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Abstract

For decades, the cognitive development of the equals sign has attracted attention
from scholars, yet comprehensive reviews are lacking. This study aims to review
research on four areas: students’ understanding of the equals sign, factors influencing
their understanding, interventions to promote understanding, and cross-cultural
comparisons. It also aims to identify unresolved issues, gaps, and developmental
trends. Based on a review of 85 papers from 1932 to 2024 from six databases, this
study contributes by (a) summarizing students’ understanding of the equals sign
across age groups, various understanding levels, crucial factors influencing students’
understanding, theoretical frameworks and measurement items and results widely
seen in studies about interventions, and students’ understanding from different
countries; (b) recognizing the lack of research on high school and college students’
understanding, the developmental paths of different understanding levels, specific
influencing factors, and portable interventions to improve both procedural and
conceptual knowledge of the equals sign; and (c) suggesting future research to
explore the cognitive mechanisms of understanding the equals sign, integrate
procedural and conceptual teaching, distinguish between reducing or preventing
misunderstandings, develop a unified measurement tool, and examine factors
behind cross-country differences in understanding. This study contributes to a more
systematic theory and research framework in mathematics education.
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Introduction

w_»

The equals sign (“=") is a symbolic representation of equality or mathematical
equivalence (Devlin et al., 2023; Sumpter & Lowenhielm, 2024). Equality or mathematical
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equivalence indicates that the two sides of an equation have the same value, represent
the same mathematical object, or are interchangeable (Jones et al., 2012). Thus,
understanding the equal sign involves both sameness and interchangeability (Jones
et al., 2013). In short, the equals sign holds a profound and multifaceted meaning.

The equals sign is crucial in mathematics and other disciplines, such as the sciences
(Matthews & Fuchs, 2020). It serves as a fundamental component of algebraic thinking
and reasoning (Falkner & Levi, 1999; Molina et al., 2009). Specifically, students’
transition from arithmetic to algebra is closely tied to their understanding of the
equals sign (Matthews et al., 2012). Moreover, an appropriate understanding of the
equals sign in earlier grades predicts future mathematical competence in later grades,
including achievement on standardized mathematics assessments (Davenport et al.,
2023; Knuth et al., 2006; McNeil et al., 2019), solving equations (Knuth et al., 2006),
and tackling word problems related to mathematical equivalence (Matthews & Fuchs,
2020). Thus, developing a more flexible understanding of this symbol and avoiding
misconceptions are vital for students.

Unfortunately, children often struggle to grasp the concept of the equal sign (Behr,
1980; Lee & Pang, 2023). To make algebra accessible to all students, it is essential to
understand how students perceive the equals sign and how this understanding can be
improved (Simsek et al., 2022). Over the decades, numerous studies have accumulated
on students’ understanding of the equal sign. Despite this, very few attempts have been
made to synthesise the extant research. We searched EBSCO using “math* equivalence,”
“equal* sign,” “math* equality;” and “equal symbol” as abstract search terms and only
found two related reviews: one traditional review from 1981 (Kieran, 1981) and one
meta-analysis focusing on feedback interventions (Fyfe & Brown, 2018).

To fill this gap, this study aims to comprehensively review the literature regarding
students’ cognitive development of the equals sign. Specifically, this review aims to (a)
summarize students’ understanding of the equals sign across different age groups and
the various levels of understanding they exhibit; (b) provide an overview of the key
factors influencing students’ understanding of the equals sign and the effectiveness
of interventions designed to improve their understanding; (c) outline the differences
in students’ understanding of the equals sign across various cultural contexts and the
factors resulting in these differences; and (d) identify unresolved issues or gaps in these
fields and to provide potential directions or recommendations for future research.

This review begins with a description of the search strategy. It then summarises
how students of different age groups understand the equal sign and the varying
levels of their understanding. Given that tailored interventions based on influencing
factors are more likely to succeed, the review analyses research on factors affecting
understanding before discussing interventions designed to improve it. Next, it reviews
cross-cultural comparisons, highlighting differences in how students from various
countries understand the equal sign and the factors contributing to these differences.
At the end of each subsection, summaries are provided, unresolved issues or gaps are
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discussed, and future research directions are suggested. The review concludes with a
summary of the findings and their implications.

Methodology

Unlike systematic reviews with strict criteria and more substantial evidence, we
conducted a traditional review, emphasising a broader and interpretative synthesis.
This approach enables detailed analysis and contextual discussion of included studies,
providing deeper insights into themes and trends in research on students’ cognitive
development of the equals sign (Rozas & Klein, 2010).

Searches were conducted in September 2023 and updated in October 2024 using
Web of Science and EBSCO (including the databases APA PsycArticles, Psychology
and Behavioral Science Collection, Teacher Reference Center, ERIC, and Academic

» <

Search Premier). The search terms used were “equal* sign”, “equal symbol”, “math
equivalence”, “mathematical equivalence”, “math equality”, and “mathematical equality”
Initially, we identified a total of 771 papers on this topic through abstract searches. A

flowchart in Figure 1 shows the literature searching and screening process.
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Figure 1. Flow chart of the article selection process

The inclusion criteria for articles were: (a) Academic journal articles; (b) Available
abstracts; (c) English language; (d) Available full-text; and (e) the study had to examine
students’ understanding of the equal sign. The exclusion criteria for the literature were:
studies that did not investigate at least one of the three aspects — influencing factors,
interventions, or international comparisons of students’ understanding of the equals
sign — were excluded. To understand the origins and foundation of current studies
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on students’ understanding of the equals sign, we searched for and retrieved the
earliest available article on this topic, published in 1932 (Renwick, 1932). Therefore,
the time frame of the included articles ranges from 1932 to 2024. In the first round
of screening, 597 articles were included based on the criteria (a), (b), and (c). The
second round of screening was conducted under the criteria (d) and the exclusion
criteria. This excluded 480 articles and included 117 papers. After screening based
on criterion (e) and deduplication, 81 articles were selected for inclusion. We also
searched for and included four additional reports, resulting in a total of 85 papers
ultimately included. Among them, 40 articles were coded as “students’ understanding
of the equals sign” (e.g., Freiman & Lee, 2004; Jones & Pratt, 2006; Knuth et al., 2008;
Society for Research on Educational et al., 2010), 33 articles were coded as “pedagogical
interventions designed to improve students’ understanding” (e.g., Cook et al., 2008;
Jacobs et al., 2007; Mann, 2004; Powell, 2015), 15 articles were coded as “influencing
factors of this understanding” (e.g., Asquith et al., 2007; McNeil & Alibali, 2005;
Powell, 2012), and 4 articles (Eichhorn et al., 2018; Jones et al., 2012; Li et al., 2008;
Madej, 2022) and 2 reports (Capraro et al., 2007; Capraro et al., 2010) were coded as
“cross-cultural comparisons”

Research on the understanding of the equals sign

Among the 40 articles on students’ understanding of the equals sign, a significant
portion focused on elementary (e.g., Baroody & Ginsburg, 1983; Behr, 1980; Matthews
et al,, 2012) and middle school students (e.g., Kieran & Martinez-Hernandez, 2022;
Rittle-Johnson et al., 2011; Sumpter & Lowenhielm, 2024), while only a small number
explored the understanding of kindergarten (Blanton et al., 2018; Devlin et al., 2023;
Falkner et al., 1999; Stephens et al., 2021), high school (Emre-Akdogan, 2023; Harrell,
2016; Simsek et al., 2019), and college students (Chesney et al., 2013; Fyfe et al., 2020;
McNeil & Alibali, 2005a). The educational stage mentioned in this article refers to the
respective national education systems, where the specific grades may vary by country.
Next, we will provide an overview of students’ understanding of each educational stage,
using selected studies as examples. The reason for choosing these studies is that they
can reflect the evolution of research or have a high citation rate. We then outline the
different levels of students’ understanding of the equals sign.

The Understanding of the equals sign across different age groups

The earliest research on the cognitive development of the equals sign that can
be retrieved is Renwick’s study from 1932, which reported pupils’ misconceptions
about the equals sign (Renwick, 1932). Since then, significant scholarly attention has
focused on this topic. Researchers primarily employ instruments such as “True/false
number sentences” (e.g., determining whether 3 = 1 + 2 is correct or incorrect),
“definitions of the equals sign” (e.g., asking students to explain the equals sign),
“open number sentences” (e.g., filling in the blanks for 2 + __ =3 + 5), and “equation
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encoding” (e.g., reconstructing equations like 7 + 1 = __ + 6, that is, reproducing
several similar problems from students’ memories) to test students’ understanding
of the equals sign (Hornburg et al., 2021; Matthews et al., 2012).

Renwick (1932) categorised students’ understanding of the equals sign into
operational and relational views. The operational view refers to perceiving the equals
sign merely as a one-directional symbol for denoting the result of an operation
and/or as a “do something” signal. In contrast, the relational view interprets it as a
bidirectional symbol, indicating that the two sides of the equal sign have the same
value or quantity. Renwick (1932) found that most participants aged 8-12 and some
aged 13-14 held an operational view, indicating an insufficient understanding of
the equals sign from elementary to middle school. This was assessed through True/
false number sentences, where viewing 12 + 2 = 14 + 2 = 7 as correct but considering
17 x 2 = 30 + 4 incorrect reflects an operational view.

Consistent with Renwick (1932), Behr (1980) found that children aged 6-12
predominantly held the operational view. They used open-number sentences,
including traditional format (operations on the left side, e.g., 5+ 3 = __) and non-
traditional format (operations on the right side, both sides, or no operations, e.g.,
8=_ +6,4+__=5+9,0r7=7),as measurement tools. Traditional format
sentences emphasise performing operations on one side of the equals sign to obtain
the solution, whereas nontraditional format sentences highlight equality between both
sides. With increasing age and education level, exposure to nontraditional formats
also increases. However, Behr noted that even third-grade students encountering
statements like a + b = ¢ + d tend to accept only the a + b = ¢ format. This reinforces
the notion that students’ understanding of the equals sign does not sufficiently
mature with age and experience. This finding has been repeatedly demonstrated
in other studies (e.g., Matthews & Fuchs, 2020; McNeil, Hornburg, Devlin, et al.,
2019; Matthews et al., 2010).

As for middle school students, they have already begun studying algebra. Knuth
et al. (2005) revealed that the proportions of 6-8 graders (n = 373) demonstrating
the relational view were approximately 29%, 37%, and 46%, respectively, across the
different grades. Although less than half of the students in each grade exhibited a
relational understanding, there was a noticeable increase in this understanding with
advancing grade levels. These findings were corroborated by longitudinal research
by Alibali et al. (2007), which showed that the percentages of students with the
relational view were approximately 20%, 37%, 44%, and 60% at the beginning of
the sixth, seventh, and eighth grade and the end of the eighth grade, respectively.

It is generally expected that students will develop a relational view of the equals
sign through extensive mathematical experiences by the time they reach high school
and university. However, some studies lacking experimental evidence mentioned
that many high school students continue to exhibit an operational view (Kieran,
1981). We found only two studies examining high school students’ understanding
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(Emre-Akdogan, 2023; Harrell, 2016; Simsek et al., 2019) and three on college
students’ understanding (Chesney et al., 2013; Fyfe et al., 2020; McNeil & Alibali,
2005a). These studies, using similar measurement tools (except for one study, Emre-
Akdogan, 2023), indicated that some high school and college students still retain
an operational understanding. Nevertheless, these limited studies had small sample
sizes and may not have been representative, e.g., based on a specific region (the
Midwestern United States) and school type (open-enrollment universities). Future
research may benefit from increasing its focus on high school and college students.

As for kindergarteners, Blanton et al. (2018) conducted a study on 40 kindergarten
students, finding that approximately 81% tended to hold the operational view. This
finding has been consistently supported in other studies (Stephens et al., 2021).
Blanton et al. attribute this to informal experiences, such as frequently calculating
sums and differences of object sets, rarely decomposing objects, and emphasising
unidirectional operations.

In summary, research findings indicated that most primary school students hold
an operational view. Many middle school students have yet to develop a relational
view of the equals sign. This operational view persists among some high school and
college students. Several kindergarten students already exhibit tendencies toward
an operational view. However, the understanding of the equals sign among high
school and college students still requires further exploration.

The cognitive level of the equals sign

Researchers consistently categorise students’ understanding of the equals sign
into operational and relational views. As research has progressed, these categories
have been further subdivided to capture more nuanced levels of understanding.

Matthews et al. (2012) developed a construct map (Table 1) to segment levels of
students’ understanding of the equals sign. They identified four levels: Level 1 and
Level 3 represent the operational and relational views, respectively, with Level 2
serving as a transitional stage between these two levels. Level 4 involves advanced
algebraic reasoning. The key distinction between Level 3 and Level 4 is that students
at Level 3 verify equality by performing numerical calculations on both sides of the
equation, while students at Level 4 understand that symbolic transformations can
maintain equality without extensive numerical computations. Notably, students
may hold different views of the equals sign depending on context and task, rather
than being confined to a single level (Matthews et al., 2012).

However, the relational understanding here included only the sameness component.
Jones et al. (2012) introduced the component of substitution as part of relational
understanding, suggesting that the equals sign allows sides of an equation to be
swapped. This is known as “the substitutional view;” based on the principles of
symmetry and transitivity in equivalence relations. For example, it involves replacing
5 +8in5x+8=2x+4withx-2inx-2=5x+38.
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Table 1
Construct Map for knowledge of the equals sign

Level Description Core equation structure(s)

Level 4: Comparative Successfully solve and evaluate

Relational equations by comparing the
expressions on the two sides of
the equals sign, including using
compensatory strategies and
recognising transformations to
maintain equality. Consistently
generate a relational interpretation
of the equals sign.

Equations that can be most
efficiently solved by applying
simplifying transformations:

For example, without adding
67+86, can you tell if the number
sentence “67 + 86 = 68 + 85" is true
or false?

Level 3: Basic Successfully solve, evaluate, . b sides:
. and encode equation structures Operations on both sides:
Relational with operations on both sides of

the equals sign. Recognise the a+b=c+d,

relational definition of the equals
sign as correct.

a+b-c=d+e.

Level 2: Flexible Successfully solve, evaluate, Operations on the right:
] and encode atypical equation
Operational structures that remain compatible c=a+b

with an operational view of the
equals sign. No operations:a=a

Level 1: Rigid Only successful with equations
with an operations-equals-

Operational answer structure, including
solving, evaluating, and
encoding equations with this
structure. Define the equals sign
operationally.

Operations on the left:

a + b =c(including when blank is
before the equals sign)

Note. Table adapted from Rittle-Johnson et al. (2011, p.87).

Jones (2008) found that students aged 9 to 12 could possess the substitutional view.
To explore the distinctions between the sameness and substitution components,
Jones et al. (2012) studied two 11-to 12-year-olds, demonstrating a clear difference
between the substitutional and relational views, as supported by Sumpter and
Lowenhielm (2024).

We found 10 articles that studied the substitutional view (Donovan et al., 2022a;
Filloy et al., 2003; Jones, 2008; Jones et al., 2011; Jones et al., 2012; Jones et al., 2013;
Jones & Pratt, 2012; Simsek et al., 2019; Sumpter & Lowenhielm, 2024). Given the
substitutional view as a relatively new cognitive level and the progression from a
rigid operational to a comparative relational level, as shown in Table 1, questions
arise about the cognitive development of the equals sign: Does the substitutional view
develop alongside or after the relational view, or do these levels follow distinct paths?

For instance, Jones et al. (2013) demonstrated a significant increase in both relational
and substitutional views following the intervention. Specifically, 11 students aged
11-12 (n = 40) improved in accepting both views simultaneously, 10 leaned more
towards the substitutional view, and 9 showed increased acceptance of the relational
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view. Conversely, using tasks adapted from Jones et al. (2013), Simsek et al. (2019)
suggested that the relational view emerges earlier than the substitutional view. Their
study, involving 57 students aged 14-16, found that 56.1% of the relational view
endorsers rejected the substitutional view, while only 3.5% of the substitutional
view acceptors rejected the relational view. Donovan et al. (2022b) supported this,
arguing that the substitutional view logically follows relational understanding, as
interchangeability in equations stems from equivalence. Thus, the developmental path
of understanding the equals sign at different levels has not yet reached a consensus
in light of current research findings, and further exploration is still necessary.

In summary, students exhibit varying levels of understanding of the equals sign:
rigid operational (the operational view), flexible operational, basic relational (the
relational view), comparative relational, and the substitutional view. Nonetheless,
these levels do not follow a straightforward sequential pattern, and the developmental
path of these levels remains uncertain.

Research on influencing factors and interventions
in the understanding of the equals sign

Based on the above summary, research consistently reveals that students struggle
to understand the equals sign, and they often adopt an operational understanding
of it. In response, researchers have initiated investigations to uncover the factors
influencing their understanding and have dedicated efforts to explore effective
interventions for enhancing students’ relational understanding of the equals sign.

The factors influencing the understanding of the equals sign

Initially, brain development was thought to limit students’ ability to grasp the
concept of the equals sign, with Kieran (1981) suggesting age 13 as a key point.
However, the current consensus emphasises that students’ maths experience is more
crucial for understanding the equals sign.

For instance, Baroody and Ginsburg (1983) reported that a higher proportion of
first-grade students achieved a relational view compared to second- and third-graders
following the instruction, in which “equals” is defined as “the same as” and a variety
of equation formats (1+_ = 3, _ =1+1, etc.) were introduced. This claim has been
supported by the change-resistance account proposed by McNeil et al. (2006), and
some subsequent studies have also supported the change-resistance account (Chesney
& McNeil, 2014; McNeil et al., 2012; McNeil et al., 2015; McNeil et al., 2011). Applied
to the domain of mathematics, the change resistance account suggests that difficulties
with mathematical equivalence stem not from general conceptual or working memory
limitations in childhood, but from children’s representations of patterns routinely
encountered in the first few years of formal arithmetic instruction (McNeil et al., 2011).

Moreover, McNeil and Alibali (2005) posited that the explicit teaching of the equals
sign’s meaning is less crucial than increasing exposure to nontraditional equation
formats, while reducing exposure to conventional forms. Conversely, Simsek et al.

728



Croatian Journal of Education, Vol.27; No.2/2025, pages: 721-768

(2022) found that the format of arithmetic practice presented in students’ current-
year textbooks did not relate to students’ understanding of the equals sign. On the
other hand, Lee and Pang (2022) suggested that when teachers explain the meaning
of the equals sign and connect it to a pan balance, students are more likely to
transition from an operational to a relational view. This suggests that there are still
open questions regarding which specific factors in mathematical experience affect
students’ understanding of the equals sign (Simsek et al., 2022).

In summary, on a macro level, there is greater support for the idea that students’
mathematical experiences are a more significant factor affecting their understanding of
the equals sign than their brain limitations. On a micro level, within the mathematical
experiences in classroom instruction, how the equals sign is defined and presented—
such as whether to provide a clear definition of the equals sign, the words interpreting
it, and the expression format presenting it—may potentially influence students’
understanding of the equals sign (Davenport et al., 2023; McNeil & Alibali, 2005b;
McNeil et al., 2012; McNeil et al., 2015; McNeil et al., 2011; McNeil et al., 2019; Powell,
2012). However, determining which specific factors of these are more critical still
necessitates further investigation. Additionally, concerning other factors, we found
several studies indicating that teachers’ understanding of the equal sign can influence
students’ understanding (e.g., Asquith et al., 2007; Simsek et al., 2022; Vermeulen &
Meyer, 2017). Nevertheless, we did not find explicit inquiries into additional factors.
Consequently, there is a shortage of research on extra factors that influence students’
understanding of the equals sign; future research should explore whether there are
other crucial factors.

The interventions improving the understanding of the equals sign

The earliest explorations into interventions aimed at promoting students’ relational
understanding of the equals sign can be traced back to the work of Weaver (1973).
For over five decades, researchers have been striving to develop highly effective
instructional methods to foster students’ robust understanding of the equals sign as
a relational concept.

Understanding the equals sign requires both conceptual knowledge of its meaning
and procedural knowledge for solving problems involving operations on both sides
of it (Qetrani et al., 2021). Students’ conceptual knowledge about the equals sign was
typically measured using three items: (a) definitions of the equals sign, (b) equation
encoding, and (c) True/false number sentences, while procedural knowledge is often
measured through open number sentences (DeCaro & Rittle-Johnson, 2012; Rittle-
Johnson & Alibali, 1999; Rittle-Johnson et al., 2016).

Recent research has revealed that students exhibit notably less improvement in the
task “definitions of the equals sign” when juxtaposed with their advancements in
“equation encoding,” “True/false number sentences,” or “open number sentences.”
Moreover, their absolute improvement in the task “definitions of the equals sign”
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also remains low (Davenport et al., 2023; McNeil et al., 2019). Bearing this in mind,
we categorized the review of interventions into three sections: (a) interventions that
significantly improve both procedural and conceptual knowledge, accompanied by
a relatively significant improvement in the task “definitions of the equals sign”, (b)
interventions that have fostered students’ procedural and conceptual knowledge, albeit
with a modest improvement in the task “definitions of the equals sign”, and (c) those
did not assess students’ definitions of the equals sign.

Before detailing these studies, we first focus on those from the past decade,
summarising their measurement tools and theoretical frameworks in Table 2. As shown
in Table 2, recent intervention studies commonly use four measurement items: True/
False number sentences, definitions of the equals sign, open number sentences, and
equation encoding. Their theoretical frameworks mainly include embodied cognition
theory, change resistance, and physical or concrete representation.

Table 2
Overview of intervention experiments conducted in the past decade
. - Theor
Reference Intervention Participant R eory Measurement
guidance

Studies with relatively high improvement in definitions of the equals sign (more than 50%
of participants)

Chow and L . )

Wehby (2019) Nonsymbolic instruction ~ Second graders Visual support ONS, DES, TENS
Donovanetal. Sameness+Substitutive Fourth-and z:(tjhszakst‘ietri?\je ONS. DES
(2022b) instruction fifth-graders !

component

Studies with relatively low improvement in definitions of the equals sign (less than 50%
of participants)

Grounded
. and idealised
Bajwa and Pan-balance scale Se.cond— and representations ~ ONS, DES, TFNS
Perry (2021) Third-grade
(Belenky &
Schalk, 2014)
McNeil et al. Non-traditional Change-
(2015) arithmetic practice Second graders resistance ONS, DES, EE
(a) Introducing the equal
sign before arithmetic,
McNeil et al. (b) Concreteness Change-
(2019) fading exercises, and second graders resistance ONS, DES, EE
(c) comparison and
explanation
(a) Introducing the
equal sign before
arithmetic, (b) Non-
Davenport et traditional arithmetic Change-
al. (2023) practice, (c) Concreteness Second graders resistance ONS, DES, EE

fading exercises, and
(d) comparison and
explanation
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Reference Intervention Participant Theory Measurement
guidance
Studies without testing students’ definitions of the equals sign
Curriculum
. Research
Stephens etal. Comprehenslve early Third graders Framework ONS, TFNS
(2015) algebra curriculum
(Clements,
2007)
Blanton et al comprehensive earl Curriculum
: p A Y 3to 5 graders Research ONS, TFNS
(2019) algebra curriculum
Framework
The ONS
Fyfe et al. Embedding reflective First-and importance of
(2022) metacognitive questions  second-graders metacognition
in mathematics
Fischer et al. ACE (Arlthmgtlc Change-
Comprehension at Second graders - ONS
(2019) resistance
Elementary school)
Observing gestures, .
Koumoutsakis Third-and Embg?ued ONS
etal. (2016) videotaped vs live fourth-graders :;’9”' lon
instruction eory
Valdiviejas et Embodied
al (2022J) Observing gestures Second graders cognition ONS
’ theory
. . Embodied
Despina etal. Observing . Third graders cognition ONS, TFNS
(2024) representational gestures
theory
Novack et al Embodied
2014) ’ Producing gestures Third graders cognition ONS
theory
Kersey et al. Producing gestures and Third- and E:)na?g;end ONS
(2024) action fourth-graders 9
theory

Abbreviations: ONS: open-number sentences; TFNS: true and false number sentences; DES: definitions of the
equal sign; EE: equation encoding.

Studies with relatively high improvement in definitions

of the equals sign

These studies revealed that students exhibited enhanced procedural and conceptual
knowledge following the intervention, with the majority (over 50%) capable of
producing relational definitions for the equals sign post-intervention. For example,
Hattikudur and Alibali (2010) discovered that third- and fourth-grade students who
received instruction comparing the equals sign with inequality symbols were more
inclined to provide relational definitions (74%) compared to those who received only
equal sign instruction (57%) or no instruction at all (22%). At the pretest, 38% of all
students defined the equals sign relationally. The improvement in defining the equals
sign (corresponding to the definitions of the equals sign task) varies by condition,

731



Cui, Cui, Lian and Liu: The Cognitive Development of Students and Understanding the Equals Sign: A Review

but encoding and solving mathematical equivalence problems (corresponding to
the equation encoding and open number sentences task, respectively) did not.

Word problem plus equal-sign instruction combined tutoring has also been
found by Powell and Fuchs (2010) to exhibit similar effects for third-graders with
mathematics difficulty. They reported that less than 10% of participants provided
relational definitions at the pretest. However, by the posttest, nearly all students
who had received combined tutoring provided relational definitions, whereas those
who had not received equal-sign tutoring provided operational definitions. There
was no significant difference in improvement for solving mathematical equivalence
problems, but significant variation in defining the equals sign and judging equality
sentences (corresponding to the True/false number sentences task) across tutoring
conditions.

A study by Donovan et al. (2022a) considered the substitutional view and reported
that fourth- and fifth-graders receiving lessons on dual sameness and substitutive
conception, sameness alone, and non-conception exhibited change rates of 50%-
68%, 58%-77%, and 62%-60%, respectively, in their definitions of sameness from
pretest to posttest. Notably, the aforementioned three studies did not assess whether
children’s improvements were sustained over time.

In a retention test, DeCaro and Rittle-Johnson (2012) demonstrated that second-
to fourth-graders who tackled unfamiliar equivalence problems prior to receiving
conceptual instruction on mathematical equivalence were more likely to provide
relational definitions (58%) compared to those who learned first (20%) in the
Midwest. Additionally, conceptual knowledge scores (defining the equals sign and
encoding equivalence problems) improved from the posttest to the retention test.
There were no order effects on procedural knowledge, but significant effects on
conceptual knowledge were observed.

Also, Chow and Wehby (2019) showed that at the follow-up assessment,
second-graders who received symbolic intervention, nonsymbolic intervention,
and business-as-usual instruction provided relational definitions with predicted
probabilities of 75.3%, 58.4%, and 5%, respectively. However, at the pretest, these
students were 10.5%, 6.2%, and 6.8%, respectively. Interventions demonstrated
significant effect sizes versus the control group in defining the equals sign, judging
equality sentences, and solving equivalence problems, but not for the interventions
themselves. Nevertheless, this study, along with the aforementioned two studies
(DeCaro & Rittle-Johnson, 2012; Hattikudur & Alibali, 2010), implemented the
intervention in a one-on-one setting.

In summary, these interventions appear to be promising and effective methods
for enhancing both procedural and conceptual knowledge about the equals sign,
particularly in encouraging students to provide relational definitions. Nevertheless,
future research is needed to investigate whether similar results can be obtained at
the classroom level and examine whether these treatment effects are temporary
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or long-lasting. This is important because it pertains to the degree to which the
intervention enhances students’ understanding of the equals sign and its practical
application in real classroom settings.

Studies with relatively low improvement in definitions
of the equals sign

Such studies found that students showed greater procedural and conceptual
knowledge post-intervention; however, improvement in defining the equals sign
was typically lower than on other tasks, with less than half capable of producing
relational definitions after the intervention. For example, McNeil and Alibali (2000)
reported that third- and fourth-graders increased by 11%, 6%, and 0% in defining
the equals sign after receiving learning, performance, or no goals, respectively.
However, those with a learning goal for encoding equations and judging equality
sentences showed improvements of 53% and 74%, respectively. Total score changes
depended on the goals they received, with those who were given learning goals
showing the most improvement.

Building on the change-resistance account and integrating four research-based
strategies, McNeil and colleagues, through a series of studies, proposed a supplemental,
affordable, and portable comprehensive intervention called Improving Children’s
Understanding of Equivalence (ICUE) aimed at achieving mastery-level math
equivalence understanding for second graders (Davenport et al., 2023; Fyfe et al.,
2015; McNeil et al., 2012; McNeil et al., 2015; McNeil et al., 2011; McNeil et al.,
2019). The comprehensive intervention had three primary goals: (1) exceeding their
“best-case” benchmarks (McNeil et al., 2015), (2) all children demonstrating basic
understanding, and (3) at least 50% reaching mastery. Nonetheless, McNeil et al.
(2019) acknowledged that they didn’t reach their goal of 100% basic understanding
and 50% mastery, mainly falling short in defining the relational aspect of the equals
sign. While 45% of participants mastered solving and encoding mathematical
equivalence problems, only 38% defined the equals sign relationally.

In summary, it suggests that these interventions are likely more effective in enhancing
students’ ability to judge equality sentences and encode and solve mathematical
equivalence equations, but they seem to be less effective in improving the production
of relational definitions. This review presents two possible explanations for this
phenomenon.

First, these interventions included extensive procedural lessons, which may directly
improve procedural skills without ensuring conceptual understanding (McNeil &
Alibali, 2000). For instance, subjects in McNeil and Alibali (2000) learned a procedure
for solving equivalence problems, and arithmetic practice was a key component of
ICUE. In contrast, Hattikudur and Alibali’s (2010) intervention focused on conceptual
instruction, leading to greater improvement in defining the equals sign than in encoding
or solving problems. Therefore, it can be inferred that interventions emphasising
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conceptual or procedural aspects may be more effective in enhancing corresponding
knowledge. This argument is to some extent supported by Rittle-Johnson and Alibali
(1999), who observed that although there are causal relations between conceptual
and procedural knowledge, conceptual knowledge may have a greater influence
on procedural knowledge than the reverse. We argue that procedural knowledge
of the equals sign may be easier to improve, while conceptual knowledge is more
challenging. Future work can explore these issues and consider the balance between
conceptual and procedural approaches to teaching mathematical equivalence.

Second, consistent with Matthews et al. (2012), tasks that require students to
define concepts may underestimate their actual conceptual knowledge, as providing
verbal or written definitions is more challenging than solving problems, such as
equivalence tasks. Therefore, it is unclear whether students failed to deepen their
understanding of the equals sign after interventions or struggled to articulate their
understanding.

Research without testing the definitions
of the equals sign

Such studies found that students showed improvement in judging equality
sentences, encoding and solving mathematical equivalence problems, or other tasks
after interventions. Although the majority of these studies are successful in these
tasks, they are not without limitations.

Some interventions often require highly trained and motivated teachers and
researchers (Fyfe et al., 2022), substantial implementation time (Fischer et al., 2019),
or both (Blanton et al., 2019; Saenz-Ludlow & Walgamuth, 1998; Stephens et al.,
2015). For instance, Blanton et al. (2019) involved grade-level teachers across schools,
providing three years of professional development (PD) to support implementation.
Similarly, Fyfe et al. (2022) carried out the intervention and measurement by research
assistants and researchers. Stephens et al. (2015) replaced regular math classes with
20 one-hour early algebra lessons over the school year.

Some studies, though not time-intensive, did not assess long-term effects
(Alibali et al., 2009; Perry, 1991) or classroom-level impacts (Alibali, 1999; Alibali
et al., 2009). For instance, Alibali et al. (2009) conducted posttest and transfer
tests, but no follow-up tests and implemented the intervention in a one-on-one
setting. Some studies utilised modern information technology, which may have
limited the generalizability and replicability of their results. For instance, Bajwa
and Perry (2021) created a digital pan-balance applet to manipulate instructional
conditions and conducted the intervention on a computer in a game context. A
chain of studies has demonstrated that incorporating gestures into spoken math
equivalence instructions benefits students’ relational understanding of the equals
sign (Congdon et al., 2017; Kersey et al., 2024; Valdiviejas et al., 2022). Many of
these studies, such as Kersey et al. (2024), focus on solving equivalence problems
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and do not assess conceptual knowledge, leaving it unclear whether gestures also
enhance conceptual understanding.

Overall, it is important to note that the interventions discussed above are not
universally beneficial for every participant, even one-on-one instruction is no
exception (Hattikudur & Alibali, 2010). It may be necessary to continue exploring
theoretical frameworks or improving experimental methods that can guide more
genuinely effective interventions. This review presents three key considerations
that future research could focus on.

First, we assume that preventing the formation and reducing the activation of
children’s operational views differ in difficulty. Decreasing reliance on the operational
view may be more complicated than preventing its formation, as many students are
deeply entrenched in it (McNeil et al., 2015). Thus, interventions must clarify whether
they aim to prevent formation or reduce activation. According to the change-resistance
account, operational views strengthen during early formal schooling, peaking around age
9 (McNeil, 2007). Many studies focus on children aged 6-9, while others include older
children (Table 2). As noted earlier, many in these age groups already hold operational
understanding, so results often reflect effectiveness in discouraging activation rather
than formation. Future studies should pretest students’ reliance on the operational
view, design instructions introducing the equals sign before its formation, and assess
their effectiveness.

Second, a relational understanding of the equals sign includes multiple components,
like sameness and substitutive aspects (Jones et al., 2012). Donovan et al. (2022b)
found that teaching both sameness and substitutive components together can
be effective. This raises the question of whether understanding one component
depends on the other or if both should be learned simultaneously due to their
interdependence. Currently, this remains unclear, and there is a lack of theoretical
frameworks explaining the learning mechanisms or cognitive processes behind the
equals sign. Consequently, instructional designs grounded in the developmental
path of understanding the equals sign are still limited.

Third, Table 2 shows that while researchers’ measurement tools fall under four
categories—definitions of the equals sign, open number sentences, equation encoding,
and true/false number sentences—they are not uniform in their approach. Some
studies include specific items, while others do not. Future research could adopt a
unified measurement scale. For example, Matthews et al. (2012) developed a tool to
assess levels of understanding of the equal sign, but omitted the substitutive view,
a potential focus for future studies.

Cross-cultural research on the understanding
of the equals sign

This section reviews international comparative literature on students’ understanding
of the equals sign to explore differences in how students from diverse cultural
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backgrounds understand the equals sign and identify factors contributing to these
differences. The countries included were based on the retrieved articles.

Comparative studies reveal that students in certain countries struggle less with the
equals sign than others (Simsek et al., 2022). For example, Capraro and colleagues
reported that approximately 28% of U.S. sixth-graders (n=105) and 98% of Chinese
sixth-graders (n=145) accurately answered open number sentences and True/False
number sentences with conceptually accurate explanations (Capraro et al., 2007;
Capraro et al., 2010; Li et al., 2008). Similar comparisons included South Korean
(n =193) and Turkish (n = 334) sixth-graders, with 59.6% of Korean and 28.4% of
Turkish students answering correctly (Capraro et al., 2010). Eichhorn et al. (2018)
included Jordan (Grades 2-3, n = 1486) and India (Grade 2, n = 185), finding that
both groups struggled with open-number sentences.

Madej (2022) compared Swedish and South Korean students using the Matthews
etal. (2012) assessment, noting that Swedish Grade 3 and 6 students outperformed
South Korean Grade 3 students in understanding the non-operational meaning of
the equals sign. Jones et al. (2012) compared Chinese (n = 150) and UK (n = 101)
secondary students on their understanding of substitutive definitions, finding
that the UK group rated operational definitions higher and substitutive-relational
definitions lower, while the Chinese group had a higher rating for sameness-
relational definitions.

Researchers have explored the factors behind cross-country differences in
understanding the equals sign, with a focus on classroom materials. Analyses of U.S.
and Chinese teacher guides and textbooks revealed that U.S. materials often lack a
clear definition of the equals sign, using terms like “makes” and presenting mostly
traditional arithmetic sentences. In contrast, Chinese materials emphasise equality
as a relational concept, introduce the equals sign alongside inequality symbols (e.g.,
>, <), and include nontraditional equations early (Li et al., 2008). This strategy aligns
with variation theory, which posits that juxtaposing a concept with its opposites
(e.g., equality vs. inequality) deepens conceptual understanding by contrasting the
differences between the two and identifying the key characteristics of the target
concept (Kullberg et al., 2017). Similarly, textbooks in Jordan, India, and South Korea
predominantly use traditional arithmetic formats, while Swedish textbooks for early
grades favour open-number sentences (Eichhorn et al., 2018; Madej, 2022). These
findings suggest that definitions, interpretations, and presentation formats of the
equals sign may shape students’ understanding. However, these are not results based
on experimental findings.

Simsek et al. (2022) conducted a large-scale study across six countries (China,
England, New Zealand, South Korea, Turkey, and the United States), revealing that
the format of arithmetic practice in students’ current textbooks did not correlate
with their understanding of mathematical equivalence. This result was surprising, as
it contradicted predictions from the change-resistance account, which has primarily
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been studied in the U.S. This suggests that factors in classroom materials influencing
the equals sign’s understanding require further investigation.

In summary, while the misunderstanding of the equals sign seems prevalent
across multiple countries, research shows cultural differences in its understanding.
However, questions remain about the role of classroom materials in shaping
students’ understanding (Simsek et al., 2022). This is crucial for designing effective
interventions and explaining their varying success. Future research should explore
more fundamental factors influencing this understanding. Additionally, we found
no research on the distinction between enacted and intended curriculum for
mathematical equivalence, an area that warrants future exploration.

This review highlights certain aspects of the equals sign in the primary school
curriculum standards of the aforementioned nine countries, as presented in Table 3. We
included the grade level at which the equals sign is first introduced, its description, the
related context, and the stage at which arithmetic problems are introduced. We intended
to provide insights for future research to explore factors influencing the equals sign’s
understanding in classroom materials, so we did not carry out a detailed, standardised
comparison of these curriculum standards, as it falls outside the scope of our focus.

Table 3
Content about the equal sign in the curriculum standards of nine countries

Stage of

f
Countries  the equal S‘tage o descriptions Related contexts
. arithmetic
sign
Understand the meanings
of the symbols <, =, >, T .
. In concrete situations involving
and compare the sizes
- equal, greater, and lesser
of numbers within ten i .
. Grades 1 Grades 1 guantities, guide students to
China thousand; through R . .
to 2 to 2 perceive the relationships of

comparing the sizes

of numbers, gain an
understanding of equality
and inequality relationships

equality and inequality between
numbers

. solve one-step problems
Pupils should be taught to: - P p )

. . that involve addition and
read, write, and interpret

. subtraction, using concrete
mathematical statements -
England  Grade 1 Grade 1 ) A L objects
involving addition (+), . . .
and pictorial representations,

subtraction and missing number problems
(-) and equals (=) signs

suchas7=_-9
Understands equality
. Grades6  Grades3 betwee.n numerical
India expressions and learns N/A
to 8 to5 . .

to check arithmetical
equations

Jordan Grade 1 Grade 1 Comparison using the Comparing numbers using the
symbols: =, >, < symbols <, >, =
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Stage of

Countries  the equal S.tage Of descriptions Related contexts
. arithmetic
sign
Record and interpret additive
and
simple multiplicative
New . . . .
Grade 4 Grade 1 strategies, using Equations and expressions
Zealand :
words, diagrams, and
symbols, with an
understanding of equality
) ) Help them understand that the
Explore the relationship " .
. quantities on both sides of the
South Grades 1 Grades 1 between two quantities and )
L equal sign (=) are equal to each
Korea to2 to2 represent it using the equal . . .
. other in addition, subtraction,
sign L
and multiplication.
When students work with the
meaning of the equal sign, it
can be important to compare
what is equal to what is not
equal. The meaning of the equal
sign can be made visible by
structurally exploring what does
not constitute a similarity, what
. A constitutes a similarity, and how
. Grades 1 Grades 1 Mathematical similarities and . ‘
Swedish . . differences can be transformed
to3 to3 the meaning of the equal sign . L
into similarities. The symbols
greater than and less than can
be introduced at the same
time as the equal sign. They
can also be used to work with
mathematical similarities and
differences, as well as symbols
for these concepts, in practical
exercises.
The addition operation is
The symbol for the addition performed both horizontally
operation (+) and the equal and vertically. When performing
Turkey Grade 1 Grade 1 sign (=) are introduced, vertical addition, the importance
and their meanings are of the operation line having a
emphasised similar meaning to the equal
sign is emphasised.
Understand the meaning of Determine the unknown
the equal sign, and determine whole number in an addition
if equations involving or subtraction equation
. . addition and subtractionare  relating three whole numbers.
United Kinder- .
Grade 1 true or false. For example, For example, determine the
States garten

which of the following
equations are true and which
arefalse?6=6,7=8-1,5+2
=2+454+1=54+2

unknown number that makes
the equation true in each of the
equations8+ _=11,5=_-3,6
+6=_
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Conclusions

This review aimed to (a) summarise students’ understanding of the equals sign
across age groups and the various levels of understanding they exhibit; (b) provide an
overview of the factors influencing students’ understanding of the equals sign and the
effectiveness of interventions designed to improve their understanding; (c) outline
the differences in students’ understanding of the equals sign across various cultural
contexts and the factors resulting in these differences; and (d) identify research
gaps and suggest future directions. The review found that (a) Primary students
often struggle to understand the equals sign. Their difficulty with this concept
manifests as they view the equals sign operationally rather than relationally. As
grade levels increase, although more students develop a relational view, some retain
an operational view even into college. Many kindergarten students may already
exhibit tendencies toward operational understanding; (b) Students can have different
levels of understanding of the equals sign: rigid operational (the operational view),
flexible operational, basic relational (the relational view), comparative relational,
and the substitutional view; (c) Students’ mathematical experiences play a major
role in their understanding of the equals sign. The definition and presentation of
the equals sign may be an influencing factor. (d) Most interventions can improve
procedural knowledge of the equals sign, but conceptual knowledge, particularly
the definitions of the equals sign, varies. Some studies enhanced the generation of
the relational definition of the equals sign for most participants (over 50%), while
some only for a few (below 50%), and some did not test defining this concept.
Recent intervention experiments primarily utilise four measurement items: true/
false number sentences, definitions of the equals sign, open-number sentences,
and equation encoding. The theoretical frameworks guiding these interventions
primarily include embodied cognition theory, change resistance, and physical or
concrete representation; and (e) Students from different cultures understand the
equals sign differently, likely due to variations in how curriculum standards and
textbooks handle the equals sign.

Current research on the cognitive development of the equal sign is relatively
comprehensive; however, several issues warrant further investigation. These include:
(a) Focus on high school and college students’ understanding should increase;
(b) The development path of understanding of the equals sign remains uncertain;
(c) Whether the definition or the presentation of the equals sign has a greater
impact on students’ understanding of the equals sign still requires further research.
Whether there are other more critical factors is still unknown; (d) There is a lack
of interventions that can intensely and robustly improve both students’ conceptual
and procedural knowledge of the equals sign, which are easy to implement at the
classroom level. In particular, portable interventions that can strongly improve
students’ ability to produce a relational definition of the equals sign are lacking;
and (e) Open questions remain about whether the expression format of the equals
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sign causes differences in children’s understanding across countries. The reasons
for these differences need further exploration, and research on the enacted versus
intended curriculum for mathematical equivalence is currently lacking.

This review provides some suggestions for future research on instructional
interventions: (a) consider distinguishing and appropriately allocating conceptual
and procedural teaching of the equals sign; (b) develop theories on the developmental
path of different levels of understanding of the equals sign, or theories on the
cognitive processes or mechanisms involved in understanding the equals sign;
(c) clarify whether interventions aim to reduce or prevent the operational view,
investigating whether co-teaching equality and inequality signs in early instruction
- as implemented in some not standard practice - move beyond the operational view.
This approach, rooted in variation theory (Bussey et al., 2013), could be tested in
contexts where inequality signs are traditionally delayed, offering insights into the
generalizability of cross-cultural findings; and (d) develop a unified measure to
assess understanding of the equals sign.

Implications

The theoretical implications of this study are (a) Deepening Cognitive Theory:
By analysing students’ understanding of the equals sign across different ages
and varying levels of understanding, it enhances our understanding of cognitive
development in learning mathematical symbols. It also suggests directions for new
cognitive theories, aiding in explaining students’ thinking processes and barriers in
mathematics symbol learning; (b) Enriching Mathematics Education Theory: By
reviewing four areas (students’ understanding of the equals sign, influencing factors,
interventions, and cross-cultural comparisons), it helps develop a more systematic
research framework for mathematics education; (c) By reviewing international
comparison research, it provides an overview of how students’ understanding of the
equals sign varies across different cultural backgrounds and the impact of cultural
factors on mathematics learning. This enhances the development of cross-cultural
mathematics education theory.

The practical implications of this study are (a) Personalized Teaching: By outlining
understanding across age groups and different levels of understanding, it aids in
meeting the diverse learning needs of different age groups; (b) Improving Teaching
Methods: By discussing influencing factors and interventions, it helps teachers
design more effective instructions, such as balancing procedural and conceptual
teaching of the equals sign to enhance understanding its meaning and application;
(c) Teacher Training: Review findings can be used for teacher training, enhancing their
comprehension of students’ cognitive development of the equal sign; (d) Curriculum
Design: The review results offer insights for optimizing the content and structure
of mathematics curricula to ensure students can fully understand the equals sign
and its applications. For instance, curricula could integrate equality and inequality
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symbols from the earliest grades. By teaching these symbols contrastively, educators may
help students disentangle the relational meaning of the equals sign from operational
understanding, a hypothesis that warrants empirical testing in future interventions.
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Kognitivni razvoj znaka
jednakosti: pregled

Sazetak

Kognitivni razvoj znaka jednakosti privlaci paznju znanstvenika ve¢ desetljecima,
no sveobuhvatni pregledi nedostaju. Cilj je ove studije pregledati istrazivanja u Cetiri
podrucja: kako ucenici razumiju znaka jednakosti, faktore koji utjecu na njihovo
razumijevanje, intervencije za poticanje razumijevanja i komparacije izmedu kultura.
Takoder, cilj je identificirati nerijeSena pitanja, praznine i razvojne trendove. Na
temelju pregleda 85 radova od 1932. do 2024. godine iz Sest baza podataka, ova
studija doprinosi: (a) saZimanjem razumijevanja znaka jednakosti kod ucenika
razlicitih dobnih skupina, razlicitih razina razumijevanja, kljucnih faktora koji
utjecu na razumijevanje ucenika, teorijskih okvira i mjernih elemenata te rezultata
koji su Siroko zastupljeni u istrazivanjima intervencija i razumijevanja ucenika iz
razlicitih zemalja; (b) prepoznavanjem nedostatka istraZivanja o razumijevanju
ucenika srednjih skola i studenata, razvojnih putova razlicitih razina razumijevanja,
specifi¢nih faktora koji utjecu na razumijevanje te prenosivih intervencija za
poboljsanje proceduralnoga i konceptualnoga znanja znaka jednakosti i (c)
sugeriranjem buducih istraZivanja koja bi trebala istraziti kognitivne mehanizme
razumijevanja znaka jednakosti, integrirati proceduralno i konceptualno poucavanje,
razlikovati smanjenje ili spriecavanje nesporazuma, razviti ujedinjeni mjerni alat i
ispitati faktore koji stoje iza razlika u razumijevanju izmedu zemalja. Ovom studijom
doprinosi se sustavnijoj teoriji i okvirima istrazivanja u matematickom obrazovanju.

Kljucne rijeci: algebra; jednadzba; matematicka ekvivalentnost; razumijevanje

Uvod

Znak jednakosti (,,=”) je simbolicki prikaz jednakosti ili matematicke ekvivalentnosti
(Devlin i sur., 2023; Sumpter i Lowenhielm, 2024). Jednakost ili matematic¢ka
ekvivalentnost oznacava da dvije strane jednadzbe imaju istu vrijednost, predstavljaju
isti matematicki objekt ili su zamjenjive (Jones i sur., 2012). Stoga, razumijevanje
znaka jednakosti ukljucuje i jednakost i zamjenjivost (Jones i sur., 2013). Ukratko,
znak jednakosti ima duboko i visestruko znacenje.

Znak jednakosti je klju¢an u matematici i drugim disciplinama, poput znanosti
(Matthews i Fuchs, 2020). To je temeljna komponenta algebarskoga razmisljanja i
zaklju¢ivanja (Falkner i Levi, 1999; Molina i sur., 2009). Konkretno, prijelaz u¢enika
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s aritmetike na algebru usko je povezan s njihovim razumijevanjem znaka jednakosti
(Matthews i sur., 2012). Stovise, odgovarajuce razumijevanje znaka jednakosti u nizim
razredima predvida budu¢u matematicku kompetenciju u vi$im razredima, ukljucujuci
uspjeh na standardiziranim matematickim ispitima (Davenport i sur., 2023; Knuth i
sur., 2006; McNeil, Hornburg, Brletic-Shipley i sur., 2019), rjeSavanje jednadzbi (Knuth i
sur., 2006) i rjeSavanje tekstualnih zadataka povezanih s matematickom ekvivalentnos¢u
(Matthews i Fuchs, 2020). Stoga, razvijanje fleksibilnijega razumijevanja ovoga simbola
i izbjegavanje nesporazuma od klju¢ne su vaznosti za ucenike.

Nazalost, djeca ¢esto imaju problema s razumijevanjem pojma znaka jednakosti (Florida
State Univ i Behr, 1976; Lee i Pang, 2023). Kako bi se algebra ucinila pristupa¢nom
svim ucenicima, klju¢no je razumjeti kako ucenici percipiraju znak jednakosti i kako
se to razumijevanje moze pobolj$ati (Simsek i sur., 2022). Tijekom desetljeca, nastala
su brojna istrazivanja kako ucenici razumiju znak jednakosti. Unato¢ tome, vrlo je
malo pokusaja da se sintetizira postojece istrazivanje. Pretrazili smo EBSCO koristeci
pojmove ,math* equivalence,” ,equal* sign,” ,,math* equality” i ,,equal symbol”
kao termine za pretragu u saZetcima i pronasli samo dva povezana pregleda: jedan
tradicionalni pregled iz 1981. (Kieran, 1981) i jednu metaanalizu koja se fokusira na
intervencije povratne informacije (Fyfe i Brown, 2018).

Ova studija ima za cilj sveobuhvatno pregledati literaturu o kognitivnom razvoju
ucenika u vezi sa znakom jednakosti kako bi se popunila ova praznina. Konkretno, ovaj
pregled ima za cilj: (a) sazeti razumijevanje znaka jednakosti u¢enika razlicitih dobnih
skupina i s obzirom na razli¢ite razine razumijevanja koje pokazuju; (b) pruziti pregled
klju¢nih faktora koji utje¢u na to kako uéenici razumiju znak jednakosti i u¢inkovitost
intervencija dizajniranih za pobolj$anje njihovoga razumijevanja; (c) opisati razlike u
razumijevanju znaka jednakosti ucenika koji zive u razli¢itim kulturnim kontekstima
i faktore koji uzrokuju te razlike te (d) identificirati nerijeSena pitanja ili praznine u
tim podruéjima i pruZiti potencijalne smjerove ili preporuke za buduéa istrazivanja.

Ovaj pregled zapocinje opisom strategije pretrazivanja, zatim sazima kako ucenici
razlicitih dobnih skupina razumiju znak jednakosti i razli¢ite razine njihova razumijevanja.
S obzirom na to da intervencije prilagodene temeljnim faktorima imaju vece $anse za
uspjeh, analizira se istrazivanje faktora koji utjeCu na razumijevanje prije nego sto se
raspravlja o intervencijama dizajniranim za njegovo poboljsanje. Sljedece, pregledavaju
se komparacije medu kulturama, isti¢udi razlike u tome kako ucenici iz razli¢itih
zemalja razumiju znak jednakosti i faktore koji doprinose tim razlikama. Na kraju
svake podsekcije pruzaju se sazetci, raspravljaju nerijeSena pitanja ili praznine te se
predlazu smjerovi za buduca istrazivanja. Pregled zavrSava zaklju¢cima i implikacijama.

Metodologija

Za razliku od sustavnih pregleda sa strogim kriterijima i ja¢im dokazima, proveli
smo tradicionalni pregled, naglagavajuci Siru, interpretativnu sintezu. Ovaj pristup
omogucuje detaljnu analizu i kontekstualnu raspravu ukljucenih studija, pruzajuci

751



Cui, Cui, Lian and Liu: The Cognitive Development of Students and Understanding the Equals Sign: A Review

dublje uvide u teme i trendove u istrazivanjima kognitivnoga razvoja ucenika u vezi
sa znakom jednakosti (Rozas i Klein, 2010).

Pretrazivanja su provedena u rujnu 2023. i azurirana u listopadu 2024. kori$tenjem
Web of Science i EBSCO (ukljucujuéi baze podataka APA PsycArticles, Psychology
and Behavioral Science Collection, Teacher Reference Center, ERIC i Academic Search
Premier). Koristeni su sljede¢i pojmovi za pretragu: ,equal* sign’, ,equal symbol”,
»math equivalence’”,,,mathematical equivalence”, ,,math equality”i ,,mathematical
equality”. U pocetku smo identificirali ukupno 771 rad o ovoj temi putem pretrage
sazetaka. Dijagram tijeka na Slici 1 prikazuje proces pretrazivanja i filtriranja literature.

(M
<
g Zapisi identificirani iz baza Ukloni duplicirane
© o v
< podataka > Elanke
£ (n=771) (n=82)
c
(]
k]
o/
Pocetni pregled > Iskljuceni ¢lanci
M\ (n=689) (n=92)
Sekundarni pregled - Iskljuceni ¢lanci
5 (n=597) 7 (n=480)
g
(-9
Cjelovita izvjesc¢a Clanci u punom tekstu . Dodatni zapisi
__procijenjena za > isklju¢eni na temelju |degt|f|cy;1a_n| putem
ispunjavanje uvjeta kriterija rugih izvora
~ (n=117) (n=36) (n=4)
()
5 Studije ukljucene u
5 pregled <
= (n=85)
2/

Slika 1. Dijagram tijeka procesa odabira ¢lanaka

Kriteriji uklju¢ivanja za ¢lanke bili su: (a) akademski ¢asopisi; (b) dostupni sazetci; (c)
engleski jezik; (d) dostupni cijeli tekstovi i (e) studija je morala istrazivati razumijevanje
znaka jednakosti medu ucenicima. Kriteriji iskljucenja za literaturu bili su: studije
koje nisu istrazivale barem jedan od tri aspekta - faktore koji utjecu, intervencije ili
medunarodne komparacije razumijevanja znaka jednakosti medu ucenicima - bile su
isklju¢ene. Kako bismo razumjeli izvore i temelje trenuta¢nih studija o razumijevanju
znaka jednakosti medu ucenicima, pretrazivali smo i pronasli prvi dostupni ¢lanak o
ovoj temi, objavljen 1932. godine (Renwick, 1932). Stoga, vremenski okvir uklju¢enih
¢lanaka obuhvaca razdoblje od 1932. do 2024. godine. U prvom krugu filtriranja
ukljuceno je 597 ¢lanaka prema kriterijima (a), (b) i (c). Drugi krug filtriranja proveden
je prema kriterijima (d) i kriterijima iskljucenja. Ovim je iskljuceno 480 ¢lanaka, a
ukljuceno 117 radova. Nakon filtriranja prema kriteriju (e) i deduplikacije, uklju¢eno je
81 c¢lanaka. Takoder smo pretrazivali i ukljucili 4 izvjestaja, ¢ime je ukupno ukljuceno
85 radova. Medu njima, 40 clanaka bilo je oznaceno kao ,,razumijevanje znaka
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jednakosti medu ucenicima” (npr. Freiman i Lee, 2004; Jonesi& Pratt, 2006; Knuth i
sur., 2008; Society for Research on Educational i sur., 2010), 33 ¢lanka oznacena su
kao ,,pedagoske intervencije dizajnirane za poboljsanje razumijevanja ucenika” (npr.
Cook i sur., 2008; Jacobs i sur., 2007; Mann, 2004; Powell, 2015), 15 ¢lanaka oznacena
su kao ,,faktori koji utjecu na ovo razumijevanje” (npr. Asquith i sur., 2007; McNeil
i Alibali, 2005; Powell, 2012), a 4 ¢lanka (Eichhorn i sur., 2018; Jones i sur., 2012; Li
i sur., 2008; Madej, 2022) i 2 izvjestaja (Capraro i sur., 2007; Capraro i sur., 2010)
oznacena su kao ,,medunarodne komparacije”

Istrazivanje razumijevanja znaka jednakosti

Medu 40 ¢lanaka u kojima se govori o tome kako znak jednakosti razumiju uéenici,
znacajan broj fokusirao se na u¢enike osnovnih $kola (npr. Baroody i Ginsburg, 1983;
Behr, 1980; Matthews i sur., 2012) i srednjih $kola (npr. Kieran i Martinez-Hernandez,
2022; Rittle-Johnson i sur., 2011; Sumpter i Lowenhielm, 2024), dok je samo mali
broj istrazivao razumijevanje djece predskolske dobi (Blanton i sur., 2018; Devlin i
sur2023; Falkner i sur., 1999; Stephens i sur., 2021), srednjoskolaca (Emre-Akdogan,
2023; Harrell, 2016; Simsek i sur., 2019) i studenata (Chesney i sur., 2013; Fyfe i sur,,
2020; McNeil i Alibali, 2005a). Obrazovni stupanj spomenut u ovom ¢lanku odnosi se
na odgovarajuce nacionalne obrazovne sustave, pri ¢emu se specifi¢ne godine mogu
razlikovati ovisno o zemlji. Sljedece cemo prvo pruziti pregled uc¢enickoga razumijevanja
znaka jednakosti na svakom obrazovnom stupnju, odabirudi neke studije kao primjere.
Razlog odabira ovih studija jest taj $to mogu odrazavati evoluciju istraZivanja ili imaju
visoku citiranost. Zatim ¢emo opisati razli¢ite razine razumijevanja znaka jednakosti
medu ucenicima.

Razumijevanje znaka jednakosti u razli¢itim dobnim skupinama

Najranije istrazivanje o kognitivnom razvoju znaka jednakosti koje se moze pronaci
jest studija Renwicka iz 1932. godine, koja izvjeStava o nesporazumima ucenika u
vezi sa znakom jednakosti (Renwick, 1932). Od tada, znacajna znanstvena pozornost
posvecena je ovoj temi. Istrazivadi uglavnom koriste instrumente poput ,,to¢no/neta¢no
brojéane recenice” (npr. odredivanje je li 3 = 1 + 2 ispravno ili neto¢no), ,definicije
znaka jednakosti” (npr. traZenje od ucenika da objasne znak jednakosti), ,otvorene
brojcane recenice” (npr. popunjavanje praznina za 2 +_ = 3 + 5), i ,kodiranje jednadzbi”
(npr, rekonstrukcija jednadzbi poput 7 + 1 =_ + 6, tj. reproduciranje nekoliko slicnih
problema iz sjecanja ucenika) za testiranje razumijevanja znaka jednakosti medu
ucenicima (Hornburg i sur., 2021; Matthews i sur., 2012).

Renwick (1932) kategorizirao je razumijevanje znaka jednakosti medu u¢enicima
u operativni i relacijski pogled. Operativni pogled odnosi se na percepciju znaka
jednakosti kao jednostranoga simbola koji oznacava rezultat operacije i/ili kao signal
»ucini nesto”, dok se relacijski pogled odnosi na tumacenje znaka jednakosti kao
dvosmjernoga simbola koji oznacava da dvije strane znaka jednakosti imaju istu
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vrijednost ili koli¢ine. Renwick (1932) je otkrio da je vec¢ina sudionika u dobi od
8 do 12 godina i neki u dobi od 13 do 14 godina imali operativni pogled, §to ukazuje
na nedovoljno razumijevanje znaka jednakosti od osnovne do srednje $kole. Ovo je
procijenjeno putem to¢no/netacno brojcanih recenica, pri ¢emu je ispravno smatrati
12 +2 =14 +2 =7, ali pogre$no smatrati 17 x 2 = 30 + 4, $to odrazava operativni pogled.

U skladu s Renwickom (1932), Behr (1980) je otkrio da djeca u dobi od 6 do
12 godina ve¢inom imaju operativni pogled. Koristili su otvorene broj¢ane recenice,
ukljucujudi tradicionalni format (operacije na lijevoj strani, npr. 5+ 3 =_) i
netradicionalni format (operacije na desnoj strani, s obje strane ili bez operacija,
npr.8 = +6,4+=5+9ili 7 =7 ), kao mjerno sredstvo. Re¢enice u tradicionalnom
formatu naglasavaju izvodenje operacija na jednoj strani znaka jednakosti kako bi se
dobilo rjesenje, dok recenice u netradicionalnom formatu isti¢u jednakost izmedu
obje strane. S porastom dobi i razine obrazovanja, izlozenost netradicionalnim
formatima takoder raste. Medutim, Behr je primijetio da ¢ak i ucenici tre¢ega razreda
koji se susrecu s izjavama poput a + b = ¢ + d ¢esto prihvacaju samo formata + b =c.
Ovo ja¢a misljenje da godine i iskustvo ne utje¢u dovoljeno na razumijevanje znaka
jednakosti kod ucenika nije dovoljno. Ovo je otkrice ponovljeno u drugim studijama
(npr. Matthews i Fuchs, 2020; McNeil, Hornburg, Devlin i sur., 2019; Society for
Research on Educational i sur., 2010).

Sto se tice u¢enika srednjih $kola, oni su ve¢ poceli uciti algebru. Knuth i sur. (2005)
otkrili su da su postotci ucenika 6. do 8. razreda (n = 373) koji su pokazivali relacijski
pogled bili priblizno 29 %, 37 % i 46 % u razli¢itim razredima. Iako manje od polovice
ucenika u svakom razredu pokazuje relacijsko razumijevanje, primijecen je znacajan
porast ovoga razumijevanja s napredovanjem u razredima. Ovi su rezultati potvrdeni
longitudinalnim istrazivanjem Alibali i sur. (2007), koje je pokazalo da su postotci
ucenika s relacijskim pogledom bili priblizno 20 %, 37 %, 44 % i 60 % na pocetku
Sestoga, sedmoga, osmoga razreda i na kraju osmoga razreda, redom.

Op¢enito se ocekuje da ¢e ucenici razviti relacijski pogled na znak jednakosti tijekom
opseznih matematickih iskustava u srednjoj skoli i na fakultetu. Medutim, neka
istrazivanja koja nemaju eksperimentalne dokaze spominju da mnogi srednjoskolci
i dalje pokazuju operativni pogled (Kieran, 1981). Pronasli smo samo 2 studije koje
ispituju razumijevanje srednjoskolaca (Emre-Akdogan, 2023; Harrell, 2016; Simsek
isur, 2019) i 3 o razumijevanju studenata (Chesney i sur., 2013; Fyfe i sur.., 2020;
McNeil i Alibali, 2005a). Ova istrazivanja, koristeci slicne mjerni instrumente (osim
jedne studije, Emre-Akdogan, 2023), pokazala su da neki srednjoskolci i studenti jos
uvijek zadrZavaju operativno razumijevanje. Ipak, ta ogranicena istrazivanja imala
su male uzorke i mozda nisu bila reprezentativna, npr. temeljena na specificnoj regiji
(srednji zapad SAD-a) i tipu $kole (otvoreni univerziteti). Buduca istrazivanja mozda
bi trebala povecati fokus na srednjoskolce i studente.

Sto se tice djece predskolske dobi Blanton i sur. (2018) proveli su istraZivanje na
40 djece predskolske dobi, otkrivsi da je priblizno 81 % njih imalo operativni pogled.
Ovo otkrice dosljedno je podrzano u drugim istrazivanjima (Stephens i sur., 2021).
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Blanton i sur. ovo pripisuju neformalnim iskustvima, poput ¢estoga racunanja zbrojeva
i razlika skupa objekata, rijetkoag rastavljanja objekata i naglasavanja jednostranih
operacija.

Sazeto, istrazivacki nalazi ukazuju da ve¢ina ucenika osnovnih $kola ima operativni
pogled. Mnogi ucenici srednjih $kola jo$ uvijek nisu razvili relacijski pogled na znak
jednakosti. Ovaj operativni pogled i dalje opstaje kod nekih srednjoskolaca i studenata.
Nekoliko ucenika predskolske dobi ve¢ pokazuje sklonost operativnom pogledu.
Medutim, razumijevanje znaka jednakosti medu srednjoskolcima i studentima jo$
uvijek zahtijeva daljnje istrazivanje.

Kognitivna razina znaka jednakosti

Istrazivaci dosljedno kategoriziraju razumijevanje znaka jednakosti medu ucenicima
u operativni i relacijski pogled. Kako je istrazivanje napredovalo, ove su kategorije
dalje podijeljene kako bi se obuhvatile suptilnije razine razumijevanja.

Matthews i sur. (2012) razvili su konstrukt kartu (Tablica 1) za segmentiranje razina
razumijevanja znaka jednakosti medu ucenicima. Identificirali su Cetiri razine: Razina
1 i Razina 3 predstavljaju operativni i relacijski pogled, redom, dok Razina 2 sluzi
kao prijelazna faza izmedu ove dvije razine. Razina 4 uklju¢uje napredno algebarsko
razmiSljanje. Klju¢na razlika izmedu Razine 3 i Razine 4 jest u tome §to ucenici na
Razini 3 provjeravaju jednakost izvodenjem numerickih izra¢una na obje strane
jednadzbe, dok ucenici na Razini 4 razumiju da simbolicke transformacije mogu odrzati
jednakost bez opseznih numerickih izra¢una. Vazno je napomenuti da uc¢enici mogu
imati razli¢ite poglede na znak jednakosti, ovisno o kontekstu i zadatku, umjesto da
budu ograni¢eni na jednu razinu (Matthews i sur., 2012).

Medutim, relacijsko razumijevanje ovdje je uklju¢ivalo samo komponentu jednakosti.
Jones i sur. (2012) uveli su komponentu supstitucije kao dio relacijskoga razumijevanja,
sugeriraju¢i da znak jednakosti omoguc¢ava zamjenu strana jednadzbe. Ovo je poznato
kao ,,supstitucijski pogled,” temeljen na principima simetrije i tranzitivnosti u odnosima
ekvivalencije. Na primjer, to uklju¢uje zamjenu 5x + 8 u5x + 8 =2x+4sx-2ux-2=5x+38.

Jones (2008) otkrio je da ucenici u dobi od 9 do 12 godina mogu posjedovati
supstitucijski pogled. Kako bi istrazili razlike izmedu komponenti jednakosti i
supstitucije, Jones i sur. (2012) proucavali su dvoje djece u dobi od 11 do 12 godina,
pokazujudi jasnu razliku izmedu supstitucijskoga i relacijskoga pogleda, $to su podrzali
Sumpter i Léwenhielma (2024).

Pronasli smo 10 ¢lanaka koji su proucavali supstitucijski pogled (Donovan et al.,
2022b; Filloy et al., 2003; Jones, 2008; Jones et al., 2011; Jones et al., 2012; Jones et al.,
2013; Jones & Pratt, 2012; Simsek et al., 2019; Sumpter & Lowenhielm, 2024). S obzirom
na to da je supstitucijski pogled relativno nova kognitivna razina i na napredovanje s
rigidnoga operativnog prema komparativnom relacijskom nivou u Tablici 1, postavljaju
se pitanja o kognitivnom razvoju znaka jednakosti: Razvija li se supstitucijski pogled
zajedno s relacijskim pogledom ili nakon njega, ili ove razine slijede razlicite putove?
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Tablica 1

Konstrukt karta za znanje o znaku jednakosti

Razina Opis Osnovna struktura jednadzbe
Uspjesno rjesavanje i evaluacija
jednadzbi usporedbom izraza s obje Jednadzbe koje se mogu najucinkovitije
Razina 4: strane znaka jednakosti, ukljucujudi rijesiti primjenom pojednostavljujucih
Kom ar;tivni koristenje kompenzacijskih strategija transformacija:
relac,i)'ski i prepoznavanje transformacija za Na primjer, bez dodavanja 67+86,

) odrzavanje jednakosti. Dosljedno mozete li redi je li broj¢ana re¢enica 67
generiranje relacijskoga tumacenja + 86 = 68 + 85" tocna ili neto¢na?
znaka jednakosti.

Uspjesno rjeSavanje, evaluacija i Operacije na obje strane:
Razina 3: kodiranje struktura jednadzbi s
Osnovni operacijama na obje strane znaka a+b=c+d,
relacijski jednakosti. Prepoznavanje relacijske
definicije znaka jednakosti kao ispravne. aTP-c=d+e.
) Uspjesno rjesavanje, evaluacija i Operacije na desnoj strani:
Razina 2: [T, - i
o kodiranje atipicnih struktura jednadzbi
Fleksibilni ) ; - o c=a+b
. koje ostaju kompatibilne s operativnim
operativni

Razina 1: Rigidni
operativni

pogledom na znak jednakosti.

Uspjesan samo s jednadzbama sa
strukturom: operacija-jednako-odgovor,
ukljucujudi rjeavanje, evaluaciju i
kodiranje jednadzbi s ovom strukturom.

Bez operacija:a=a

Operacije na lijevoj strani:
a + b = c (uklju¢ujudi kada je prazno
mjesto prije znaka jednakosti)

Definiranje znaka jednakosti operativno.

Napomena. Tablica prilagodena iz Rittle-Johnson i sur. (2011, str. 87).

Na primjer, Jones i sur. (2013) pokazali su znacajan porast i u relacijskom i u
supstitucijskom pogledu nakon intervencije. Konkretno, 11 u¢enika u dobi od 11 do
12 godina (n = 40) poboljsalo je prihvacanje obaju pogleda istovremeno, 10 je vise
naginjalo supstitucijskom pogledu, a 9 je pokazalo povecano prihvacanje relacijskoga
pogleda. S druge strane, koristeci zadatke prilagodene iz Jones i sur. (2013), Simsek
i sur. (2019) sugerirali su da se relacijski pogled pojavljuje prije supstitucijskoga
pogleda. Njihovo istrazivanje s 57 u¢enika u dobi od 14 do 16 godina pokazalo je da
je 56,1 % onih koji podrzavaju relacijski pogled odbacilo supstitucijski pogled, dok
je samo 3,5 % onih koji prihvacaju supstitucijski pogled odbacilo relacijski pogled.
Donovan i sur. (2022a) podrzavaju ovo, tvrdeci da supstitucijski pogled logicki slijedi
relacijsko razumijevanje jer zamjenjivost u jednadzbama proizlazi iz ekvivalencije.
Dakle, razvojni put razli¢itih razina razumijevanja znaka jednakosti jo$ uvijek nije
postigao konsenzus u svjetlu trenutacnih istrazivackih nalaza, a daljnje istrazivanje
i dalje je potrebno.

Ukratko, u¢enici pokazuju razli¢ite razine razumijevanja znaka jednakosti: rigidni
operativni (operativni pogled), fleksibilni operativni, osnovni relacijski (relacijski
pogled), komparativni relacijski i supstitucijski pogled. Ipak, ove razine ne slijede
jednostavan sekvencijalni obrazac, a razvojni put tih razina ostaje neizvjestan.
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Istrazivanje faktora koji utjecu i intervencija
u razumijevanju znaka jednakosti

Na temelju prethodno re¢enoga, istrazivanja dosljedno otkrivaju izazove ucenika u
razumijevanju znaka jednakosti, te oni ¢esto usvajaju operativno razumijevanje znaka
jednakosti. Kao odgovor, istrazivaci su zapoceli istrazivanja kako bi otkrili faktore
koji utje¢u na njihovo razumijevanje te su posvetili napore istrazivanju u¢inkovitih
intervencija za pobolj$anje ucenickoga relacijskog razumijevanja znaka jednakosti.

Faktori koji utjecu na razumijevanje znaka jednakosti

Isprva se smatralo da je razvoj mozga ograni¢avao sposobnost ucenika da shvate
pojam znaka jednakosti, a Kieran (1981) je sugerirao da je 13. godina klju¢na tocka.
Medutim, trenuta¢ni konsenzus naglasava da je matematicko iskustvo u¢enika vaznije
za razumijevanje znaka jednakosti.

Na primjer, Baroody i Ginsburg (1983) izvijestili su da je veci postotak ucenika prvih
razreda postigao relacijski pogled u usporedbi s u¢enicima drugih i tre¢ih razreda
nakon nastave u kojoj je ,jednako” definirano kao ,,isto kao” te su predstavljeni razliciti
formati jednadzbi (1+_=3, _=1+1 itd.). Ovu tvrdnju podrzava ra¢un otpornosti na
promjene koji su predlozili McNeil i sur. (2006), a neka kasnija istrazivanja takoder su
podrzala racun otpornosti na promjene (Chesney i McNeil, 2014; McNeil i sur., 2012;
McNeil i sur., 2015; McNeil i sur., 2011). Primijenjeno na podrucje matematike, racun
otpornosti na promjene sugerira da poteskoce s matemati¢kom ekvivalentnos¢u ne
proizlaze iz op¢ih konceptualnih ili radnih ogranicenja u djecjoj dobi, vec¢ iz djecjih
prikaza obrazaca s kojima se redovito susre¢u u prvim godinama formalne nastave
aritmetike (McNeil Ii sur., 2011).

Stovise, McNeil i Alibali (2005) tvrde da je eksplicitno poucavanje znacenja znaka
jednakosti manje klju¢no od povecanja izlozenosti netradicionalnim formatima
jednadzbi uz smanjenje izloZenosti konvencionalnim oblicima. Suprotno tome, Simsek
i sur. (2022) otkrili su da format aritmeticke prakse prikazan u udzbenicima za teku¢u
$kolsku godinu nije bio povezan s u¢enickim razumijevanjem znaka jednakosti. S druge
strane, Lee i Pang (2022) sugerirali su da kada ucitelji objasnjavaju znacenje znaka
jednakosti i povezuju ga s ravnotezom, ucenici su skloniji prelasku s operativnoga na
relacijski pogled. To sugerira da jo$ uvijek postoje otvorena pitanja u vezi s tim koji
specifi¢ni faktori u matematickom iskustvu utjecu na ucenicko razumijevanje znaka
jednakosti (Simsek i sur., 2022).

Ukratko, na makrorazini postoji ve¢a podrska ideji da su matematicka iskustva
ucenika vazniji faktor koji utje¢e na njihovo razumijevanje znaka jednakosti nego
ogranicenja njihovoga mozga. Na mikrorazini, unutar matematickih iskustava u
udionickoj nastavi, na¢in na koji je znak jednakosti definiran i predstavljen — kao $to
je hoce li biti pruzena jasna definicija znaka jednakosti, rije¢i koje ga interpretiraju
i format izraza u kojem je predstavljen — moze potencijalno utjecati na ucenicko

757



Cui, Cui, Lian and Liu: The Cognitive Development of Students and Understanding the Equals Sign: A Review

razumijevanje znaka jednakosti (Davenport i sur., 2023; McNeil i Alibali, 2005b; McNeil
isur., 2012; McNeil i sur., 2015; McNeil i sur., 2011; McNeil, Hornburg, Brletic-Shipley
i sur., 2019; Powell, 2012). Medutim, odredivanje koji su specifi¢ni faktori od ovih
najvazniji jos uvijek zahtijeva daljnje istrazivanje. Dodatno, u vezi s drugim faktorima,
pronasli smo nekoliko studija koje ukazuju na to da uciteljevo razumijevanje znaka
jednakosti moze utjecati na razumijevanje ucenika (npr. Asquith i sur., 2007; Simsek i
sur., 2022; Vermeulen i Meyer, 2017). Ipak, nismo nasli eksplicitna istrazivanja drugih
faktora. Posljedi¢no, postoji manjak istrazivanja o dodatnim faktorima koji utjecu na
ucenicko razumijevanje znaka jednakosti, stoga bi buduca istrazivanja trebala istraziti
postoje li drugi klju¢ni faktori.

Intervencije koje poboljsavaju razumijevanje znaka jednakosti

Najranija istrazivanja o intervencijama usmjerenima na promicanje relacijskoga
razumijevanja znaka jednakosti mogu se pratiti unatrag do rada Weavera (1973).
Vise od pet desetljeca istrazivaci su nastojali razviti vrlo u¢inkovite upute za poticanje
robusnoga relacijskog razumijevanja znaka jednakosti od strane ucenika.

Razumijevanje znaka jednakosti zahtijeva konceptualno znanje o njegovom znacenju,
kao i proceduralno znanje za rje$avanje problema s operacijama s obje strane znaka
(Qetrani i sur., 2021). Konceptualno znanje ucenika o znaku jednakosti obi¢no se
mjerilo pomocu tri stavke: (a) definicije znaka jednakosti, (b) kodiranje jednadzbi i (c)
to¢no/neto¢no numericke recenice, dok se proceduralno znanje ¢esto mjeri pomocu
otvorenih numerickih recenica (DeCaro i Rittle-Johnson, 2012; McNeil i Alibali, 2000;
Rittle-Johnson i Alibali, 1999; Rittle-Johnson i sur., 2016).

Recentna istrazivanja su pokazala da udenici postizu znatno manji napredak u
zadatku ,,definicije znaka jednakosti“ u usporedbi s njihovim napretkom u zadatcima
»kodiranje jednadzbi, ,,to¢no/neto¢no numericke recenice® ili ,otvorene numericke
reCenice® Stovise, njihov apsolutni napredak u zadatku“definicije znaka jednakosti
takoder ostaje nizak (Davenport i sur., 2023; McNeil, Hornburg, Brletic-Shipley i sur.,
2019). Imajudi ovo na umu, kategorizirali smo pregled intervencija u tri odjeljka: (a)
intervencije koje znacajno pobolj$avaju i proceduralno i konceptualno znanje, uz
relativno veliki napredak u zadatku ,,definicije znaka jednakosti®, (b) intervencije
koje su potaknule proceduralno i konceptualno znanje uéenika, iako s umjerenim
napretkom u zadatku ,,definicije znaka jednakosti“ i (c) one koje nisu procjenjivale
definicije znaka jednakosti u¢enika.

Prije nego $to detaljno opiSemo ove studije, prvo ¢emo se fokusirati na one iz
posljednjega desetljeca, sazimajuci njihove mjerne instrumente i teorijske okvire
u Tablici 2. Kao §to je prikazano u Tablici 2, recentne intervencijske studije obi¢no
koriste Cetiri mjerna elementa: to¢no/neto¢no numericke recenice, definicije znaka
jednakosti, otvorene numericke recenice i kodiranje jednadzbi. Njihovi teorijski okviri
uglavnom ukljucuju teoriju utjelovljene spoznaje, teoriju otpornosti na promjene i
fizicke ili konkretne reprezentacije.
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Tablica 2

Pregled intervencija/eksperimenata provedenih u proslom desestljecu

Referenca

Intervencija Sudionik

Teorijsko
usmjerenje

Mjerenje

Studije s relativno velikim poboljsanjem u definicijama znaka jednakosti (vise od 50 % sudionika)

Chow i Wehby
(2019)

Donovanii sur.
(2022)

Nesimbolicka nastava Drugi razred

Nastava s naglaskom
na istovjetnost i
supstituciju

Cetvrti i peti
razred

Vizualna podrska

| istovjetnost
i zamjenska
komponenta

ONS, DES, TENS

ONS, DES

Studije s relativno niskim poboljsanjem definicije znakova jednakosti (manje od 50 % sudionika)

Zasnovane i
; S idealizirane
?Za (J);Vf )and Perry Pan-balance vaga rDarZL:gldl treci reprezentacije ONS, DES, TENS
(Belenky i Schalk,
2014)
- . Ucenici
McNeil i sur. Ngtradl‘cvlonalna drugoga Otpor.nost na ONS, DES, EE
(2015) aritmeticka praksa promjene
razreda
(a) Uvodenje znaka
jednakosti prije Y
- . . Ucenici
McNeil i sur. arlt[netlke, (b) ‘ drugoga Otpor.nost na ONS, DES, EE
(2019) Vjezbe smanjenja promjene
o razreda
konkretizacije i (c)
usporedba i objasnjenje.
(a) Uvodenje jednakosti
prije aritmetike, (b)
Davenport et al Netradicionalna Ucenici Otpornost na
P * aritmeticka praksa, drugoga P ) ONS, DES, EE
(2023) . Lo promjene
(c) Vjezbe smanjenja razreda
konkretizacije, i (d)
usporedba i objasnjenje.
Studije koje nisu testirale definicije znakova jednakosti medu ucenicima
Stephens i sur. Sveobuhvatan kurikul Utenici treceqa Okvir istrazivanja
P ’ ranoga algebarskog 9 kurikula (Clements, ONS, TFNS
(2015) . razreda
obrazovanja 2007)
Blanton i sur. rs::gb:zlva;;zrttgkm Uceniciod 3.do  Okvir istrazivanja ONS. TENS
(2019) 9 g' 9 5.razreda kurikula !
obrazovanja
. Ukljucivanje refleksivnih .Ucenla prvoga  Vaznost - ONS
Fyfeisur. (2022) . . .. idrugoga metakognicije u
metakognitivnih pitanja .
razreda matematici
Fischer i sur. ACE (Aptmet.lcko Ucenicidrugog  Otpornost na
razumijevanje u ) ONS
(2019) razreda promjene

osnovnoj skoli)
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Referenca Intervencija Sudionik Teor!Jsko . Mjerenje
usmjerenje
... Promatranje geste, Ucenici tre¢ega " -
SKS:JES;ISak'S : snimljena vs. uzivo i Cetvrtoga 'Sl'eg%aa‘uetemeljene ONS
: nastava razreda P J
s Ucenici " -
Valdiviejas i sur. . Teorija utemeljene
(2022) Promatranje geste ?;:rggga spoznaje ONS
Despinai sur. Promatranje Ucenicitre¢ega  Teorija utemeljene ONS. TFNS
(2024) reprezentativne geste razreda spoznaje '
Novack i sur. ) . Ucenicitrecega  Teorija utemeljene
(2014) Proizvodnja geste razreda spoznaje ONS
. . . ) Ucenici tre¢ega " .
Kersey i sur. Pro!;vodnja gestai i Cetvrtoga Teorija ptemeljene ONS
(2024) akcije razreda spoznaje

Skracenice: ONS: otvorene brojcane recenice; TENS: istinite i lazne broj¢ane recenice; DES: definicije znaka
jednakosti; EE: kodiranje jednadzbi.

Studije s relativno visokim poboljsanjem u definicijama simbola
jednakosti

U ovim studijama otkriveno je da su studenti pokazali pobolj$anje u proceduralnom
i konceptualnom znanju nakon intervencije, pri ¢emu je vecina (preko 50 %) bila
sposobna pruziti relacijsku definiciju za znak jednakosti nakon intervencije. Na
primjer, Hattikudur i Alibali (2010) otkrili su da su ucenici tre¢ega i ¢etvrtoga razreda
koji su primili uputu usporedujuéi znak jednakosti sa simbolima nejednakosti bili
skloniji pruziti relacijsku definiciju (74 %) u usporedbi s onima koji su primili samo
uputu o znaku jednakosti (57 %) ili uopce nisu imali uputu (22 %). Na predtestu, 38
% svih ucenika definiralo je znak jednakosti relacijski. Pobolj$anje u definiranju znaka
jednakosti (§to odgovara zadatku definicija znaka jednakosti) varira ovisno o uvjetima,
ali kodiranje i rjeSavanje matematickih problema ekvivalencije ($to odgovara zadatku
kodiranja jednadzbi i otvorenim brojevnim recenicama) nije.

Ucenje koje kombinira rje$avanje verbalnih problema i uputu o znaku jednakosti
takoder je pokazalo sli¢ne ucinke za ucenike tre¢ega razreda s matematickim teSkocama,
prema istrazivanju Powella i Fuchsa (2010). Izvijestili su da je manje od 10 % sudionika
pruzilo relacijsku definiciju na predtestu. Medutim, nakon intervencije, gotovo svi
ucenici koji su primili kombiniranu instrukciju dali su relacijsku definiciju, dok su oni
bez instrukcija o znaku jednakosti dali operativne definicije. Nisu uocene znacajne
razlike u poboljsanju rjeSavanja matematickih problema ekvivalencije, ali je bilo
znacajnih varijacija u definiranju znaka jednakosti i procjeni jednakosnih recenica (sto
odgovara zadatku to¢nih i neto¢nih jednadzbi“) medu razli¢itim uvjetima instrukcije.

Studija koju su proveli Donovan i sur. (2022b) razmatrala je zamjenski pogled i
izvijestila da su ucenici Cetvrtih i petih razreda koji su primili lekcije o dvojnoj koncepciji
jednakosti i zamjene, samo jednakost, te bez koncepcije pokazali stopu promjena
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od 50 % do 68 %, od 58 % do 77 % i od 62 % do 60 %, respektivno, od predtesta do
posttesta u davanju definicija jednakosti. Vazno je napomenuti da prethodno spomenute
tri studije nisu pruzile longitudinalne podatke o tome je li se spomenuto poboljsanje
razumijevanje definicija jednakosti kod djece odrzalo tijekom vremena.

U testu zadrzavanja koji su proveli s u¢enicima na Srednjem zapadu, DeCaro i Rittle-
Johnson (2012) pokazali su da su ucenici drugoga do cetvrtoga razreda koji su se
susreli s nepoznatim problemima ekvivalencije prije nego sto su primili konceptualnu
nastavu o matematickoj ekvivalenciji bili skloniji davanju relacijskih definicija (58 %) od
ucenika koji su prvo pohadali takvu nastavu (20 %) Dodatno, rezultati konceptualnoga
znanja (definiranje znaka jednakosti i kodiranje problema ekvivalencije) bili su bolji
na testu zadrzavanja nego na posttestu Nisu zabiljeZeni efekti reda na proceduralno
znanje, ali su uoceni znacajni efekti na konceptualno znanje.

Takoder, Chow i Wehby (2019) pokazali su da su na procjeni nakon intervencije ucenici
drugog razreda koji su primili simboli¢ku intervenciju, nesimboli¢ku intervenciju i
uobicajenu nastavu dali relacijske definicije s predvidenim vjerojatnostima od 75,3 %,
58,4 % i 5 %, redom. Medutim, na pocetnom testu, ovi su ucenici imali 10,5 %,
6,2 % 16,8 %, redom. Intervencije su pokazale znacajne veli¢ine efekata u odnosu na
kontrolnu skupinu u definiranju znaka jednakosti, ocjenjivanju recenica o jednakosti
i rjeSavanju problema ekvivalencije, ali ne i za same intervencije. Ipak, ova studija,
zajedno s prethodno spomenutim dvjema studijama (DeCaro i Rittle-Johnson, 2012;
Hattikudur i Alibali, 2010), provela je intervenciju s jednim ucenikom.

Ukratko, ¢ini se da su ove intervencije u¢inkovite metode za pobolj$anje proceduralnoga
i konceptualnoga znanja o znaku jednakosti, osobito u poticanju ucenika da daju
relacijske definicije. Ipak, potrebno je daljnje istrazivanje kako bi se ispitalo mogu li
se sli¢ni rezultati posti¢i na razini u¢ionice i proucilo jesu li ovi uéinci intervencije
privremeni ili dugotrajni. Ovo je vazno jer se odnosi na stupanj u kojem intervencija
pobolj$ava razumijevanje znaka jednakosti i njegovu prakti¢nu primjenu u stvarnim
ucionickim uvjetima.

Studije s relativno malim poboljsanjem u definicijama znaka
jednakosti

Takve studije pokazale su da su studenti pokazali vece proceduralno i konceptualno
znanje nakon intervencije, ali pobolj$anje u definiranju znaka jednakosti obi¢no je
bilo nize nego u drugim zadatcima, pri ¢emu je manje od polovice bilo sposobno
proizvesti relacijske definicije nakon intervencija. Na primjer, McNeil i Alibali (2000)
izvjestavaju da su ucenici trecih i Cetvrtih razreda povecali postotak za 1 1%, 6 % i 0 %
u definiranju znaka jednakosti nakon $to su upoznati s ciljevima ucenja, izvedbe ili im
ishodi ucenja nisu bili poznati, tim redom. Medutim, oni koji su imali cilj u¢enja za
kodiranje jednadzbi i prosudivanje jednadzbi poboljsali su se za 53 % i 74 %. Promjene
ukupnoga rezultata ovisile su o ciljevima koje su primili, pri ¢emu su oni kojima su
ishodi ucenja bili poznati pokazali najvece poboljsanje.

Izgradujuci na racunalnoj teoriji otpora promjenama i integrirajuci Cetiri istrazivacke
strategije, McNeil i kolege, kroz niz studija, predlozili su dodatnu, pristupa¢nu i
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prijenosnu sveobuhvatnu intervenciju pod nazivom ,,Pobolj$anje razumijevanja
jednakosti kod djece” (Improving Children’s Understanding of Equivalence, ICUE),
s ciljem postizanja razumijevanja matematicke jednakosti na razini majstorstva za
ucenike drugog razreda (Davenport i sur., 2023; Fyfe i sur., 2015; McNeil i sur., 2012;
McNeil i sur., 2015; McNeil i sur., 2011; McNeil, Hornburg, Brletic-Shipley i sur.,
2019). Sveobuhvatna intervencija imala je tri osnovna cilja: (1) premasiti njihove
»najbolje slucajeve” (McNeil i sur., 2015), (2) osigurati da svi ucenici pokazu osnovno
razumijevanje i (3) da najmanje 50 % postigne majstorstvo. Ipak, McNeil i sur. (2019)
priznaju da nisu postigli cilj od 100 % osnovnoga razumijevanja i 50 % majstorstva,
uglavnom su zaostali u definiranju znaka jednakosti relacijski. Iako je 45 % sudionika
postiglo majstorstvo u rjeSavanju i kodiranju matematickih problema jednakosti, samo
38 % definiralo je znak jednakosti relacijski.

Ukratko, to sugerira da su ove intervencije vjerojatno ucinkovitije u poboljSanju
sposobnosti u¢enika da procijene jednadzbe, kodiraju i rjeSavaju matematicke jednadzbe
jednakosti, no ¢ini se da su manje ucinkovite u pobolj$anju proizvodnje relacijskih
definicija. U ovom pregledu daju se dva moguca objasnjenja ovoga fenomena.

Prvo, ove su intervencije ukljucivale opsezne proceduralne lekcije koje mogu izravno
poboljsati proceduralne vjestine bez osiguravanja konceptualnoga razumijevanja
(McNeil i Alibali, 2000). Na primjer, sudionici u istrazivanju koje su proveli McNeil i
Alibali (2000) naucili su postupak za rje$avanje problema ekvivalentnosti, a aritmeticka
praksa bila je klju¢na komponenta ICUE-a. S druge strane, intervencija Hattikudur i
Alibali (2010) bila je usmjerena na konceptualno poucavanje, $to je dovelo do vecega
poboljsanja u definiranju jednakosti nego u kodiranju ili rje$avanju problema. Stoga
se moze zakljuciti da intervencije koje naglasavaju konceptualne ili proceduralne
aspekte mogu ucinkovitije poboljsati odgovarajuce znanje. Ovaj argument djelomicno
podrzava Rittle-Johnson i Alibali (1999), koji su primijetili da, iako postoje uzro¢no-
posljedi¢ne veze izmedu konceptualnoga i proceduralnog aznanja, konceptualno
znanje moze imati veci utjecaj na proceduralno znanje nego obrnuto. Smatramo da
je proceduralno znanje o jednakosti lakse poboljsati, dok je konceptualno znanje
izazovnije. U buduéem radu mogu se istraziti ova pitanja i razmotriti ravnoteza izmedu
konceptualnoga i proceduralnoga poucavanja u matematickoj ekvivalentnosti.

Drugi, u skladu s Matthews i sur. (2012), zadatci koji zahtijevaju od ucenika da
definiraju pojmove mogu podcijeniti njihovo stvarno konceptualno znanje jer je
davanje verbalnih ili pisanih definicija teZe nego rjeSavanje problema poput zadataka
ekvivalentnosti. Stoga nije jasno je li u¢enici nakon intervencija nisu uspjeli produbiti
svoje razumijevanje znaka jednakosti ili su jednostavno imali poteskoca u izrazavanju
svojega razumijevanja.

Istrazivanja bez testiranja definicija znaka jednakosti

Takve su studije pokazale pobolj$anje u ocjenjivanju jednadzbi, kodiranju i rjesavanju
matematickih problema ekvivalentnosti ili drugih zadataka nakon intervencija. Iako
je vecina tih studija bila uspjesna u tim zadatcima, nisu bile bez ogranicenja.
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Neke intervencije ¢esto zahtijevaju visoko osposbljene i motivirane ucitelje i istrazivace
(Fyfe i sur., 2022), znacajno vrijeme za implementaciju (Fischer i sur., 2019, ili oboje
(Blanton i sur., 2019; Saenz-Ludlow i Walgamuth, 1998; Stephens i sur., 2015). Na
primjer, Blanton i sur. (2019) ukljucili su ucitelje iz razlicitih §kola, pruzajudi tri
godine profesionalnoga razvoja (PD) kako bi podrzali implementaciju. Slicno tome,
Fyfe i sur. (2022) proveli su intervenciju i mjerenje pomocu istrazivackih pomo¢nika
i istrazivaca. Stephens i sur. (2015) zamijenili su redovite sate matematike s 20 sati
nastave ranoga algebarskog obrazovanja tijekom Skolske godine.

Iako nisu bile vremenski opsezne, neke studije nisu procijenjivale dugoroc¢ne
ucinke (Alibali i sur., 2009; Perry, 1991) niti u¢inke u uc¢ioni¢kom okruzenju (Alibali,
1999; Alibali i sur., 2009). Na primjer, Alibali i suradnici (2009) proveli su posttest
i testove prijenosa te proveli intervenciju s jednim ucenikom. Neke studije koristile
su modernu informacijsku tehnologiju, $to je ogranic¢ilo moguénost uopcavanja i
ponavljanja njihovih rezultata. Na primjer, Bajwa i Perry (2021) stvorili su digitalnu
Pan Balance aplikaciju kako bi upravljali uvjetima poduke te proveli eksperiment
u kontekstu racunalne igre. Niz studija pokazao je da uklju¢ivanje gesti u govornu
poduku o pojmovima matematicke jednakosti doprinosti u¢enickom odnosnom
razumijevanju znaka jednakosti (Congdon I sur., 2017; Kersey i sur., 2024; Valdiviejas
isur., 2022). Mnoge od tih studija, poput one Kerseya i suradnika (2024), fokusiraju
se na rje$avanje problema jednakosti bez provjeravanja konceptualnoga znanja,
$§to ne daje odgovor na pitanje doprinose li geste konceptualnom razumijevanju.

Opcenito, vazno je napomenuti da intervencije o kojima se raspravljalo nisu
univerzalno korisne za svakog sudionika, pa ¢ak ni nastava jedan-na-jedan nije iznimka
(Hattikudur i Alibali, 2010). Mozda ¢e biti potrebno nastaviti istrazivati teorijske
okvire ili pobolj$avati eksperimentalne metode koje mogu voditi do u¢inkovitijih
intervencija. Ovaj pregled prikazuje tri razmatranja na koja bi buduca istrazivanja
mogla obratiti paznju.

Prvo, pretpostavljamo da prevencija formiranja i smanjenje aktivacije djec¢jih
operativnih prikaza razlikuju se po tezini. Smanjenje oslanjanja na operativni prikaz
moze biti teze od sprjecavanja njegovoga formiranja jer su mnogi ucenici duboko
ukorijenjeni u njemu (McNeil i sur., 2015; Seidenberg, 2005). Stoga intervencije
moraju razjasniti Zele li sprijeciti formiranje ili smanjiti aktivaciju djecjih operativnih
prikaza. Prema teoriji otpornosti na promjenu, operativni prikazi se jacaju tijekom
rane formalne $kole, dosezu¢i vrhunac oko devete godine (McNeil, 2007). Mnoge
studije fokusiraju se na djecu u dobi od 6 do 9 godina, dok druge ukljuuju stariju
djecu (Tablica 2). Kao $to je ranije spomenuto, mnogi u tim dobnim skupinama ve¢
posjeduju operativno razumijevanje, pa rezultati ¢esto odrazavaju ucinkovitost u
obeshrabrivanju aktivacije, a ne formiranja. Buduca istrazivanja trebaju prethodno
testirati oslanjanje ucenika na operativni prikaz, dizajnirati upute koje uvode znak
jednakosti prije njegova formiranja i procijeniti njihovu u¢inkovitost.
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Drugo, relacijsko razumijevanje znaka jednakosti uklju¢uje vise komponenata, poput
aspekata jednakosti i supstitutivnosti (Jones i sur., 2012). Donovan i sur. (2022a) otkrili
su da ucenje o objema komponentama - jednakosti i supstitutivnosti - zajedno moze
biti u¢inkovito. Ovo postavlja pitanje ovisi li razumijevanje jedne komponente o drugoj
ili bi obje trebale biti u¢ene istovremeno zbog njihove meduzavisnosti. Trenutacno,
to ostaje nejasno, a nedostaju teorijski okviri koji objasnjavaju mehanizme ucenja ili
kognitivne procese iza znaka jednakosti. Kao rezultat, dizajni nastave temeljeni na
razvojnom putu razumijevanja znaka jednakosti jo$ su uvijek ograniceni.

Trece, Tablica 2 pokazuje da, iako alati za mjerenje koje koriste istrazivaci spadaju
u Cetiri kategorije—definicije znaka jednakosti, jednadzbe s jednom nepoznanicom,
kodiranje jednadzbi ito¢ne i neto¢ne jednadzbe—oni nisu uniformni. Neka istrazivanja
ukljuc¢uju odredene stavke, dok druga ne. Buduca istraZivanja mogla bi usvojiti
yjedinjenu mjernu skalu. Na primjer, Matthews i sur. (2012) razvili su alat za procjenu
razina razumijevanja znaka jednakosti, ali su izostavili supstitutivni pogled, $to bi
mogla biti potencijalna tema za bududa istrazivanja.

Kroskulturna istrazivanja o razumijevanju znaka
jednakosti

U ovom odjeljku daje se pregled medunarodne komparativne literature o uc¢enickom
razumijevanju znaka jednakosti kako bi istrazile razlike u na¢inu na koji u¢enici iz
razli¢itih kulturnih pozadina razumiju znak jednakosti te identificirali faktori koji
doprinose tim razlikama. Zemlje ukljucene u pregled temelje se na prikupljenim
¢lancima.

Komparativne studije otkrivaju da ucenici u odredenim zemljama imaju manje
problema sa znakom jednakosti nego drugi (Simsek i sur., 2022). Na primjer, Capraro
i kolege izvijestili su da je oko 28 % americkih ucenika $estih razreda (n = 105)
i 98 % kineskih ucenika $estih razreda (n = 145) to¢no rijesilo jednadzbe s jednom
nepoznanicom i to¢ne i neto¢ne jednadzbe s konceptualno to¢nim objasnjenjima
(Capraro i sur., 2007; Capraro i sur., 2010; Li i sur., 2008). Sli¢na usporedba ukljucivala
je ucenike Sestih razreda iz Juzne Koreje (n = 193) i Turske (n = 334), pri ¢emu je
59,6 % korejskih i 28,4 % turskih uc¢enika odgovorilo to¢no (Capraro i sur., 2010).
Eichhorn i sur. (2018) ukljuc¢ili su Jordan (2.-3. razred, n = 1486) i Indiju (2. razred, n
= 185), otkrivsi da obje skupine imaju problema s otvorenim broj¢anim recenicama.

Madej (2022) je usporedio $vedske i juznokorejske ucenike koriste¢i ocjenu Matthews
isur. (2012), primjecujuci da su $vedski ucenici 3. i 6. razreda bili bolji od juznokorejskih
ucenika 3. razreda u razumijevanju neoperacijskoga znacenja znaka jednakosti. Jones i
sur. (2012) usporedili su kineske (n = 150) i britanske (n = 101) srednjoskolce u pogledu
substitutivnoga razumijevanja, otkrivsi da je britanska skupina ocijenila operacijske
definicije vi$im ocjenama i substitutivno-relacijske definicije nizim, dok je kineska
skupina imala vi$u ocjenu za relacijske definicije jednakosti.

Istrazivaci su istrazivali faktore koji stoje iza razlika u razumijevanju znaka jednakosti
medu zemljama, s fokusom na nastavne materijale. Analize uciteljskih vodic¢a i udzbenika
u SAD-u i Kini otkrile su da materijali u SAD-u ¢esto nemaju jasno definirani znak
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Tablica 3
Zemlje Faza Faza opisi ovezani konteksti
) jednakosti aritmetike P P
Razumj_etl zZnacenja 5"?1'.00'5‘ U konkretnim situacijama koje
<, =, >, i usporediti velicine S P -
! o ukljucuju jednake, vece i manje
X 1.do 2. brojeva unutar deset tisuca; RS L
Kina 1.do 2. razred - . koli¢ine, vodite u¢enike da percipiraju
razred usporedivanjem veli¢ina brojeva . S ;
P . ; odnose jednakosti i nejednakosti
steci razumijevanje odnosa ) A
; S ; izmedu brojeva
jednakosti i nejednakosti
Ucenici bi trebali: ¢itati, pisati Rijesite jednostavne probleme koji
i interpretirati matematicke ukljucuju zbrajanje i oduzimanje,
Engleska  1.razred 1.razred iskaze koji ukljucuju znakove za koristeci konkretne predmete i
zbrajanje (+), oduzimanje (-) i znak  slikovne prikaze te probleme s
jednakosti (=) nedostaju¢im brojem, poput 7=__-9
3.do5 Razumije jednakost izmedu
Indija 6.do8.razred ’ numerickih izraza i uci provjeravati  N/A
razred . S ;
aritmeticke jednadzbe
Jordan 1. razred 1. razred Usporedba pomocu simbola: =, Qsporedba brfjeva koristenjem
>, < simbola <, >, =
Zabiljeziti i interpretirati aditivne
Novi i jednostavne multiplicativne
4. razred 1. razred strategije, koristedi rijeci, Jednadzbe i izrazi
Zeland di A
ijagrame i simbole, uz
razumijevanje jednakosti
. . " Pomozite im da razumiju da su
. Istraziti odnos izmedu dvije . . )
Juzna 1.do 2. S - i koli¢ine s obje strane znaka jednakosti
Korei 1.do 2. razred koli¢ine i prikazati ga pomocu Ty ; . o
oreja razred . ; (=) jednake jedna drugoj u zbrajanju,
jednakosti S P
oduzimanju i mnozenju
Kada ucenici rade sa znacenjem znaka
jednakosti, vazno je usporediti ono
$to je jednako s onim $to nije jednako.
Znacenje znaka jednakosti moze se
uciniti vidljivim stru¢nim istrazivanjem
Ly Ly . . onoga $to ne Cini sli¢nost, $to Cini
Svedski 1.do 3. razred 1.do3. Matematlcke sllgnostl 1ZNACENIE  lienost i kako se razlike mogu
razred znaka jednakosti AR A .
pretvoriti u slicnosti. Simboli vece od i
manje od mogu se uvesti istovremeno
s znakom jednakosti. Takoder je
korisno raditi s matematickim
sli¢nostima i razlikama te simbolima
za njih u prakti¢nim vjezbama
Operacija zbrajanja izvodi se i
Uvodi se simbol za operaciju horizontalno i vertikalno. Pri izvodenju
Turska 1.razred 1.razred zbrajanja (+) i znak jednakosti (=),  vertikalnoga zbrajanja, naglasava se
a njihovo se znacenje naglasava vaznost toga da operacijska linija ima
sli¢no znacenje kao znak jednakosti
Razumlje\{qnje znacenja ;naka Odredi nepoznati cijeli broj u
Jgdnakositl |odr.ed|va.njvejlesu jednadzbi zbrajanja ili oduzimanja
li jednadzbe koje ukljucuju koia sadrsi tri ciiela broia. Na orimi
Siedini braianie | oduzimanie toéne i oja sadrZi tri cijela broja. Na primjer,
jedinjene - zbrajanje i oduzimanje to¢ne ili - SN d
. 1. razred vrti¢ p o h odredi nepoznati broj koji jednadzbu
Drzave netocne. Na primjer, koje su od

sljedecih jednadzbi to¢ne, a koje
netotne?6=6,7=8-1,5+2=2+
54+1=5+2

Cini to¢nom u svakoj od sljedecih
jednadzbi:

8+ =11,5=_-3,6+6=_
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jednakosti, koriste¢i pojmove poput ,,¢ini” i predstavljaju¢i uglavnom tradicionalne
aritmeticke recenice. S druge strane, kineski materijali naglasavaju jednakost kao
relacijski pojam, uvode znak jednakosti uz simbole nejednakosti (npr. >, <) i uklju¢uju
netradicionalne jednadzbe rano (Li i sur., 2008). Ova strategija uskladena je s teorijom
varijacije kojom se tvrdi da usporedba pojma s njegovim suprotnostima (npr. jednakost
vs. nejednakost) produbljuje konceptualno razumijevanje kontrastiranjem razlika
izmedu njih i identificiranjem klju¢nih karakteristika ciljanoga koncepta (Kullberg
i sur, 2017). Sli¢no tome, udzbenici u Jordanu, Indiji i Juznoj Koreji uglavnom
koriste tradicionalne aritmeti¢ke formate, dok $vedski udzbenici za rane razrede
preferiraju jednadzbe s jednom nepoznanicom (Eichhorn i sur., 2018; Madej, 2022).
Ovi nalazi sugeriraju da definicije, tumacenja i formati prezentacije znaka jednakosti
mogu oblikovati razumijevanje ucenika. Medutim, ovi nisu rezultati temeljeni na
eksperimentalnim nalazima.

Simsek i sur. (2022) proveli su veliko istrazivanje u Sest zemalja (Kina, Engleska,
Novi Zeland, Juzna Koreja, Turska i Sjedinjene Americke Drzave), otkrivaju¢i da
format aritmeticke prakse u trenuta¢nim udzbenicima za ucenike nije bio povezan s
njihovim razumijevanjem matematicke ekvivalencije. Ovaj rezultat bio je iznenaduju¢
jer je proturjecio predvidanjima iz teorije otpornosti na promjene, koja je prvenstveno
proucavana u SAD-u. To sugerira da faktori u u¢ionickim materijalima koji utje¢u na
razumijevanje znaka jednakosti zahtijevaju daljnje istrazivanje.

Ukratko, iako nesporazum oko znaka jednakosti ¢ini se rasprostranjenim u viSe zemalja,
istrazivanja pokazuju kulturne razlike u njegovom razumijevanju. Medutim, ostaju
pitanja o ulozi u¢ionickih materijala u oblikovanju razumijevanja ucenika (Simsek i sur.,
2022). Ovo je klju¢no za dizajniranje u¢inkovitih intervencija i objasnjenje njihovoga
razli¢itog uspjeha. Buduca istrazivanja trebala bi istraziti dublje faktore koji utjecu na
ovo razumijevanje. Dodatno, nismo pronasli istrazivanja o provedenom u odnosu na
planirani kurikul za matematicku ekvivalenciju, $to je podrucje za budude istrazivanje.

Ovaj pregled prikazuje neke aspekte znaka jednakosti u trenuta¢nim kurikulskim
standardima osnovnih $kola devet navedenih zemalja, kako je prikazano u Tablici 3.
UKklju¢ili smo razred u kojem se znak jednakosti prvi put uvodi, njegov opis, povezani
kontekst i fazu u kojoj se uvode aritmeticki problemi. Cilj nam je bio pruziti uvide
za buduca istrazivanja koja Ce istrazivati faktore koji utje¢u na razumijevanje znaka
jednakosti u nastavnim materijalima, pa nismo proveli detaljno, standardizirano
usporedivanje tih kurikula jer to izlazi iz okvira nasega fokusa.

Zakljucci

Cilj je ovoga pregleda: (a) sazeti razumijevanje simbola jednakosti medu u¢enicima
razlicitih dobnih skupina i razli¢ite razine razumijevanja koje oni pokazuju; (b) pruziti
pregled ¢imbenika koji utje¢u na razumijevanje simbola jednakosti medu ucenicima
i u¢inkovitosti intervencija dizajniranih za pobolj$anje njihova razumijevanja; (c)
prikazati razlike u razumijevanju simbola jednakosti medu ucenicima iz razlic¢itih
kulturnih konteksta i cimbenika koji dovode do tih razlika te (d) identificirati istrazivacke
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praznine i sugerirati smjerove za buduca istrazivanja. Pregled je pokazao da: (a)
Ucenici u osnovnoj $koli ¢esto imaju poteskoce u razumijevanju simbola jednakosti.
Ova poteskoca ocituje se u tome $to ucenici simbol jednakosti vide operativno, a
ne relacijski. I u vi$§im razredima, iako vise ucenika razvija relacijski pogled, neki
zadrzavaju operativni pogled ¢ak i do fakulteta. Mnogi ucenici u vrti¢u ve¢ pokazuju
sklonosti prema operativnom razumijevanju; (b) U¢enici mogu imati razlicite razine
razumijevanja simbola jednakosti: rigidno operativno (operativni pogled), fleksibilno
operativno, osnovno relacijsko (relacijski pogled), komparativno relacijsko i substitutivni
pogled; (c) Matematicka iskustva ucenika igraju glavnu ulogu u njihovom razumijevanju
simbola jednakosti. Nacin na koji je simbol jednakosti definiran i predstavljen moze biti
obecavajuci ¢imbenik utjecaja; (d) Vecina intervencija moze poboljsati proceduralno
znanje simbola jednakosti, ali se konceptualno znanje, osobito definicije simbola
jednakosti, razlikuje. Neka istrazivanja su poboljsala generiranje relacijske definicije
simbola jednakosti za vec¢inu sudionika (vi$e od 50 %), dok su neka samo za nekoliko
(ispod 50 %), a neka nisu testirala definiranje ovoga pojma. Nedavne intervencijske
studije uglavnom koriste Cetiri mjernih stavki: tocne i neto¢ne jednadzbe, definicije
simbola jednakosti, jednadzbe s jednom nepoznanicom i kodiranje jednadzbi. Teorijski
okviri koji vode ove intervencije ukljuc¢uju teoriju utjelovljenog kognitivizma, otpor
prema promjenama i fizi¢ke ili konkretne reprezentacije te (e) Ucenici iz razli¢itih
kultura razli¢ito razumiju simbol jednakosti, vjerojatno zbog razlika u tome kako
kurikulski standardi i udzbenici obraduju simbol jednakosti.

Trenutacna istrazivanja o kognitivnom razvoju simbola jednakosti relativno su
sveobuhvatna; medutim, nekoliko pitanja zasluzuje daljnje istrazivanje. To ukljucuje:
(a) vise se fokusirati na razumijevanje simbola jednakosti medu srednjoskolcima i
studentima; (b) Razvojni put razumijevanja simbola jednakosti ostaje nesiguran; (c)
Imaju li definicija ili prezentacija simbola jednakosti veéi utjecaj na razumijevanje
simbola jednakosti medu uéeniciima, jo$ uvijek zahtijeva daljnje istrazivanje. Takoder,
nisu poznati drugi klju¢ni ¢imbenici koji utje¢u na ovo razumijevanje; (d) Nedostaju
intervencije koje mogu intenzivno i robusno poboljsati i konceptualno i proceduralno
znanje ucenika o simbolu jednakosti, a koje se mogu lako implementirati u nastavi.
Osobito nedostaju prenosive intervencije koje mogu snazno poboljsati sposobnost
ulenika da generiraju relacijsku definiciju simbola jednakosti i (e) Otvorena su
pitanja o tome uzrokuje li format izraza simbola jednakosti razlike u razumijevanju
djece u razli¢itim zemljama. Razloge za ove razlike potrebno je dalje istrazivati,
a istrazivanje provedene naspram zamisljene kurikulske nastave za matematicku
ekvivalenciju trenuta¢no nedostaje.

Ovaj pregled pruza nekoliko prijedloga za buduca istrazivanja u vezi s nastavnim
intervencijama: (a) razmotriti razlikovanje i odgovarajuce rasporedivanje konceptualnoga
i proceduralnoga poucavanja simbola jednakosti; (b) razviti teorije o razvojnim
putovima razlic¢itih razina razumijevanja simbola jednakosti ili teorije o kognitivnim
procesima ili mehanizmima koji su ukljuceni u razumijevanje simbola jednakosti;
(c) razjasniti imaju li intervencije cilj smanyjiti ili sprijeciti operativno razumijevanje,
istrazujudi hoce li zajednicka nastava simbola jednakosti i nejednakosti u ranom ucenju
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- kao §to je provedeno u nekim nestandardnim praksama — pomaknuti uc¢enike izvan
operativnog stava. Ovaj pristup, zasnovan na teoriji varijacije (Bussey i sur., 2013),
mogao bi se testirati u kontekstima u kojima su znakovi nejednakosti tradicionalno
odgodeni, nudeci uvid u prenosivost medukulturnih nalaza i (d) razviti jedinstveni
mjerni instrument za procjenu razumijevanja simbola jednakosti.

Implikacije

Teorijske implikacije ovoga istrazivanja su: (a) Produbljivanje kognitivne teorije:
Analizom razumijevanja znaka jednakosti medu ucenicima razli¢ite dobi i razina
razumijevanja, poboljsava se nase razumijevanje kognitivnoga razvoja u ucenju
matematickih simbola. Takoder sugerira smjerove za nove kognitivne teorije,
pomazudi u objasnjenju procesa misljenja ucenika i prepreka u uc¢enju matematickih
simbola;(b) Obogacivanje teorije matematickoga obrazovanja: Pregledom Cetiriju
podrucja (razumijevanje znaka jednakosti ucenika, ¢cimbenici koji utjecu, intervencije
i medukulturne usporedbe), pomaze u razvoju sustavnijega istrazivackog okvira za
matematicko obrazovanje; (c) Pregledom medunarodnih istrazivanja: pruza se pregled
kako se razumijevanje znaka jednakosti ucenika razlikuje u razli¢itim kulturnim
okvirima i utjecaj kulturnih ¢imbenika na ucenje matematike. Time se doprinosi
razvoju medukulturne teorije matematickoga obrazovanja.

Prakti¢ne implikacije ove studije su (a) Personalizirano poucavanje: Razmatranjem
razumijevanja razli¢itih dobnih skupina i razlic¢itih razina razumijevanja, pomaze
u zadovoljenju razli¢itih obrazovnih potreba ucenika; (b) Poboljsanje metoda
poucavanja: Razmatranjem ¢imbenika koji utje¢u i intervencija, pomaze uciteljima u
dizajniranju ucinkovitijih instruktivnih metoda, poput uravnotezenja proceduralnoga
i konceptualnoga poucavanja jednakosti kako bi se poboljsalo razumijevanje njezinoga
znacenja i primjene; (c) Obuka ucitelja: Rezultati pregleda mogu se koristiti za obuku
ucitelja, poboljsavajuci njihovo razumijevanje kognitivnoga razvoja ucenika u vezi
s razumijevanjem jednakosti; (d) Dizajn kurikula: Rezultati pregleda pruzaju uvid
u optimizaciju sadrzaja i strukture matematickih kurikula kako bi uc¢enici mogli
potpuno razumjeti jednakost i njezinu primjenu. Na primjer, kurikuli bi mogli
integrirati simboli¢ke znakove jednakosti i nejednakosti ve¢ u najranijim razredima.
Poucavanjem ovih simbola u kontrastu, u¢itelji mogu pomo¢i u¢enicima da razjasne
relacijsko znacenje simbola jednakosti u odnosu na operativno razumijevanje, $to je
hipoteza koja zasluzuje empirijsko testiranje u budu¢im intervencijama.
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