Kwong in [1] determined by using computer software all real
parameters r and s such that inequality (1.12) holds for n > 1.

We use the reverse Chebyshev inequality to get the result in Theorem Al
and result in Theorem A2 for special case r + s = 4.

THEOREM A3. Letn € N and ¢ € R. Then it holds

n

(1.13) (FuFng1)® <Y FIPy R

j=1 i=1
Equality holds if and only if either n =1,2 orn >3, ¢ =0.

PROOF. Let us use the reverse Chebyshev inequality (1.1) for n-tuples
x = (21,22, ..., %n),y = (Y1, Y2, - - - , Yn) Which are monotonic in the opposite

direction and p = (p1,p2,...,Pn) is a positive n-tuple with the following
substitutions: p; = F?, z; = Ff and y; = F; “fori=1,2,...,nand c € R:

zn: F? zn: FPF{F; ¢ < zn: FPF; Zn: FF;¢
j=1 i=1 j=1 i=1

; F? Z; F? < z; Frrey Fre
J= i= J=

i=1

By using the identities (1.4) we get the inequality (1.13).
The condition for the equality in the Chebyshev inequality give us the
condition for the equality in (1.13). |

REMARK 1.1. For I = ¢+ 2 in (1.13) we get the inequality in Theorem
Al and for r = 2+ c and s = 2 — ¢ we get the inequality in Theorem A2 if
r+c=4.

2. CHEBYSHEV INEQUALITY FOR FIBONACCI NUMBERS
THEOREM 2.1. Let n € N, and p = (p1,p2, - ,Pn) be a positive n-

tuple with P, = > p;. Let f and g be real valued functions. If f and g are
i=1
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monotonic in the same direction, then it holds
(2.1) Pnzpif(Fi)g(Fi) 2 ij f(Fj)Zpig(Fi)'
i=1 j=1 i=1

If f and g are monotonic in opposite direction then the reverse of the
inequality (2.1) holds.

PROOF. We use the Chebyshev inequality for n-tuples x=(x1, z2, ..., x,),
y = (Y1,92,-..,Yn) and for positive n-tuple p = (p1,p2,...,ps) with the fol-
lowing substitutions: x; = f(F;) and y; = g(F;), i = 1,2,...,n for functions
f and ¢ which are monotonic in the same direction. 0

COROLLARY 2.2. Let n € N. Ifr and s € R such that rs > 0, then it
holds

n

(2.2) FoFp iy i F2rres > f: Ft Z F2rs,

i=1 j=1 i=1
Ifr and s € R such that r s < 0, then the reverse of inequality (2.2) holds.

PrROOF. We apply (2.1) for functions f(x) = 2" and g(z) = z° such that
rs > 0 with substitutions p; = F? and @; = F[, y; = F; . The identities (1.4)
give us the inequality (2.2). 0

REMARK 2.3. For r = ¢, s = —c for ¢ € R we get a result in Theorem A3.
THEOREM 2.4. Let n € N and p = (p1,p2,...,DPn) is a positive n-tuple

n
and P, = > p;. Let f1,fa, f3,-. .y fm, m > 2, be nonnegative real valued

=1
functions. If f1, fa, f3,..., fm are monotonic in the same direction, then it
holds

n

e3 )" w2 [T (S w s

PROOF. Let us use the Chebyshev inequality (1.2) for m nonnegative n-

tuples x; = (21,252, -,%jn), § = 1,2,...,m : m > 2) which are monotonic
in the same direction, with the following substitutions: xz;; = f;(F;), j =
1,...,m 1= 1,2,...,n for functions f;j = 1,...,m which are positive and

monotonic in the same direction. 0
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COROLLARY 2.5. Letn € N and r1,72,73,...,7m € R, m > 2.
If T] r; > 0, then it holds
i=1

J

)mfl

n 2+i Tj m n
(2.4) (FuFoir

F,70 =TI ).
j=1 i=1

i=1

PROOF. Let us use the Chebyshev inequality (1.2) for m nonnegative n-

tuples x; = (21, 252,.--,%n), = 1,2,...,m, m > 2, which are monotonic

in the same direction, with the following substitutions: z;; = f;(F}), j =
m

1,...,m i=1,2,...,n for functions f;(z) =2, j=1,...,m. If [[r; >0,
j=1

then functions f; are positive and monotonic in the same direction. We are
setting in (1.2): p; = F2 and zj; = F,’ for j=1,...,m;i=1,...,n.
By using the identities (1.4) we get the inequality (2.4). d

REMARK 2.6. As special cases of Theorem 2.1 and Theorem 2.4 we can
establish new inequalities if we select for weights p = (p1,p2,...,pn) the
n

following substitutions and corresponding P,, = > p; according identities (1.4)
i

- (1.10), respectively:

. n
pi=F2 pi=F;, pi=Foi1,pi=Foi,p; =i F;, pi = Fiio, p; = <Z)Fzz

3. CHEBYSHEV INEQUALITY FOR LUCAS NUMBERS

Let us recall the definition of the Lucas numbers L,,: L,, is the n® Lucas
number defined by Lo =2, L1 =1 and for all n > 1,

Ln = Lnfl + Ln72

or, alternatively,
Ln = 'n+1 + Fn—l-

Furthermore, let us state some known identities for Lucas numbers (see
[4], p. 98):
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(3.1) zn:Lf =LpLpy1 —2,
i=1
(3.2) i Lyj—1 = Lon — 2,
i=1
(3.3) zn:in = Lop41 — 1,
i=1
(3.4) zn:iLi — Lo — Ly + 4.

i=1
By using reverse Chebyshev inequality we can obtain inequality related
to Theorem A3 for Lucas numbers.

THEOREM A4. Letn € N and ¢ € R. Then it holds

2 - c - —c

(3.5) (LnLn1 —2)" <> L3> L3
j=1 i=1

REMARK 3.1. As special case of Theorem A4 we can establish new in-
equalities for Lucas numbers if we select for weights p = (p1,p2,...,pn) the
n

following substitutions and corresponding P,, = > p; according identities (3.1)
i

— (3.4), respectively:
pi = L7, pi = Loi—1, pi = Lo, p; =i L.

We can state similar result as Theorem 2.1 and Theorem 2.4 for Lucas
numbers.
For mixed identities of Fibonacci and Lucas number (see [4], p. 110):

(3.6) (Z‘) Fo_iF; = %(Q"Ln —9),

n
7=

1
n

(3.7) 3 (’Z) L,_:F; = 2"F,.

i=1
we present the following corollaries.

COROLLARY 3.2. Let n € N. Ifr and s € R such that rs > 0 then for
Fibonacci numbers and Lucas numbers it holds

(3.8)

1 n n 1+r+s . n 147 n 1+s
=2 Ln2)z<i)Fn_iFi zz<i>Fn_iFj Do) EeiF

i=1 j=1 i=1



CHEBYSHEV INEQUALITY FOR FIBONACCI NUMBERS 117

=1

=1 i=1

If r and s € R such that rs < 0, then for Fibonacci and Lucas numbers
the reverse of inequality (3.8) and (3.9) holds.

PROOF. We apply (2.1) for functions f(z) = 2" and g(z) = z® such
that 7s > 0 with substitutions p; = (7)Fn—iF; or p; = (})Ln—iF; and z; =
F!, y; = F? . The identities (3.6) and (3.7) give us the inequality (3.8) and

(3.9), respectively. |

4. GRUSS INEQUALITY AND KARAMATA INEQUALITY FOR FIBONACCI
NUMBERS AND LUCAS NUMBERS

The following theorem point out the Griiss inequality for Fibonacci num-
bers.

THEOREM 4.1. Let n € N, and p = (p1,p2,...,pn) be a positive n-tuple
with P, = > p;. Let f and g be real valued functions such that it holds
i=1
(41) O<m1<M1, 0<m2<M2,m1<f( )<M1,m2<g( 1)§M2

Then it holds

n n n

> pif (Fi)g(F) lejf(Fj) > pig(Fy)
42 ‘Zzl = =1 ‘ M My —my).
(4.2) 23 B P 7 (M1 —ma)(Mz —m2)

PROOF. As a complement of the Chebyshev inequality holds (discrete)

weighted Griiss’ inequality (see [7], p.296) holds, we use the Griiss inequality
for n-tuples x = (z1,x2,...,2,),y = (Y1,¥2,--.,Yyn) and for positive n-tuple
p = (p1,p2,...,pn) with the following substitutions: z; = f(F;) and y; =
g(F;), i = 1,2,...,n for functions f and g such that the condition (4.1) is
satisfied. a0

COROLLARY 4.2. Letn € N, n > 2.
If r and s € R such that r s > 0, then it holds

(4. )

n

ZFZHHS_ (F, F:'[+1 2 ZFQMZFEH <

j=1 i=1

(F = D, = 1)

] =

’ L n+1

If r and s € R such that rs <0, then it holds

n

1 TS T S
Fr 2= T mELy Fn+1 ZF2+ ZF2+

1 r s
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PROOF. We apply (4.2) for functions f(x) = 2" and g(z) = z* such that
rs > 0 which satisfied (4.1) with substitutions p; = F?. The identities (1.4)
give us the inequality (4.3). We proceed analogously for the case rs < 0. O

COROLLARY 4.3. Letn € N, n > 2.

If r and s € R such that rs > 0, then for Fibonacci and Lucas numbers
it holds

n

1 1 n n
FArLs — ———— N FXrNCR2LE <

If r and s € R such that rs < 0, then for Fibonacci and Lucas numbers
it holds

-5, - 1)

n

1 T S s S
EF,Fni ;Fi% L= (F, F (FpFns1)? Z:FH ZFQL

-H(A-1L7)

Recall now the Karamata inequality (see [7], p. 298 and [6], p. 212):
( Z pii) ( Z Pivi)
(4.4) K%< =1 < K?,
P, sz:vz Yi
_mima + \/7

\/mle + \/M1m2 N
where x = (21, 22,...,%n), Yy = (Y1, ¥2,---, Yn) are n-tuples such that the condi-
tion
(45) 0<my <My, 0<mg < Myymg <z < My, mo <y < Ms;
n
holds and p = (p1, pa,..., pn) is a positive n-tuple with P, = > p;.

j=1
We point out the Karamata inequality for Fibonacci numbers.

THEOREM 4.4. Let n € N, and p = (p1,p2,..,Pn) be a positive n-tuple
with P, = 3 p;. Let f and g be real valued functions such that it holds

(46) 0<m1<M1,0<m2<M27m1<f( )<M1,m2<g(F)<M2
Then it holds
n
pif(F3) - X2 pig(Fy)
1 =1 S KQ,
Pn pif(Fi) g(Fi)

s - T
\/m1M2+\/M1m2 B

o

(4.7) K2<t

HM:
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PROOF. We use the Karamata inequality (see [7], p. 298 and [6], p
212) for n-tuples x = (x1,%2,...,2Zn),y = (Y1,Y2,...,yn) and for positive
n-tuple p = (p1,p2, - - -, pn) with the following substitutions: z; = f(F;) and
yi = g(F;), i =1,2,...,n for functions f and g such that the condition (4.6)
is satisfied. d

COROLLARY 4.5. Let n € N.
If r and s € R such that r s > 0, then it holds

n
20 2
Fi . Fz S
1 1=1 < I{Q

— )

o

(4.8) K2<t

FnFnJ,-l Z F2+’I"+S
=1

1+ /F'r‘—‘r‘?

Fs+
If r and s € R such that rs <0, then it holds
z": 2+ i 2+
T, Fz s
(4.9) K?2< =t =1 < K2,

F Fn+1 E F‘2+7'+s
i=1

i+
1 + /FrJrs
PROOF. We apply (4.4) for functions f(z) = 2" and g(z) = z* such that

rs > 0 with substitutions p; = F? and z; = F, y; = F . The identities (1.4)
give us the inequality (4.8). We proceed analogously for the case rs < 0. O

K=

For Fibonacci and Lucas numbers it holds the following Karamata in-
equality.

COROLLARY 4.6. Letn € N.
If r and s € R such that rs > 0, then it holds

n n

Z FET M FPLS

L - < K?,
F.Fpy Z F>rre

14 4 /F;;L;

L5+

(4.10) K2<t
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If r and s € R such that rs < 0, then it holds

n

ZF?+T. - F2[.8
—1 )

(4.11) K?2<=L _ < K2,
FnFn+1 Z Fi2+TLf
1=1
\/L? Er
K = Q > 1.
FiLy,

PROOF. We apply (4.4) for functions f(x) = 2" and g(x) = z* such that
rs > with substitutions p; = F? and z; = F/, y; = L . The identities (1.4)
give us the inequality (4.10). d

5. EXTENSION OF GRUSS INEQUALITY FOR FIBONACCI NUMBERS AND
LUCAS NUMBER

For Fibonacci numbers the following interpolation result holds.

THEOREM 5.1. Let n € N, and T,(a,b;p) defined by (1.3). If func-
tions f and g are monotonic in the same direction, then for n-tuples a =

(f(Fl)a f(F2>7 e ?f(Fn)) and b = (g(F1>7g(F2)7 T 7g(Fn)) it holds
(51) Tn(avbvp) 2 Tnfl(aab;p) Z e 2 TZ(ava;p) Z 0.

PROOF. We use the refinement of the Chebyshev inequality (see [6], p.
275) for T,, with positive p;; = p;p;. d

THEOREM 5.2. Let n € N, and T,,(a,b;p) defined by (1.3).
(i) If functions f and g are monotonic in the same direction, then for n-

tuples a = (f(F1), f(F2), -, f(Fn)) and b = (9(F1), 9(F2), -+, g(Fn)) such
that f(Frs1) — f(Fx) > m and g(Fgy1) —g(Fx) > 1, k=1,--- ;n—1 it holds

(5'2) Tn(aa b; p) > mrTn(e, €; p) >0,

where e = (0,1,2,--+ ,n —1).
(ii) If functions f and g are monotonic in the opposite direction then

(5.3) T.(a,b;p) < mrT,(e,€;p) <0,
wheree = (n—1,n,---,1,0).
PROOF. We use the refinement of the Chebyshev inequality (see [7], p.
207) for T,, with positive p; for Fibonacci numbers. d
THEOREM 5.3. Let n € N, and p = (p1,p2,..,Pn) be a positive n-tuple

with P, = > p;. Let f and g be real valued functions such that it holds
i=1

(54) 0< my < Ml, 0< mo < M27m1 < f(Fz) < Ml, mo < g(Fz) < MQ.
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Then it holds

S pf(F)gF) i () 3 pig()

j
. — <
(5:5) ’ P, P, P, -
1
7M1 —m) (M —ma) max P(J) (1 - P(J)),
where I, = {1,2,--- ,n} and P(J) = Pin > pr for J C I,.
keJ

PROOF. We use the extension of the Griiss inequality (see Corollary 2.6
in [5] and [3] ) for D(x,y;p) = %Tn(x,y;p) with positive p;. |
THEOREM 5.4. Letn € N, and p = (p1,p2,---,pn) be a positive n-tuple
n
with P, = > p;. Let f and g be real valued functions such that f is mono-
i=1
tonically decreasing (or increasing) and it holds

(56) 0<my <M, 0<mg < My,m < f(F,L) < M, mo < g(Fi) < Ms.
Then it holds

ipif(Fi)g(Fi) i p;f(Fy) ipig(Fi)
(57) ‘z:l 5 o Jj=1 5 =1 5 S
1

PTQL(Ml —my)(My —my) 1;]?235_1]31@ (P — Py).

PROOF. We use the extension of the Griiss inequality (see Corollary 2.7
in [5] and [3] ) for D(x,y;p) = %Tn(x,y;p) with positive p;. d

COROLLARY 5.5. Letn € N, n > 2.
If r and s € R such that rs > 0, then it holds

n

1 1 n n
F2+r+s o F2+r Fi2+s S
1
W(FT?; -(F, = 1)  Jnax 1Fka+1 (FpFos1 — FFyy).
nt'nt1 SREN—

If r and s € R such that rs < 0, then it holds

n n

1 1 -
et -1y ey e
1
Toge ~Fn — V(A= Fy)  max  FFepy (FaFngt — FrFier).

n- n+1l
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REMARK 5.6. As special cases of Theorem 4.1, Theorem 4.4, Theorem 5.1,
Theorem 5.2, Theorem 5.3 and Theorem 5.4 we can establish new inequalities
if we select for weights p = (p1,ps,...,pn) the following substitutions and

corresponding P, = Y p; according identities (1.4) — (1.10), respectively:
i
) n
pi=F2 pi=F;, pi=Fo1,pi=Foi,p; =i F;, pi=Fi_o, p; = (Z)Fzz
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Biljeska o CebiSevljevoj nejednakosti i povezanim nejednakostima
za Fibonaccijeve brojeve
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SAZETAK. U radu su dokazani novi rezultati za Fibonacci-
jeve brojeve koji se odnose na CebiSevljevu nejednakost i s njom
povezane nejednakosti.
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