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Dynamics of a Rigid Body During a Slipping Motion on a Vibratory Conveyor

Uro$ ILIC*, Mihailo LAZAREVIC, Emil VEG, Zeliko DESPOTOVIC, Nenad GUBELJAK

Abstract: This paper presents research on the optimisation of a vibratory transport on an assembly line. The study covers a special case of vibratory transport characterised
by uninterrupted contact between the transported body and the vibratory trough's surface, and the interaction is modelled using Coulomb's model with stiction. In the first
phase of the research, an analysis of external forces acting on the body during relative motion is conducted, and the conditions for non-hopping vibratory regimes are defined.
The differential equations of relative motion are derived, and the precise moments at which relative sliding on the vibratory conveyor occurs are analytically determined. The
proposed theoretical model of vibratory motion is validated with computer simulations performed in SolidWorks Motion Analysis. The obtained simulation results confirm the

analytical predictions and are discussed in detail at the end of the paper.
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1 INTRODUCTION

The problem of materials' internal transport is usually
performed in some sort of conveyance process. Apart from
regular belt conveyors [1] that move material in continuous
motion, vibratory conveyors put material into motion via
some form of oscillating actuator. That actuator could be
mechanical, in form of a camshaft mechanism [2, 3] or
electromagnetic [4, 5].

A standard and most cost-effective vibratory conveyor
design is one with a horizontal track with inclined direction
of the vibrations' source. Vibration angle in a single degree
of freedom actuators is defined by placement of the leaf
springs that support the vibratory trough. Leaf springs are
placed with an angle that goes from 0 to 45° with the
optimal value of a = 20° [4, 6].

Regardless of their design, each conveyor transports
material in similar fashion, in a hopping or no-hopping
motion - depending whether the material leaves the surface
of the vibratory trough. Hopping motion produces larger
mass flow at the trough's exit, but this motion cannot be
represented analytically with sufficient accuracy.
Theoretical models do exist, but they are hard to be proven
experimentally [7-10]. This especially holds for grain-like
structures, where it is not possible to derive an analytical
solution. In this case methods from statistical mechanics or
numerical estimations by a computer are used to estimate
the conveyance process [11].

On the other side, a non-hopping motion is sometimes
needed to provide steady and controlled mass flow or when
transported material is delicate, sensitive or needs to be
transported in predetermined orientation [12, 13]. This
form of motion is characterized with constant contact
between the conveyed material and the vibratory surface.
Unlike granular materials, the conveyed object maintains
its structural integrity and moves as a single rigid entity. It
starts to slide in the backstroke of the actuator, when the
inertial forces surpass the intensity of the friction forces.
This is achieved either by manipulating the intensity of the
vertical acceleration [10, 12-14] or even by modification of
horizontal vibration's parameters of the trough [15, 16].

The main problem of any analytical solution to the
vibratory conveyance is trying to find an optimal
mathematical model of the dissipative friction force.
Numerous theories explain the concept of friction between

two bodies. The simplest one is Coulomb's dry friction
model [17-19] that uses a single friction coefficient 4. An
enhancement of this model is Coulomb's friction that
supports so-called stiction phenomena, the fact that the
contact force rapidly drops after the relative slipping starts
[16]. Some contemporary friction models try to overcome
this discontinuity issue by employing different non-linear
functions. For example the Benson model presented in [21]
employs smooth transition from peak values of friction
force to its dynamic values when the motion starts. There
are others, more complicated models that are centred
around tribology and contact mechanics theory that can be
found in the literature [16, 19-21].

This research focuses on steady, non-hopping
vibratory transport of an object with a complex shape,
where the term complex indicates that the transported
object has a small number of symmetries. Therefore, it
must reach a specific orientation at the end of the transport.
This is typically required in automated or robotized
assembly lines, where a robot needs to pick up a machine
element (e.g., gears, screws, nuts, bushings) in the exact
orientation each time in order to properly insert it into the
given assembly.

2 DYNAMIC ANALYSIS OF THE RELATIVE MOTION

The problem of analysing the motion of the object with
a complex shape during the non-hopping vibratory
transport will be approached through the study of the
dynamics of relative motion of a rigid body inside a
non-inertial reference frame, as illustrated in the Fig. 1. For
the purposes of this research, it is assumed that the massive
base of the vibratory conveyor is stationary during the
vibratory process.

The absolute coordinate system Oxy is rigidly attached
to the centre of mass of the stationary base, while the
non-inertial reference frame O:&7 is rigidly attached to the
centre of mass of the vibratory trough. The rigid body of
mass m, moves in the non-inertial reference frame and the
relative position vector of its centre of mass is given by

P . The position vector in the absolute coordinate system

is therefore given with 7 =7+ 0.
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Figure 1 Position of the rigid body inside absolute and relative coordinate
systems

The unit vector €, forms an angle o with respect to the

horizontal axis and represents a technical characteristic of
the conveyor itself. During the operation of the vibratory

conveyor, the change of the vector %, defines the change

in distance between the centre of mass of the vibratory
trough and the centre of mass of the stationary base. In a
general case, a vibratory actuator is given by:

iy =17 (1)1- & (1) = Asiner & (1) (1

where A represents the amplitude of the actuator's motion,
o = 2mf'is the angular frequency of oscillatory motion and

é (t) is the unit vector that defines the relative direction

between the trough and the base. For small deflections
around the resting point, the relative motion of the
vibratory trough can be assumed as rectilinear and planar

[4, 7, 22], hence ¢, = const.=(cosa sina O)T.Also,

with an appropriate control system one can assume that @
and A of the actuator's vibrations remain constant during
the operation of the vibratory conveyor.

Following on, body's relative acceleration d, is
equivalent to its acceleration in the non-inertial reference

frame and it is equal to @, = p(¢) = (f(t) 7i(1) O)T

2.1 Analysis of the External Forces That Act on the System

A free body diagram from Fig. 1 can be expressed
mathematically with a vector equation of motion:

ma, =mg+F," + F,+N+F, )

where the following forces comprise the Eq. (2):
Gravitational force is expressed with a term mg,
where g is the acceleration of the gravity. It is pointed
downwards and constant in time.
Inertial transmissive force F"p"” is a fictitious force
imposed to the observed body given that it is moving in a
non-inertial reference frame. Due to the fact that the

reference frame only performs rectilinear motion, this force
lacks Coriolis and centrifugal effects and is equal to:

2
= 7 ) -
Fl = —m—L = mAdw’sinot - &, 3)

dr?

Air resistance ﬁw is proportional to squared speed of

air that flows over the rigid body and air's density, among
other factors [8]. Due to the fact that its intensity is
relatively low compared to other external forces, it will be
neglected in this research.

Surface resistance comprises two orthogonal

components: a normal reactive force Nand a tangential
friction force FL that arises due to relative contact

mechanics between the observed body and the vibratory
trough. This research will use the Coulomb's dry friction
model with stiction characteristics.

2.1.1 Coulomb's Friction Force

Even though the Coulomb's friction model is among
the simplest ones it provides a sufficient approximation for
engineering purposes. It is used extensively in
contemporary research papers [7, 17, 19, 23] and vibratory
conveyor prototypes [3, 4, 13, 22]. In another form of
mathematical models that include non-linear functions,
exponentials, trigonometry may be more precise, but they
carry complex analytical solutions (if there are any) or
excessive computer power for their numerical
computations, which was shown in [20, 21].

Coulomb's friction force model with the stiction
characteristics is defined with two friction coefficients.
There is one, static, coefficient during the resting phase
and second, dynamic coefficient when the motion takes
place u4. Hence there are two significant threshold values
of the friction force:

e [, - the magnitude the opposing exciting force needs
to surpass in order for the rigid body to start relative
motion. It is equal to F), ((f) = uN(?)

e [, 4-the value of the friction force during the relative
motion. It changes according to the law F, 4«(f) =
—HaN(t)sgné

In the former equation the normal reactive force's
intensity is represented as a function of time, even though
the body's mass and gravity's acceleration remain constant.
Vertical component of the transmissive inertial force

F[’," n(t) opposes the body's weight mg during the

backstroke of the actuator and enables the body's relative
slippage forward on the vibratory trough.

In the case of vibratory transport, the exciting force is
the tangential component of the inertial transmissive force

F }’;’f ¢ and the body will start the relative motion when it

surpasses the limiting value of the static friction F) .
Right after the motion starts, the friction force rapidly
drops from its limiting static value F), s to its dynamic value
F, 4. A graphical representation of this statement is given
on the Fig. 2. Horizontal axis shows the intensity and

direction of the tangential transmissive force F’f’f ¢ and the

corresponding intensity of the friction force is given on the
vertical axis.
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Figure 2 Representation of the Coulomb's friction model with stiction

In a formal mathematical notation, this model of
friction can be expressed as a piecewise function as
follows:

—FI (1) e <|F, |
L) ifF)=F, (4)
)

F#(t)z F,U s
Fua) it Fin >|F, ||

Therefore, during the state of rest (¢ = v, = 0), the
friction force is equal in magnitude to the horizontal
component of the translational inertial force, but in the

opposite direction (F” =- 1’)” c (t)) . However, during the

relative motion (¢ = v, # 0), the friction force is not
constant, but varies over time. It takes the value F), 4(¢),
which is time-dependent but does not explicitly depend on

the excitation force F;;’f g(t). At the moment the body

begins to move, the magnitude of the friction force ceases
to be a function of the excitation force and depends solely
on the normal component of the surface reaction force [16].

However, expressing a straightforward dependence of
the friction force with respect to relative velocity is a
difficult task in the case of Coulomb's friction, given that
the force is discontinuous and can take multiple values
when the relative velocity is near zero, e.g.:

R i g()=0
Ful)= F,, (1) if &()=0" ©

There are several other friction models (e.g.,
Bengisu-Akay, Stribeck, Benson) that attempt to overcome
this issue. For further insight, the reader is invited to
consult the literature [16, 21].

Taking into the direction of the motion of the body on
the surface, i.e., the values of the sign function, the final
expression for the magnitude of the friction force in the
case of rigid body motion during the operation of the
vibratory conveyor can be roughly formulated as:

ug-N@) ifE@r) <0
F()={-F"(@t) ifét)=0 (6)
—uy-N@) ifE@)>0

2.2 Differential Equations of the Relative Motion

By decomposing the Eq. (2) into its vertical and
horizontal component, and rearranging the elements the
following system of equations is obtained:

0=—-mg+N(t)+mAdw’ otsin (7)

mé (t) =F, (¢)+mAo’sinwtcos a )
From the Eq. (8), the law governing the change of the

normal component of the surface reaction force during the

operation of the vibratory conveyor can be derived:

N(t) :m(g—Aa)zsina)t) Q)

Since the analysis includes only vibratory regimes
without the detachment from the trough, the normal
reaction force must remain strictly positive. It reaches a
minimum at the sine function's maximum, i.e., when
sinw? = 1. In this case, the minimum value of the normal
force during relative motion is time-invariant and equal to
Nmin = m(g — Aw?), as also derived in [7, 8]. Therefore the
minimal reaction force is solely dependent on the type of
the vibratory regime, i.e. actuator's amplitude 4 and
angular frequency w.

Fig. 2 presents vibratory regimes where the rigid body
detaches from the surface. Regimes with intermittent
contact are marked in red, while those with continuous
contact are in green. Since the actuator frequency f= w/2x
is directly controllable via the conveyor driver, it is shown
instead of angular frequency w.
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Figure 3 Sign of the normal reaction force for different vibratory regime
parameters, shown for various vibration angles and us = 0,74

The graph shows curves for various angles of
vibration; the curve for a = 20° is plotted as a solid black
line, while others are shown as thin lines. As a increases,
the curves shift downward, indicating that less intense
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vibratory regimes require higher angles to detach the body
from the surface.

On the other hand, differential equation given with the
Eq. (8) will define the relative velocity &(f) and relative
displacement ¢&(¢). The sign and the zeros of the function
&(t) determine the intervals of relative rest and motion
(slipping) forward or backwards.

The change in the relative coordinate &(¢) is
fundamental to vibratory conveyor operation, as it defines
the body's motion relative to the trough and, thus, the flow
at the outlet. Determining this function reduces to defining
an analytical expression for the friction force F, during
motion. By substituting the normal reaction force N(¢) from
Eq. (9) into Eq. (6), we obtain the final piecewise
expression for the Coulomb friction force with stiction
characteristics:

,udm(g - Aa)zsina)tsina) if £(1)<0

if&(1)=0 (10
—,udm(g—Aa)zsina)tsina) if £(¢)>0

F, (1)= —mAw’sinwtcosa

Following on, by substituting Eq. (8) into Eq. (6) and
after simplifying, the differential equation of motion of the
rigid body on the surface during vibratory transport is
obtained:

U8 + Aw” (cosa — pysina)sinot - £<0
E(t)=10 E=0 (1)

~piy8 + Aw” (cosa + pysina)sinot & >0

Also, considering strictly from the perspective of the
influence of external forces, previous equation can be also
written as:

0 F" () £|F
f([): . . P’f(t) | /hs(t)|(12)
(B (0)+Fa(0) /m 1F2 ()] >1E,(0)]

Mathematically, the function f(t) is discontinuous,

with first-order discontinuities at the moments 7 = 7,(; = 0,
1, 2, ..., n) when relative motion starts or stops. Although
the left- and right-hand limits at these points

(f (T[_ ) and & (r;’ )) can be determined, they differ due to

the abrupt change in the friction coefficient from static to

dynamic at the moment ¢ = 7;. To obtain the function gg (t) ,

i.e., to integrate f(t) over time, it is necessary to define
the integration limits for all three subdomains. This
requires identifying the exact times when f(t) changes

sign, corresponding to the duration of each motion state.
Fig. 4 illustrates the change of key forces during the
relative motion of the body for a representative vibratory
regime. Sliding friction coefficients for a steel-steel contact
were adopted from the literature [24, 25]. The vibratory
trough's horizontal displacement is shown as a black dotted

line, magnified 1000 times for clarity. The red thick line
represents the tangential inertial force during operation.
Positive and negative values of the static friction force are
shown by green and blue curves, respectively, with their
sign depending on the direction of the inertial force.
Effective values are indicated by a solid line and linked
with a dashed line for visual clarity. Slipping begins when

the inertial force F, I’,” ¢ exceeds the static friction threshold

F, s, marked by a black square and labelled z; on the time
axis. After this point, the dynamic friction force (solid pink
line) acts on the body until it comes to rest, after which
static friction resumes. A dashed pink line indicates the
dynamic friction force for potential backward motion,
which does not occur in the observed regime.

mo 2N Fole
1000-xo |
|Fmu,dl
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Figure 4 External forces acting on the rigid body during the vibratory process for
vibratory parameters f=15Hz, A=1 mm, a = 20°, us = 0,74, g = 0,57

3 THE OCCURRENCE OF THE RELATIVE FORWARD
SLIPPING MOTION

Substituting expressions for F), ; and F;,” ¢ into the

condition from Eq. (12) yields the following trigonometric
inequality that defines the onset of motion (5 # O) :

HE (13)

sinwt > — -
Aw” (cosa + pysina)

Since the relative motion is forward, tangential inertial
force vector aligns with the positive O:¢ axis. Given the
sine function's periodicity, solutions to Eq. (13) exist only
within domains where sinwt > 0, i.e., within each odd
half-period. Although the sine function is negative in other
intervals, no further restrictions are needed because the
right-hand side of Eq. (13) remains positive for all relevant

physical parameters (i.e. VA4, ax, 44, eR", Vae(0,1/4)).

To ensure the sine function exceeds the right-hand side
expression for some 7 €R", that expression must be less
than or equal to the sine function's maximum value. For
given parameters y, uqs and a this yields the condition the

vibratory regime must satisfy to initiate motion of the rigid
body:

HE
DA f)= . <1 14
(4.7) 4n® - Af? (cosa + pysina) (14
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In Fig. 5, the intersection of the surface @(4, f) with
the plane @ = 1 is shown as a solid black curve. The green
and red areas indicate regions where @(4, f) < 1 and ®(4,
f) <1, respectively. Thus, the green area marks vibratory
regimes that satisfy the condition for forward slippage.
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Figure 5 Regions of relative forward slippage for different vibratory regimes,
shown for varying values of the static friction coefficient

The representative graph is shown for an angle o = 20°.
Increasing u, (thin curves) shifts the curve @ = 1 upward.
On the other hand, increasing the angle a also shifts the
curve upward, but to a lesser extent compared to the
influence of the ;.

By transforming inequality from Eq. (13) into an
equation, one can obtain the exact moments in time when

the function § (t) takes a value of zero. In other words, it

would be the moment right before the body starts a relative
motion forward, i.e.:

Hg (15)

sinwt = ——— -
47* - Af* (cosa + pysina)

If the condition in Eq. (14) holds, the right-hand side
of Eq. (15) takes values within (0, 1), since it involves only
positive terms and addition. Consequently, the function
y1 = sinwt intersects the straight line y, = @(4, f) exactly
twice in each odd half-period, as shown in Fig. 6.
Additionally, the line y =1 is drawn in black on the graph
in Fig. 6, representing the boundary for the forward sliding
condition. The x-axis values indicate the moments z; when

the equality F,". = F,  holds. Therefore, if @ = 27/ the

solutions to the trigonometric equation in Eq. (15) can be
expressed as:

1
7, = (arcsin (@) +2ix)
27[{ l=0, 1, 29 ceey n (16)
(7 —arcsin (@) +2ir)

TH: = —
2i+1
Y -

Black squares in Fig. 6 mark the even solutions of Eq.
(16), corresponding to potential start times of forward
sliding, while red circles mark the odd solutions, which are
disregarded.

The body begins to move at the ascending intersections
of the curve y| = sinwt with the line y, = @(4, f). These
moments are given by the following relation:

T, = 271Tf (arcsin(@)+2i7z), i=0,1,2,..,n (17)

AT

— Y =Sinwt
— vy, = usg/(4m? - Af2(cos a + ugsina))

T T T T LI T
To T %rz T3 %u Ts 6n

Timel[s]

Figure 6 Functions y1 and y, and their intersections

The points 72;+ 1 from Eq. (16) do not represent the end
of forward sliding but merely the second intersection where

the equality F ];” ¢ =F, jholds. They lack physical
meaning, as the static friction condition F), ; is not valid
during relative motion. The rigid body actually stops
sliding in moments 7, when its relative velocity reaches
zero, i.e. f(rt). A full derivation is provided in the

Appendix of this paper and only the final expression is
given here.

- 2 Af Y+
Ha8 2z f

(arcsin(@) + 2i7r)

(18)
Y, =(cosa + uysina)(cos (27 f -7, ) —cos (27 /-, ) )

Eq. (18) does not have an analytical solution and must
be solved numerically, i.e., with the help of a computer.
The characteristic moments used for representative
examples in this paper were obtained using the Python
software package and its scientific framework SciPy [26].
Only solutions for the first period of motion were
calculated, and the remaining moments are simply
incremented by the period T'= 2/ = .

Fig. 7 illustrates the dynamics of the rigid bodyb's
relative motion on the vibratory conveyor for a

representative case. The relative acceleration gg (t) is
shown in purple, with the shaded area under the curve
representing its first integral, the relative velocity é‘(t)

The velocity is plotted in orange and scaled by a factor of
10 for better visibility.
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Figure 7: Dynamics of the relative motion during the vibratory process defined
f=15Hz, A=1mm, a=20° us=0,74, ys= 0,57 with

As aresult of Coulomb's stiction and the abrupt change
in the friction coefficient from static to dynamic at
moments z;, the relative acceleration experiences a sudden

jump from zero to an initial value f(ré) During motion,

i.e., within the time interval ¢ € [z,, 7] + 27/w, the friction
force assumes the current value of the dynamic friction
force F, s(f), shown in Fig. 7 as a dashed pink curve. At the
moment when the velocity of the rigid body drops back to
zero (t;), the effective value of the friction force (brown
curve) returns to the value of the tangential transmissive
inertial force (red curve). The rigid body remains in a state
of relative rest until the next moment 7, when the relative
acceleration abruptly increases again, and the body begins
to slide forward.

4 COMPUTER EXPERIMENT OF THE RELATIVE MOTION

A typical example of a machine part that must be
picked up by an assembly robot in a specified orientation
is the self-locking nut. The robot retrieves the nuts from a
magazine that needs to be continuously refilled. To
simulate the loading process, a 3D model was developed in
SolidWorks. The model consists of a vibratory conveyor
designed to transport the nut along its trough toward the
outlet, as depicted in Fig. 8. Red arrows, shown
perpendicular to the direction of the leaf springs, indicate
the direction of motion of the trough. The inclination of the
leaf springs is exactly a = 20°from the vertical axis.

Safety nut Vibratory trough

- . f»
Stationary

- base

Figure 8 CAD model of the conveyor and initial position of the safety nut
on the surface of the vibratory trough

In order to validate the proposed mathematical model,
a Motion Analysis package is used. Friction is simulated
using the Solid Body Contact feature for friction
coefficients u; = 0,74 and s = 0,57. The displacement of
the trough is defined with a Linear Motor feature with an
oscillatory form of excitations (f = 15 Hz, 4 = 1 mm)
Gravity is also included using the Gravity feature.

The simulation was performed at 600 frames per
second, corresponding to a time increment of 1.667 ms. For
the selected excitation frequency of /= 15 Hz, this results
in 40 frames per period of the trough's motion. The motion
results were extracted in the relative coordinate system. For
improved graphical representation, the data were exported
to a .csv file, processed in Python, and high-quality plots
were generated using the Matplotlib framework.

Fig. 9 shows the intensity of the friction force (blue)
and nut's acceleration relative to the trough (red) for first
three periods of the vibratory motion. The resemblance to
the corresponding values in Fig. 7 is evident, except that in
Fig. 9, the acceleration curve is continuous and shows a
steep incline at the moments when the nut starts or stops
moving. This behaviour can be attributed to the smooth
transition from static to dynamic friction.

7.5 A 7.5
5.0 - 5.0
2.5 1 - 2.5 —
~
— 2
=2 0.0 4 0.0 g
o—2.5 F-25 o
v
-5.0 4 - —5.0
—-7.5 1 - —7.5
-10.0 T T -10.0
0 2n/w an/w 6n/w
Time [s]

Figure 9 Changes of friction force and relative acceleration over time during
the transport of the safety nut

Certain irregularities (noise) appear in the curves
during the relative motion phase, i.e., when dynamic
friction is active. The jitter observed in these curves in Fig.
9 results from the fact that SolidWorks simulates
micro-contacts between the surfaces of the rigid body and
the conveyor trough. In other words, the distance between
the contacting surfaces is never exactly zero at every time
step. It is oscillating around a constant value. This
behaviour can be observed if the trajectory of the nut's
centre of mass is plotted in its relative coordinate system.
Using the Trace Path feature, the data is saved in .csv
format, processed in Python and shown in Fig. 10.

0.20
0.15 o
0.10 o
0.05 -
0.00

n(t) [mm]

—0.05 A
—0.10 A
—0.15 A

—0.20 T T T T T T
0 10 20 30 40 50 60

&(t) [mm]
Figure 10 Trajectory of the centre of mass of the nut in non-inertial reference
frame during the transport

During the transport, the nut travels more than 60 mm
in the horizontal direction. However, its centre of mass
oscillates around # = 0 with an amplitude of less than 0,05
mm. As stated before, it is the effect of numerical
computations. This oscillation can be approximated as

Tehnicki viesnik 33, 3(2026), 956-963
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having a mean value effectively equal to zero, i.e.
n =const.~0 .

Changes in the nut's horizontal relative displacement
(green curve) and velocity (orange curve) are depicted in
Fig. 11. During these slip phases, the nut's relative velocity
reaches up to 55 mmy/s, with the velocity peaks occurring
just when the trough starts its backward motion.

It can be observed that the nut advances by
approximately 1 mm with each stroke of the actuator,
which results in an exclusive forward-slipping motion that
is characterised by resting phases between successive
relative slipping occurrences.

6
60 A
F5
50 A
E 40 Fr4 —
= €
€ 30 - r3E
— =
™ i F2 =
. 20 e
10 i
0 0
T T
0 2n/w 4n/w 6m/w
Time [s]

Figure 11 Relative velocity and displacement in non-inertial reference frame
during the transport of the nut

Overall, the motion that is depicted in Fig. 11
represents the fundamental principle of vibratory transport
with constant contact with the transported object. It
consists of multiple smooth relative displacements of the
conveyed object. The mathematical model of the vibratory
process can therefore be used to estimate the total time
required for the nut to traverse the length of the vibratory
trough.

5 CONCLUSIONS AND DISCUSSION

This paper covers a practical research about the
optimization of the vibratory process for a non-hopping
motion of the transported objects. Friction force was
modelled with Coulomb's dry friction model with the
stiction characteristics.

In the first part of the research, theoretical assumptions
were made and differential equations of motions were
derived with exact moments in time when the observed
body initiates and terminates the relative motion on the
vibratory conveyor. Changes in the external forces are
shown graphically. Conditions for the vibratory regimes
are stated in order to perform the non-hopping motion with
the transported object.

Second part of the research covers computer
simulation inside SolidWorks Motion Analysis. Extensive
simulations were made for small time steps in order to
prove the proposed mathematical model.

Overall, this research presents a foundation for future
work, where further optimization would be carried on.
Some of the potential research directions would be
mathematical modelling of the whole vibratory process,
observation of unwanted back slip occurrence and real-life
experiments on the laboratory equipment with an
appropriate control system developed, etc.
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A APPENDIX

This appendix covers the integration of relative
acceleration during the vibratory motion. As it was
mentioned in the main body of this paper, points z; + | from
Eq. (16) do not define the termination of the relative
motion. The body stops when its relative speed comes
down to zero, i.e. the moments 7, for which §(Tt) =0.
Thus, the body is in relative motion during the open
interval ¢ € (z, 7;), during which it is possible to determine
the analytical expression for the velocity function & (Z)
Solving the integral of Eq. (12) for the case of relative
motion forward ﬁf (1)> O) follows:

§(t) :I(—ydg+Aw2 (cosa+/1dsina)sina)t) dt (19)
and by further integration it leads to:
E(t) =—Aw(cosa + wysina ) coswrt — g -t +C (20)

where C; is the integration constant, which is obtained
from the initial condition when the body starts the relative
motion (f(rs )= O) and it is equal to:

C, = Aw(cosa + pysina) cosar, + 1,8 7 1)

Following on, if we replace = z; and & (rt) =0 in Eq.
(20) we can find the second moment in the first
half-period when the relative velocity is equal to zero, i.e.
when the rigid body terminates the relative motion:

—Aw(cosa + p sina)coswr, — g7, +C =0 (22)

After substituting the value of z; into the previous
equation, we get a transcendental equation for the moments
when the rigid body terminates its relative forward slipping
on the vibratory conveyor:

274
T, = d f-Y,+
Mg 2nf

(arcsin(cb) + 2i7r)

23)
Y, =(cosa + ydsina)(cos(Zﬂf~TS)—cos(27rf ‘T, ))

where @ =g/ (47r2 - Af* (cosar+ ,udsina)) and the
letter i = 0, 1, 2, ..., n represents the number of the
half-period covered during the operation of the vibratory
conveyor. Additionally, one can easily calculate the length
of the interval Az during which the rigid body is in relative
motion by subtracting the 7, from 7:
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