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ABSTRACT. The objective of this paper is to prove a broader, gen-
eralized version of the Hitchin—Kobayashi correspondence for the twisted
quiver bundle R over the non-compact special affine Gauduchon manifold
(M, D,g,v). On the one hand, we prove that the analytic (o, 7)-stability
on R implies the existence of an affine (o, 7)-Hermite-Einstein metric. On
the other hand, we prove that the analytic (o, 7)-semi-stability on R im-
plies the existence of approximate affine (o, 7)-Hermite-Einstein structure.
The proof of the theorems relies on the heat flow method, alongside the
continuity approach by Uhlenbeck and Yau. To overcome the analytical
obstacles brought by the structure of the quiver, we use the maximum and
minimum values of some eigenvalues to define a new quantity x. Based on
the method of proof by contradiction, the quantity x can be used in the
discussion of constructing weak quiver subbundles that contradict stability
or semi-stability.

1. INTRODUCTION

The esteemed Hitchin—Kobayashi correspondence (HK correspondence for
short) uncovers a deep linkage between stable bundles and Hermite—Einstein
metrics. In the literature, the Hitchin—Kobayashi correspondence is also called
the Kobayashi—Hitchin correspondence or the Donaldson—Uhlenbeck—Yau cor-
respondence. In the 1980s, propelled by several prominent mathematicians,
research on the HK correspondence surged, as chronicled in publications like
[16, 20, 27, 39, 41]. Throughout the last three decades, the correspondence has
persistently captivated numerous researchers, attested to by numerous works
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(3, 8, 9, 10, 11, 12, 24, 25, 26, 33, 34, 35, 36, 37, 38, 42, 43, 44, 45, 46, 47]
and their cited references).

A twisted quiver bundle R comprises a set of vector bundles, interre-
lated through vertices, arrows, and morphisms twisted by the bundles. In
2003, Alvarez-Cénsul and Garcia-Prada [2] demonstrated an HK correspon-
dence for such bundles on standard compact Kahler manifolds. Hu and Huang
[22] further explored the HK correspondence for quiver bundles on compact
generalized K&hler manifolds. Meanwhile, Loftin [31] established an HK cor-
respondence for flat complex vector bundles on compact affine Gauduchon
manifolds, proving the existence of an affine Hermite—Einstein metric for sta-
ble bundles. Biswas-Loftin [4], along with Biswas-Loftin-Stemmler [5, 6],
subsequently extended these results to principal bundles, flat Higgs bundles,
and flat pairs on compact Gauduchon manifolds. Recently, Shen, Zhang,
and Zhang [38] generalized these results to Higgs bundles on non-compact
affine Gauduchon manifolds. Inspired by these works, we aim to formulate a
broader HK correspondence for twisted quiver bundles on non-compact affine
Gauduchon manifolds.

Drawing inspiration from [39, 38], we initiate our discussion by presenting
three pivotal conditions:

e Condition 1. The non-compact affine Gauduchon manifold (M, D, g, v)
possesses a finite volume.

o Condition 2. There exists an exhaustion function ¢ > 0 such that
try00p remains bounded.

e Condition 3. Let £ : [0,400) — [0,+00) be a non-decreasing function
with £(0) = 0 and &(z) = « for > 1. If f is a bounded positive
function on (M, D, g, v) satisfying tr,00f > —C, then it holds that

wn
Sx}alfISC-ﬁ(/leIj)-

Furthermore, if trgﬁé f >0, then trgag f = 0 necessarily.

Under the aforementioned conditions, we first establish the following the-
orem.

THEOREM 1.1. Consider the non-compact special affine Gauduchon man-
ifold (M, D, g,v) satisfying Conditions 1-8, with the additional assumption
that |6wg : lg € L*(M). Let Q = (Qo,Q1) denote a quiver, and let R =
(E, E, Q, @) be a twisted quiver bundle as per Definition 2.1 over (M, D, g,v),
where E = @yeq,Ey and E= @ac, Fa. Fiz a background Hermitian metric
K = {K,}veq, for R. For each v € Qq, suppose the metric K, on the flat
bundle E, fulfills

treFr, <0, supltryFk, |k, <400, suplo|k, < +oo.
M M
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Furthermore, let o = {o,} and 7 = {7,} be two sets of positive real numbers.
IfR = (E,E,Q,(b) is analytically (o, 7)-stable with respect to K, then there
exists an affine (o, T)-Hermite-Einstein metric H = {H,}y,eq, on R such
that for every v € Qq, the metric H, on E, satisfies

thTgFHv + Z g © d):Hv _ Z ¢2HU 0py =1, Idp,.

ach—1(v) act=1(v)

REMARK 1.2. The proof of the theorem hinges upon both the flow method
and the continuity method. While these methods bear similarities to those
employed in [44], certain modifications necessitate careful consideration. The
algebraic framework of the quiver bundle presents significant challenges in the
analysis of PDEs, and the proof heavily relies on the arguments of weakly L?
quiver sub-bundles. We introduce a novel quantity x (6.11), defined by the
extrema of eigenvalues of morphisms, distinguishing it from [38, 44].

As for the semi-stable case, we establish the following theorem.

THEOREM 1.3. Consider the non-compact special affine Gauduchon man-
ifold (M, D, g,v) satisfying Conditions 1-8, with the additional assumption
that |awgil | € L*(M). Let Q = (Qo,Q1) denote a quiver, and let R =
(E, E,Q, @) be a twisted quiver bundle as per Definition 2.1 over (M, D, g,v),
where E = @yeq, by and E= @Pac, Fa. Fiz a background Hermitian metric

K = {K,}veq, for R. For each v € Qq, suppose the metric K, on the flat
bundle E, fulfills

trgF, <0, supl|trgFg,
M

K, < 400, supl|d|k, < +oo.
M

Furthermore, let 0 = {o0,} and 7 = {71,} be two sets of positive real num-
bers. If R = (E,E,Q,qﬁ) is analytically (o, T)-semi-stable with respect to
K, then there exists an approzimate affine (o, 7)-Hermite—FEinstein structure
H = {H,}veq, on R such that for every v € Qq, the metric H, on E,, satisfies

suploutrgFu, + Y daodi = Y @i oy — 7, - 1dp,|u, <€
M = -
ach~—1(v) act=1(v)
for any e > 0.
REMARK 1.4. In [38], the authors modified the method used in the limit
of the Hermite—Yang-Mills flow instead of a combination of the heat flow

method and the continuity method. Their approach might not be directly
effective in studying the semi-stable case in Theorem 1.3.

2. BASIC NOTATIONS

2.1. Flat vector bundle over affine Gauduchon manifold. In this section,
we introduce the essential setup and notation pertaining to affine Gauduchon
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manifolds, which remain consistent throughout the paper. For a deeper insight
into affine Gauduchon manifolds, readers are advised to consult [31].

Consider an n-dimensional affine manifold (M, D), where D signifies a
flat, torsion-free connection on the tangent bundle TM. This is equivalent to
an affine structure, furnished by an atlas of M with transition functions given
by affine transformations of the form

T+ Ax + b,

with A € Gl(n,R) and b € R™. Throughout this paper, all manifolds are
presumed to be both connected and smooth. When an atlas on M consists
solely of affine transformations as transition maps, the associated coordinates
{2} are termed local affine. If {z?} is defined over an open subset U C M, we
denote the fiber coordinates, corresponding to the local trivialization of T'M
by {%}?:1, as y'. Consequently, on the open subset TU C TM, we obtain
the holomorphic coordinate functions z* = z* + v/—1y¢, naturally transform-
ing TM into a complex manifold. This n-dimensional complex manifold is
designated as MC.
The vector bundle of (p, g)-forms on M is defined as

AP9 = \PT* M @ ANT* M,

constituting restrictions of (p, ¢)-forms from the complex manifold M€. These
are differential operators given by

0:

1
5(d @1Id) : APT*M @ NT*M — APTIT* M @ AT M,

1
d:= (—1)’“§(Id ®d) : NPT*M @ NT*M — NPT*M @ AT M,

which are derived as restrictions from the operators on MC.

An affine manifold (M, D) is deemed special if it possesses a volume form
v that remains covariant constant relative to the flat connection D on T'M.
Throughout this paper, we operate under the assumption that (M, D, g,v) is
special.

On such a special affine manifold (M, g,v), the volume form v induces
homomorphisms:

n(n—1)
AT — NT*M, v0— (—1)" 2 0,
n(anl)

AP 5 APT*M, 0@ v s (—1)

)

termed division by v. When M is compact, integration of an (n,n)-form 6 is
facilitated through
0
Juv
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A smooth Riemannian metric g on (M, D) induces a (1, 1)-form, expressed
in local affine coordinates as

n
Wy = Z gijdr’ @ da?,
i,j=1
which is a restriction of the corresponding (1,1)-form on M obtained by
extending g to MC. The metric g is termed an affine Gauduchon metric when

8&0;_1 =0.

As per [31], every conformal class of Riemannian metrics on a compact, con-
nected special affine manifold contains a unique affine Gauduchon metric, up
to a positive scalar multiple.

In the realm of affine manifolds, a flat complex vector bundle serves as
the appropriate counterpart to a holomorphic vector bundle on a complex
manifold. To elucidate, consider a smooth complex vector bundle E over an
affine manifold M. Denote the pullback of E to M via the natural projection
MC® = TM — M as EC. The transition functions for EC are derived by
extending those of F uniformly along the fibers of TM. A transition function
on M€ is holomorphic precisely when the associated transition function for E
is locally constant. Hence, EC constitutes a holomorphic vector bundle over
MC if and only if E is a flat vector bundle over M. Thus, the assignment
E +— EC establishes a bijective relationship between flat vector bundles on
M and holomorphic vector bundles on MC that remain constant across the
fibers of TM. Given that EC is the pullback of a vector bundle on M, the
term “constant across the fibers of TM” is unambiguously defined.

Let H be a Hermitian metric on E, which induces a Hermitian metric on
EC. Denote by Vg the Chern connection associated with this metric on EC.
According to the decomposition into (1,0)- and (0, 1)-parts, Vg aligns with
the pair

(0m,0E) = (On,v,9E,v),
where Oy v : T'(E) - AY(E) and dpv : I'(E) —» A%(E) are smooth
differential operators. This pair is referred to as the extended Hermitian
connection of (E, H).

For a locally constant frame {s1,...,s,} on E associated with the flat
connection V, and denoting H,5 = H(sq,5s), we define:

the extended connection form Agy iH_laH € AV (EndE),
the extended curvature form Fy = Ay € AV (EndE),
the extended mean curvature Ky = tryFy € C*°(M,EndE),
e the extended first Chern form ci(E, H) = trpFy € AL
All these forms are restrictions of their counterparts on EC. Note that try

signifies the contraction of differential forms using the Riemannian metric g,
while trg denotes the trace map on the fibers of EndE. The degree of the
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flat vector bundle (E,V) over an affine Gauduchon manifold (M, D, g,v) is
defined as
a(E,H)ANwp™!

deg,(F) = [ 2

which is well-defined for compact manifolds [31].

2.2. Quiver bundle over affine Gauduchon manifold. In this section, we
introduce the essential setup and notation for quiver bundles, which are con-
sistently employed throughout the paper. For a thorough comprehension of
twisted quiver bundles, please consult [2].

DEFINITION 2.1. A quiver consists of a pair Q = (Qo, Q1) equipped with
two maps, h and t, that assign vertices to arrows. The set Qg contains vertices,
while Q1 comprises arrows. For each arrow a € @Q1, the vertex ha denotes the
head, and ta denotes the tail.

A twisted quiver bundle over an affine Gauduchon manifold (M, D, g,v)
is defined as a 4-tuple (E,E,Q,d)), where:

1. E is a collection of flat vector bundles E, on (M, D, g,v), each asso-
ciated with a vertex v € Qq,

2. E is a collection of flat vector bundles Ea on (M,D,g,v), each corre-
sponding to an arrow a € Q1,

3. ¢ is a collection of morphisms ¢, : Eyg ® Ea — Eyq, with the stipu-
lation that E, = 0 for all vertices v € Qg except a finite number, and
similarly, ¢, = 0 for all arrows a € Q1 except a finite number.

A Hermitian metric H on a twisted quiver bundle R = (E, E,Q, ¢) com-
prises a set of Hermitian metrics H, assigned to each non-zero vector bun-
dle E, associated with a vertex v € Qg. Given collections of real numbers
o = {ov}veq, and T = {7, }veq,, the bundle R is said to admit an affine
(o, 7)-Hermite—Einstein metric H = {H,},eq, if, for all non-zero E,, the
following equation holds:

(21) Oy * tTgFHU + Z ¢a o ¢>ZH“ - Z ¢ZHU o ¢a =Ty IdEU7

ach=1(v) act=1(v)

where Fy, is the curvature of the Chern connection Vy, on E,, and ¢;Hv
denotes the adjoint of ¢, with respect to H,. The bundle R is said to admit
an approzimately affine (o, 7)-Hermite—Einstein structure H = {H,},eq, if,
for every v € (g, the metric H, on F, satisfies

suploutrgFu, + Y daodi = Y @i oy — 7, - 1dp,|u, <€
M ach=1(v) act=1(v)

for any € > 0.



THE HITCHIN-KOBAYASHI CORRESPONDENCE FOR QUIVER BUNDLES 123

Fix a background Hermitian metric K = {K,},cq, on R over the affine
Gauduchon manifold (M, D, g,v). The degree of E, is defined as [39]

n
trg, (tryFr,) 797

1
deg(E,, 1) = [

nJm
where F, is the curvature of the Chern connection Vg, on E,. According to
the Chern—Weil theory [39], for any saturated subsheaf E! of E,, the analytic
degree is given by

1 _ wn
deg(E!, K,) = + / (tre, (mutry Fic,) — B, mol%,) 2,
n M 14

where 7, denotes the projection onto E! with respect to K.

The analytic (o, 7)-degree and (o, 7)-slope of the twisted quiver bundle
R are defined based on weighted combinations of the degrees and ranks of
the vector bundles F, associated with each vertex v in Q. Specifically, the
(0, 7)-degree is expressed as

deg, (R, K) = > (0, - deg(Ey, K,) — 7, - 1k(E,)),
vEQo

where o, and 7, are real numbers corresponding to each vertex v. The (o, 7)-
slope is subsequently defined as the ratio of the (o,7)-degree to the total
weighted rank:

dng’T(R, K)
> e, TuTk(Ey) '
The twisted quiver bundle R is deemed analytic (o, 7)-(semi)stable with re-

spect to K if, for all proper quiver subsheaves R’ of R, the following condition
holds:

So-(R,K) =

Sor(RK) < ()80 (R, K).

In the framework of twisted quiver bundles, this definition enables the
establishment of moduli spaces of (o, 7)-stable twisted quiver bundles, which
exhibit favorable geometric properties [1]. This condition generalizes the sta-
bility criterion for vector bundles, a concept that is pivotal in the investiga-
tion of moduli spaces for vector bundles. Over recent years, the exploration of
moduli spaces for vector bundles and various geometric objects has garnered
significant attention and focus (see [7, 13, 14, 17, 19, 21, 23, 30] and references
therein).

3. PRELIMINARY RESULTS

3.1. The perturbed heat flow. Let R = (E,E,Q7¢) denote a twisted
quiver bundle over the affine Gauduchon manifold (M, D,g,v), and let
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Hy = {Ho v }veq, be a Hermitian metric on R. For each v € (Qp and nonneg-

ative constant e, we introduce the perturbed heat flow as follows:
0H 4

3.1 H_l C = _7(1)51; Hv )

(3.1) S =~ Peu(H,)

where H, := H,(t) and ®.,(H,) is given by
eo(Hy) = outryFrr, + Y daodi™ = Y oo,
ach—1(v) act—1(v)
— 7, -Idg, +¢eoy log(Ho_le),

sV

For simplicity, we define
hy i= hy(t) = Hy  Hy (1)
Furthermore, we define the complex Laplacian by
~ _ - 02f
Af = 4tr,00f = gV ———
J=atrg008 = 9" 5 oz
where (g%) is the inverse of the metric matrix (9i7)- Additionally, we refer to
the Beltrami-Laplacian as A. It is well-known that the relationship between
these Laplacians is given by

(A= A)f=(V,Vf),,

where V is a well-defined vector field on the affine Gauduchon manifold M.
We begin by establishing the following proposition, which will be used in
proving the long-time existence of the flow (3.1).

PROPOSITION 3.1. For each v € Qo, let H, = H,(t) denote a solution of
the flow (3.1), then

0 ~ 1
(3~2) (7 - A)[ Z 7|(I)€,v %I,,] < 0.
ot o
vEQy 7
and
0 ~
(3.3) <§ — A){e*'trp, (®..)} = 0.
PRrROOF. By direct calculation, we have:
0 - _10hy,
57 e = outrgOp, Om, , (hy! o)
_10Hy, N N _,0H,
— Y (Gue HG T 9 1dg, 0931 — a0 031 0 HT )
ach=1(v)
Gy - Y g og, g0 P g1y og,)
ac€t—1(v)
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and
Al®. |3, = —dtr,d0trp, {®. ,H, 'L H,}
—AtryOtrg, {0®. H, '®, H, — ., H, '0H,H, '®. H,

+ . H, 9., H, + . H, &L H,H, 0H, )}
= 2Re(—4tr,0p, 0, Pc v, Pec ), + ([4trgFu,, Pcv], Pc o),
+410m, e o|F, + 408, e iy, -
Using the above formulas, we conclude that

0 ~ 1 9 4
(a - A Z ;‘@s,v Hq,] == Z ;|VH1,(I)6,U

vEQy Y vEQo ¥

i) D,
—4 Y (Jone 0y ey
Oha Ota
a€@Q

2
H’l)

P, P
- 2<¢a o —=* ® IdEa °© QS:LHG’ 67ha>Hha®Hm)
Ota Oha
o, o
~0 Y (10 2 B, + 1,
Otq Oha
acQ

* és a (I)a a
- 2<¢aHa o 2 ® IdE* ° G, = >Hha®H1ﬂ)
Oha @ Ota

4e , 0
Bl <
+ Z O <6t 1Og(h'u)7 (I)E,v>HU > 07
vEQo
where the last inequality used (3.1) and the following inequality [44]
0 oh
—log(hy), hy ' —=2) g, > 0.
(= Tog(ha), b S, =
By taking the trace of both sides of (3.4), we obtain the equality (3.3). O

3.2. Donaldson’s distance along the flow. Below, we recall Donaldson’s
distance [16, 48] defined on the space of Hermitian metrics.

DEFINITION 3.2. Given two Hermitian metrics H and K on the bundle
FE, Donaldson’s distance between them is given by

o(H,K) :=trg(H 'K) +trg(K 'H) — 2rk(E).

For collections of Hermitian metrics H = {H,}yeq, and K = {K,}yeq, on
the twisted quiver bundle R, we define Donaldson’s distance on R as

c(H,K) := Z oy - o0(Hy, K,),
vEQo

where o, is a weighting factor associated with each vertex v.
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It is evident that o(H,K) is non-negative and vanishes if and only if
H = K. Furthermore, a sequence of metrics H(t) converges to a limiting
metric H in the C? sense if and only if sup o(H(t), H) — 0 as ¢ approaches
the limit.

PROPOSITION 3.3. Let H(t) = {H,(t) }}veq, and K(t) = {Ky(t)}veq, de-
note two sets of Hermitian metrics on the twisted quiver bundle R. Assuming
H,(t) and K,(t) satisfy the flow equation (3.1) for each v € Qq, it follows
that

o ~
(315 — A) o(H(t),K(t)) <0.
PROOF. For brevity, we denote by
hy = K, (t) " H,(t).

By direct calculations, we have

o ~
(2, = D) D oultre,hy +trg,hy ')
Goa(s )
= —4 Z Oy (tTEv (—t’l“géEvhvhglathv) + t’I”Ev (—trggEv h;lhvaKv h;l))
vEQo
—4 Z trg, <¢2KG 0 ¢a 0 hig + hig 0 Pg 0 h;zl ® IdEa ° ¢ZK0 © hba
a€Q1

— 05 0 iy ©Tdp, © G0 — 60 © 65 0 iy )

4 trp, (qﬁZH“ 0 a0 hit + higl 0 ¢ 0 hie ®1d5 0 5 0 byl
a€Q1

— @51 o byl @15, 0 6 — bq 0 611 o i L)

+4e Y trEv{hv (log(Hy. H,) — log(Hy L K.,))
VEQRO

+ hy (log(Hy LK) — log(H L L) }
<0,
where we used the inequalities [16, 38]
trg, (—try0p, hohy *0k, hy) >0,  trg, (—tr,0p, hy "hyOx, hy ') >0,

the summations on a € @; are non-negative [48], and the following inequality
[44]

tre, {ho(log(Hg o Ho) —log(Hg , Ky)) +hy * (log(Hy y K ) —log(Hg , Hy))} > 0.
0
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We omit the proof of the ensuing proposition, since it bears resemblance
to the proof provided for Proposition 3.3.

PROPOSITION 3.4. Let H = {H,},eq, and K = {K,}veq, denote two
sets of Hermitian metrics on the twisted quiver bundle R. Provided that each

H, and K, satisfies (2.1) for all v € Qq, it follows that

Ac(H,K) > 0.

3.3. An inequality used for C°-estimate. The ensuing proposition acts as
a bridge connecting the stability of the bundle and the C°-estimate. Relying
heavily on [44], we shall only outline the proof here.

PROPOSITION 3.5. Let R denote a twisted quiver bundle endowed with a
fized Hermitian metric K = {K, }veq, on the non-compact affine Gauduchon
manifold (M, D, g,v). Given a collection of Hermitian metrics H = {H, },eq,
on R, set s, = log(K, H,). Suppose the base manifold admits an ex-
haustion function ¢ satisfying fM \ELMWTQ < 400. Furthermore, assume

n—1 —
||8wz llL2(ary < +00, s, is bounded, and ||0g, Sy L2(m) < +0o. Then, the

subsequent inequality holds:

n w

Z (/M trEv(év(Kv)sv)w—g +/M %(\If(sv)(gmsv),gmswm73)

v

where

O, (Ky) = outrgFi, + Y, da0di = Y ¢t oy — 7, 1dpg,
ach—1(v) act—1(v)

and

eV "1 .
S TFY

1, T =y.

\I/(a:,y) = {

Proor. By direct calculations, we have

Z /M trg, (((I)U(Hv) — (I)U(Ku))Sv) WT/;L

vEQRo

_ wy

) > O'v<t7" 3Ev(h;13thv),Sv> -
(3.6) Ugo /M g K, V
wg

= Z Ow /M<\I/(8v)(5EvSv)75EvsU>Kv »

VEQo
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To derive the first inequality in (3.6), we employed the following fact (see [2,

Lemma 3.5)):

(3.7)

S (@aodi™ —daodi )= Y (@5 0da— K 0 da),su) >0
vEQo ach~1(v) act—1(v)

The second equality in (3.6) is a direct consequence of [38, Proposition 4.3].

d
REMARK 3.6. It should be mentioned that the proof of [38, Proposition
6w;71

4.3] relies essentially on ||
90w~ = 0.

g

%— || L2(ar) < 400 and the Gauduchon condition

4. THE PERTURBED HEAT FLOW ON AFFINE GAUDUCHON MANIFOLDS

4.1. Long-time existence for compact case. In this section, we investigate
the existence of long-term solutions for the perturbed heat flow (3.1) of the
twisted quiver bundle R on an affine Gauduchon manifold (M, D, g, v), which
may or may not have a boundary. In the case where M is a manifold without
boundary, we consider the following perturbed heat flow:

(4 1) Hgl% :_é@s,v(}lv)a
H,(0) = Hy .

For a compact manifold M with a smooth, non-empty boundary, we exam-
ine the Dirichlet boundary value problem with a fixed collection of Hermitian
metrics H = {H, },cq, defined on OM:

Hv_l% = _047(1)5,1;(Hv)7
(4.2) H,(0) = Hy,,
Hv‘@M = Hv-

Due to the parabolic characteristics of the flow (3.1), the well-established
parabolic theory ensures the existence of a solution for a short period of time.

PROPOSITION 4.1. For any sufficiently small T > 0, both (4.1) and (4.2)
possess a smooth, well-defined solution H(t) = {H,(t)}veq, within the inter-
val 0 <t < T.

Building upon the arguments in [16, Lemma 19], our goal is to prove the
continual existence of the perturbed heat flow.

LEMMA 4.2. Suppose a smooth solution H(t) = {H,(t)}veq, of either
(4.1) or (4.2) is defined on the interval 0 <t < T < +o0o0. Then, ast — T,
the metric H(t) converges in the C° sense to a continuous, non-degenerate
metric H(T) on the quiver bundle R.



THE HITCHIN-KOBAYASHI CORRESPONDENCE FOR QUIVER BUNDLES 129

PrOOF. By the continuity at ¢ = 0, for any € > 0, there exists a § such
that sup,; o(H(to), H(t))) < € whenever g, t € (0,d). Utilizing Proposition
3.3 and the maximum principle, we deduce that sup,,; o (H(¢), H(t')) < € for
all t,#/ > T'—4. This implies that H(¢) is uniformly Cauchy, so H(t) — H(T),
where H(T) is continuous.

Alternatively, by Proposition 3.1, |®.,(H,)|n, is uniformly bounded.
Since

g (logtrg, hy)

< 2[®c o (Ho)lm,

ot H,
and 5
gy llogtre )| <2l
H,
we infer that o(H(¢), H(0)) is uniformly bounded on M x [0,T). Therefore,
the metric H(T') is non-degenerate. |

By employing a similar argument as in [16, Lemma 19], the subsequent
lemma is straightforward to prove.

LEMMA 4.3. Let (M,D,g,v) be a compact affine Gauduchon manifold,
either without boundary or with a non-empty boundary. Consider the collec-
tion of Hermitian metrics H(t) = {H,(t) bveq, for 0 <t < T on the twisted
quiver bundle R over M (subject to Dirichlet boundary conditions). Assume
Hy = {Ho . }veq, 18 the initial data on R. If, ast — T, H(t) converges in C°
to a non-degenerate continuous metric H(T) on R, and if sup |[try Fr, +)| m,.,
is uniformly bounded for all t, then H,(t) is bounded in C' and LY (for any
1<p<+o0) forallt.

We now demonstrate the existence of the flow for extended periods.

PROPOSITION 4.4. Equations (4.1) and (4.2) possess a unique solution
H(t) that persists for all time.

PROOF. Proposition 4.1 establishes short-term existence. Assume a so-
lution H(t) exists for 0 < ¢ < T' < 4+00. By Lemma 4.2, H(¢) converges in
C° to a non-degenerate, continuous H(T) on R as t — T. Since T is finite,
(3.2) implies sup; [try F, ()| m,,, is uniformly bounded on [0, 7). Further, by
Lemma 4.3, H,(t) is uniformly bounded in C! and L} (for any 1 < p < +0o0)
for all ¢. Applying Hamilton’s methodology [18], we infer H,(t) — H,(T) in
C*, extending H(t) beyond T. Thus, (4.1) and (4.2) admit a solution H(t)
for all time. Uniqueness follows from the maximum principle and Proposition
3.3. ]

4.2. Long-time existence for non-compact case. In the remainder of this
section, we focus on the persistent presence of the perturbed heat flow (3.1)
for the twisted quiver bundle R over a non-compact affine Gauduchon man-
ifold (M, D, g,v). We postulate an exhaustion function ¢ > 0 with bounded
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trgﬁggo, satisfying Condition 2 for M. For a fixed p, let M, denote the com-
pact subspace {& € M | p(z) < p} with boundary OM,. Given the initial
metric Hy on R over M, we consider the Dirichlet boundary condition:

(4.3) H(t)[om, = Holonm, -

By Proposition 4.4, for each M, the flow (3.1) with this boundary condition
and initial metric Hy has a unique long-term solution H(¢) for 0 < ¢ < +o0.

PROPOSITION 4.5. Assuming H(t) is a long-term solution to the perturbed
heat flow (3.1) on M, that satisfies the Dirichlet boundary condition (4.3),
we have
(4.4)

C
HOghU|H0,v (.’E,t) < ?1 Z H&?Xkbv(Ho,v)'Ho,w V($,t) € MP x [07 +OO)>
vEQy

where Cy is a constant independent of ¢.

PROOF. By direct computations, we have

Z (H, ! ’logh’v>HO,'u = Z <77¢57”(Hv)’10ghv>HO,v

vEQo ot vEQo v
4
= Z <_;@v(Ho,v)710g ho) H,.,
vEQo v
4
+ <_7((PE,U(H’U) - q)v(HO,v))alog hv>Hoyv
Oy
vEQRo
4
< -
<> UU|‘1>v(Ho,v)|Hv|10ghv\Hv
vE€Qo
+ 3 <4trg(5Ev(hv‘18Hoyuhv)) tea, loghv,loghv>H ,
’UGQO 0,v

where we have used the inequality (3.7).
Alternatively, one can easily verify that

|

S H O toghu)m, = (O log ), = 5 o ( S loghul, )

vEQo vEQo

N | =
D

and

_ 1~
S (dtr,dm, (hy Oy 1) 1og ho) by, > —§A( 3 |10ghv\%{0’v).
VEQo VEQoO



THE HITCHIN-KOBAYASHI CORRESPONDENCE FOR QUIVER BUNDLES 131

Then
1,0 ~
S5 = D) () [oghuld, )
20t ;
vEQo
4
< -£ Z O'vl 10g hv‘%{o‘v + Z 0_*|(I)v(H0,v)‘Ho,v|10g hv‘Ho.v
vEQQ vEQo ¥
< —eCs Z | log hvﬁ{om +Cs Z |0 (Ho,v)! o, [10g holm,,, »
vEQo vEQo
which together with the maximum principle implies (4.4). d

For future reference, we recall the following lemma.
LEMMA 4.6 ([39, Lemma 6.7]). Let u(x,t) be a function on M, x [0,T]
satisfying

ot

and supyy, u < Cy4. Then, we have

<8 —E) u<0, wul=p=0,

u(z, ) < %w(x) L Cst),

where Cy is the bound of ﬁcp as in Condition 2.

We postulate that for all v € Qo, the norm |®,(Hoy)|m,, is bounded
on the affine Gauduchon manifold (M, D, g,v). Given any compact subset
Q1 C M, there exists a constant py such that Q@ C M, . Consider H,(t) =
{H,»(t)}veq, and H,, (t) = {H,, +(t)}veq, as long-term solutions to the
perturbed heat flow (3.1) satisfying the Dirichlet boundary condition (4.3)
for po < p1 < p. Define v = o(H,(t),H,,(t)). By Proposition 4.5, u is
uniformly bounded and serves as a subsolution for the heat operator with
u(0) = 0. Applying Lemma 4.6, we obtain

o (H (1), H,, (1)) < ¢, Lo+ &)

on M,, x [0,T]. Thus, H, forms a Cauchy sequence on M,, x [0,T] as
p — oo. For each v € Q, Proposition 4.5 guarantees the uniform C° bound
of H,(t), and local C'! estimates can be derived similarly to [44, Proposition
3.5]. Using the standard Schauder estimate for parabolic equations, we obtain
local uniform and smooth estimates for H, ,(t) for each v € Qy. Note that
the parabolic Schauder estimate only yields a uniform and smooth estimate
for h,(t) on M,, x [t,T] with ¢ > 0, depending on ¢~!. To address this,
we apply the maximum principle to obtain a local uniform bound on the
curvature |Fg,  |m, , for each v € Qo, followed by standard elliptic estimates
to obtain locally uniform and smooth estimates. This step is omitted due to
its similarity to [29, Lemma 2.5]. By taking a subsequence with p — oo, the
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metric H,(¢) converges in Cy2 -topology on the twisted quiver bundle R to a
long-term solution H(t) of the perturbed heat flow (3.1) on M x [0,00). In
summary, we have the following proposition.

PROPOSITION 4.7. Let R denote the twisted quiver bundle, endowed with a
fized Hermitian metric Hy, over the non-compact affine Gauduchon manifold
(M, D, g,v) fulfilling Condition 2. Assuming supys |®,(Hou)|m,, is finite,
it can be demonstrated that the perturbed heat flow (3.1) admits a long-term
solution H(t) satisfying the following bound on the whole M :

C
sup |log ho|m, , (2, 1) < it E sup [P, (Ho,») |y, -
(z,t)EM x[0,400) € v€Qo M

5. SOLUTION TO THE PERTURBED EQUATION

5.1. Dirichlet problem on compact affine Gauduchon manifold. We first
tackle the Dirichlet problem related to the perturbed equation, leading to the
following proposition.

THEOREM 5.1. Consider R, the twisted quiver bundle, endowed with a
fized Hermitian metric Hy = {Ho y }veq,, over a compact affine Gauduchon
manifold (M, D, g,v) with a non-empty boundary OM. There exists a unique
Hermitian metric H = {H,},eq, on R fulfilling the conditions

(5.1) (I)a,v(Hv) =0 and Hv‘aj\/[ = Hoﬂ), Ve > 0.
For e > 0, it holds that

C

(5'2) sup |SU‘HO,v (r) < = Z SuP|q)v(H0’v)|Ho,v~

xeEM €

vEQo
Furthermore,
(5.3) > 10k, sullz2an) < C(e™", ®4(Ho ), Vol(M)),
vEQo

where s, = log(HO_’gHv). If the initial metric Hy on R satisfies
(54) t""Ev ((I)U(HO,’U)) = O,

then Y-, cq, ovtre, (sv) =0, and H on R also meets condition (5.4).

PRrROOF. Based on Proposition 4.4, we establish the existence of a long-
term solution H(¢) for the perturbed heat equation (4.2). By applying Propo-
sition 3.1 and the inequality |V¢|? > |V|(||?, we obtain

(55) (gt - 8) Z O_i‘q)a,v(HvﬂHv <0.

vEQy ¥
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When the initial metric Hy satisfies (5.4), combining (3.3) with the maximum
principle yields
> tre, (®ey(H,)) =0.
vEQo
As a result,
> outre, (log(Hy s Hy (1)) =0
vEQo
holds true, ensuring that H(¢) meets the condition (5.4) for all ¢ > 0.
Referring to [40, Chapter 5, Proposition 1.8], our objective is to address
the Dirichlet problem on M defined as:

(5.6) Af = —|®,(How)| ., floa = 0.

We introduce w(x,t) = fot |®. »(Hy)|H, (2, 0)do — f(x). By considering (5.5),
(5.6), and the boundary conditions of H,, it becomes clear that for ¢ > 0,
|®. »(Hy)|H, (z,t) vanishes on OM. Hence,

o ~
(315 - A) w(z,t) <0, w(x,0)=—f(z), w(x,t)om =0.
Applying the maximum principle, for all z € M and ¢ € (0,4+0c0), we derive
t
(57) [ 1t (o e < sup £10).
0 yeM
Given the assumptions ¢; < t < 5 and defining the function h,(z,t) =
H;Y(x,t1)H,(x,t), one can easily deduce that

% logtrg, (}_lu) < 2|(I)E,U(Hv)

Through integration, we find

H,-

¢
trig, (H, Yz, t))Hy(2,) < rexp (2/ (I>E7U(HU)|HUdQ>.
t1

Similarly, an equivalent bound holds for trg, (H, *(z,t)H,(x,t1)). Conse-
quently,

58 oltulet) Hln.t) <2 (e (2 0o (H)lm.d2) 1),

Using (5.7) and (5.8), we deduce that as ¢ — oo, the metric H(¢) on
the twisted quiver bundle R converges to a continuous metric Hy, in the
C° topology. By Lemma 4.3, for each vertex v € Qqg, H,(t) is uniformly
bounded in both Cf, and L8, . (1 < p < +00). Additionally, |H ' 28] is
uniformly bounded for each v € Qy. Employing elliptic regularity, we conclude
the existence of a subsequence H,(t) converging to H, o, in Cf.-topology.
From (5.7), H, oo meets the boundary condition. Uniqueness follows from the

maximum principle and Proposition 3.4.
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If ¢ > 0, the implication in Proposition 4.5, as noted in (4.4), implies
(5.2). By definition, it is evident that

|5Ev Sy ﬁ'—lom < Ce(¥(s) (EEU 51))75E'n 8U>H(J,U )

where Cg is a constant dependent only on the L°°-bound of s,,.
Applying inequality (3.5) from Proposition 3.5 and equation (5.1), we
derive

Z / |8E S’U‘HO’UTg <C Z / S’U 8E S’U) 6E SU>H0v7g

vEQo vEQo

W™
=C z/ —trp, (B, (Hoy)s0) — e0y|s0|%, V=L
6 E, 0,v/°v v|Sv|Hg,, U

vEQo
C
< ?7 > sup @, (Ho ), , - Vol(M),
vEQo M

which directly results in the conclusion of (5.3). d

5.2. Solution on non-compact affine Gauduchon manifold. Let the quad-
ruple (M, D, g,v) denote a non-compact affine Gauduchon manifold, with
{M,} constituting an exhaustive sequence of its compact subdomains. Con-
sider a twisted quiver bundle R over the base M,, equipped with a set of
Hermitian metrics Hg on R. According to Theorem 5.1, the Dirichlet prob-
lem on M, is solvable, producing a Hermitian metric H,(z) = {H, 4 }veq, on

R that fulfills:
(be,v(Hp,v) = 07
Hﬂ,v(x)laMp = HO,v(x)-

To extend the solution across the entire manifold M, we depend on a
priori estimates, notably the C%-estimate. Define

hpw = H(J_,;pr
for each v € Qy. By Theorem 5.1, we have for all v € Qq:
&
sup [10g hpo|m,,, (r) < — D sup |y (Ho,)| o, -
reM, € vEQo

For any compact 2 C M, there is a pg such that @ C M, . Employing
arguments akin to those in [38, Proposition 4.1], we secure local uniform C*-
estimates. Specifically, for p > po,

(59) sup |hp UaHO v P,V

e

Hoy o § CSa

where Cg is a constant uniform across p. Utilizing the perturbed equation
. ,(H,) = 0 and standard elliptic theory, we infer uniform local higher-order
estimates. By extracting a subsequence, for each v € Qo, H, ., converges in
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CP -topology to Heo ., = lim, 00 Hp,, which satisfies ®. ,(H,) = 0 on M.
This establishes the following proposition.

PROPOSITION 5.2. Consider a twisted quiver bundle R equipped with a
fixed Hermitian metric Hy over a non-compact affine Gauduchon manifold
(M,D,g,v). Provided that sup,, |®,(Ho)|m,., s bounded, for any e > 0,
there exists a metric H = {H, }veq, on R satisfying

(I)e,'u(Hv) = Ou

_ C
sup |log(Ho o Hy)lm, , (2) < = > sup |®,(Hou)|a,.,»
rzeM e
vEQo
and
108, (log(Hg o Hy))ll 22 < C(e™, ®y(Ho,), Vol(M)).

Furthermore, if Hy meets the criterion (5.4), then
> outre, log(Hy s Hy) =0,
vEQo

ensuring H also satisfies (5.4).

6. STABILITY IMPLIES THE EXISTENCE OF THE HERMITE-EINSTEIN
METRIC

Let (M, D, g,v) denote the non-compact affine Gauduchon manifold as
specified in Theorem 1.1, and let R signify a twisted quiver bundle over
M. Provided a suitable background metric K = {K,},eq, on R satisfy-
ing tryFr, <0, supy, |trgFk, |k, < 400, and sup,; [¢|x, < 400, we invoke
[44, Proposition 4.3] to resolve the Poisson equation on M:

>veq 01 1k(Ey) D tre, (Bu(Ky)).
vEQo 7Y Y7 veQo

Applying the conformal transformation K, = e/K,, direct calculation
yields

(6.2) trp, ®,(Ky) = tri, ®,(K,) + trp, (avtrg(éa f)IdEU).

(6.1) trg00f = —

Using (6.1) and (6.2), we find that K, meets the requirement:

(63) Z tTEU (q)v(fv)) = 0.

vEQo

Analyzing the function f, we observe that if R displays analytic (o, 7)-
stability relative to the Hermitian metric K, it retains this stability relative
to the transformed metric K = {K,},eq,- Hence, we may assume without
loss of generality that the initial metric K on R already satisfies Equation
(6.3).
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By Proposition 5.2, for every vertex v € Qg and any € > 0, the following
perturbed equation is solvable:

(6.4) O, (Hepw) = Qy(H: ) +e0y(loghe ) =0,

where h. , is given by K, 'H. , = e® and

Py (Hew) = ovtrgFu, , + Z Pa 0 Ppler — Z ¢i11ev 0y — 7, - 1dp, .
ach=1(v) act=1(v)

Considering that the initial Hermitian metric K on R satisfies (6.3), it
follows that:
Z outre, (log he ) = 0.
vEQo
We denote by

Herm(E,, K,) = {n € End(E,) : ne = nt

and
Herm™ (E,, K,) = {p € Herm(E,, K,) : p > 0},

where p> 0 means all eigenvalues of p are positive.
Using analogous arguments as in [31, Corollary 19] and [32, Lemma 3.3.4],
we can easily derive the following lemma.

LEMMA 6.1. For h., € Herm™(E,, K,) fulfilling ®. ,(H.,) = 0 with
some € > 0, it follows that

v SUP [log he |k, < Co | D oulllogheullr2ar + Co |
vEQo

where Cy and Chg depend solely on w and K, .

When R displays analytic (o, 7)-stability with respect to the Hermitian
metric K, our objective is to show that, by choosing a subsequence, H. con-
verges to an affine (o, 7)-Hermite-Einstein metric H in the C;2-topology as
e — 0. Utilizing the local C'-estimates from (5.9) combined with standard
elliptic theory, our primary goal becomes obtaining a uniform C°-estimate.
By virtue of Lemma 6.1, this task reduces to proving a uniform bound on
Zver oy 10g he w2 (ar)-

We proceed by contradiction. If our assertion fails, there must exist a
subsequence ¢; — 0 as ¢ — oo such that

Z oyl log he, 4

vEQo

‘L2(M) — F00.

Let us define
SE' v
Se, 0 =10ghe, v, lin= Hssi,v”Lz(M)v and  ug, p = - :
i,V
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From these definitions, it follows that > o tr(ovte, ») =0 and [lue, o 2 =
1. By applying Lemma 6.1, we derive:

C
< l*g Z ovlip 4+ Cro | <Ci1 < 400.

i,v v€Qo

65  supluc,.
M

STEP 1 We will show that for each v € Qg, the L? norms of u., , remain
uniformly bounded. Given that the L? norms of Ug, v are normalized to 1,
our primary objective is to establish uniform boundedness for the L? norms
of Vg, 4.

Utilizing Proposition 3.5 and the perturbed equation (6.4), we infer that
for all u., ,, the following inequality is satisfied:

Z (/M trEv((I’v(Kv)uai,v)

vEQo

+Uu/ li,v <\I’(li,1)us¢,v)(5E1,U57¢,v)agEvusi,v>K,
M

v
< —¢ E lei,m

vEQRo

< ‘sz

< | &
~

Next, consider the function defined by:

Y5 if = Y,
Y (yz,vy) = {emm_l "
Ty UT # Y.
From (6.5), we infer that (z,y) lies in the domain [—C12, C12] X [-Ci2, Ci2].
A simple verification yields:

(‘T—y)_17 if$>y>
6.6 U (ya,vy) —
(6.6) Y (v, vy) {+OO’ o<y,

which increases monotonically as v — 4+o00. We introduce ¢, a smooth func-
tion mapping R x R to R* such that ((x,y) < (v —y)~! for # > y. By
applying (6.6) and adopting reasoning from [39, Lemma 5.4], we derive:

Z (/M e, ((I)U(Kv)usw)%

vEQo

_ _ wn
to, / (C(tter ) P ties o), Do ) )
M vV

<0,

(6.7)

for i large enough.
Specifically, we opt for ((z,y) = ﬁ Consequently, within the domain
(x,y) € [-Cha, C12] X [-C12,C12] and under the condition x > y, it holds that
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1
3C12

1
<= Hence,

wr oz — wy
t O, (K, ue, ) —+ 2 / 0 LE L) <0
Z (/M T, (Bo(Ko)te, o) v + 3C12 M‘ By ter, |K” v )~

vEQo
for sufficiently large i. This implies

_ w?
3 / O, e, e, 2 < Cu 7 sup |94 (K k- Vol(M).
vEQo M vEQo M

Hence, for every v € Qo, the sequence u., , remains bounded in the L?
norm, enabling us to extract a weakly convergent subsequence in L?, denoted
{ue, o}, which converges to ue . For brevity, we continue to use {uc,,}

; ;

to represent this subsequence. Considering the embedding of L? into L2, it
follows that

n n
w w
. 2 g __ 2 g9
1= .11111/ ‘UEn’U'Ho,U _/ |uoo,U|Ho,1, )
i—=oo Jar 14 M 14

indicating that w ., has an L? norm of 1 and is therefore non-trivial.
Utilizing equation (6.7) and paralleling the argument in [39, Lemma 5.4],
we obtain the inequality

_ _ w™
+0v / <<(uoo,v)(aEvuoo,v)7aEvuoo,v>Kv g )
M

STEP 2 Utilizing the reasoning presented by Uhlenbeck and Yau in [41],
we construct a quiver subsheaf that contradicts the (o, 7)-analytic stability of
R.

By leveraging equation (6.8) and the technique described in [39, Lemma
5.5], we infer that for all v € Qo, the eigenvalues of us , are constant almost
everywhere. Let p;, < p2, < --- < p, denote the distinct eigenvalues of
Uso,v- Given the constraints >° o trg, (Cvlico,w) = 0 and [ucow|lL2(ar) = 1,
it follows that 2 < [ < r. For each eigenvalue 1, with 1 < j <1 -1, we
define a function

Tj,v(x) R—R

T, (@) 1, ifx < pyo,
jol\L) = .
» 0, fz> pyjti0-

We define 7, as T ,(uso,v) and denote E;, by 7;,(E,). Based on [39,
p. 887], we ascertain the following properties:

by

1. 7;, belongs to L%
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2. m;, is idempotent and self-adjoint with respect to Hy,y;

7j,» commutes with dg, , under the projection Idg, , — 7j.;

4. For every a € J1, the comp051t10n (IdE; 4o = Tjha) ©Pa© (T ta ®IdEa)
vanishes.

@

Invoking Uhlenbeck and Yau’s regularity theorem for L?-subbundles from
[41], the collection {7rj7v}§;11 determines [ — 1 coherent sub-sheaves of E, for
each v € Q. By applying the arguments in [48, p. 288], which extend [15,
Theorem 0.2], we can obtain a sequence of desirable weakly quiver sub-bundles

Rj Of R.
Given that
Z tre, (Cplos,y) =0
vEQo
and
-1
Uoo,w = fiw - IdE, — Z(NjJrl,v — Mjw) T,
j=1
it follows that
-1
(6.9) > gorie k() = > (41,0 — pi.0)ow - Tk(Ej) | =0.
vEQo j=1
Let
-1 -1
P = D08 i, Zl(ﬂj+l,ﬁ — Wjip) = min 1(Mj+1,v — Hjv)-
j= j=

Then, from (6.9), we deduce

(6.10) Z oy s Tk(E Z ZM]+1’0 ij)av k(Ej,).

vEQo vEQo j=1

Define the quantity x as follows:

-1
(611) X=n| Hm dega T R K Z Hij+15 — /‘Lj,ﬁ) dego’,T(Rj’ K)
j=1

By substituting (6.10) into x, we obtain:

-1

(6.12) x=n) (5415 = 1) D outk(Ejo) (So,r (R K) = S5,r (R, K)).
j=1 veQo
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Furthermore, according to [39, Lemma 3.2], the Chern—Weil formula with
respect to the metric K on the twisted quiver bundle R is given by:
(6.13)

1 wh _ wh
deg(Ej’v’Kv) = g Z (/M<tT9FH0,Uv7T]}v>Kv; - /M |8E,U7Tj7v 2 v;) .

vEQQ

Substituting (6.13) into (6.11), we have

-1

wn
X = Z/ oy trg Fre,, s lde, — Z(Mj+1,6—ﬂj,6)ﬂj,v>K 79

vEQR j=1

+ Y o Z(Nj+1,ﬂ — 15.0) 108,772

vEQRo j=1
-1
-y T (uz stk(Ey) = > (15 — 14.5) I“k(Ej,v))
vEQRoD Jj=1
-1 W
= 3 [ (ot P 1, = 3= m)mi)
VEQRo j=1 N
-1 B
+ D o (e — 15,008,750 72
vEQo  j=1
-1
- Z Ty - (uzvrk Z Hj+10 = uj,v)rk(Ej,v))
vEQRoD j=1
(6.14)
+ Z / JvtrgFva(,U’lv ,Uflv) IdE
vEQo
-1 -1 wh
+ (Z(,Uj+1,v — M) — Z(/Lg‘ﬂ,a - uj,ﬁ))ﬂj,v>K 7_(]
= = v
-1 -1
+ ) (UU(Z i1 = 1ye) = O (10 — Mj,u))
vEQo j=1 Jj=1

i)
+ Z Ty ((uz,v — ) - rk(Ey)

vEQo

-1 -1
(Yo (isns = m50) = D (ttg410 = 150)) (B ) )
j=1 j=1
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= vgo /JV[ <<(pv (KU)? UOO7U>KU
-1

+ <0v (Mj-i—l,v - Mj,v)(d Tj,v)2(uoo,v)(5Evuoo,v)agEyuuoo,v>K )

i=1 ’

< &

<0

)

where the differential dY;,(z,y) : R x R — R is given by
Tiw(@) —Tj0y)

, if =z ;

dY;.(z,y) = T—y -
! 1 —

%, (), if z=y.

Combining (6.12) and (6.14) leads to a contradiction with the analytic (o, 7)-
stability of the bundle R. O

7. SEMI-STABILITY IMPLIES THE EXISTENCE OF THE APPROXIMATE
HERMITE-EINSTEIN STRUCTURE

The proof for Theorem 1.3 bears resemblance to that of Theorem 1.1. To
facilitate readers, we will provide a detailed proof here.

Let (M, D, g,v) denote the non-compact affine Gauduchon manifold as
described in Theorem 1.3, and let R represent a twisted quiver bundle over
M. Given a suitable background metric K = {K,},eq, on R that satisfies
trgFr, <0, supy, |treFk, |k, < 400, and sup,, |¢|x, < +o00. By applying
the conformal transformation K, = e/ K, we also observe that K, fulfills the
condition:

(7.1) > tre, (®,(K,)) =0.

vEQo

Upon analyzing the function f, we notice that if R exhibits analytic (o, 7)-
semi-stability with respect to the Hermitian metric K, it maintains this semi-
stability with respect to the transformed metric K = {K,},cq,. Therefore,
it suffices to consider the initial metric K on R that already fulfills Equation
(7.1), without loss of generality.

According to Proposition 5.2, for any vertex v € Qg and any positive ¢,
the following perturbed equation admits a solution:

(7.2) O, (Hepw) = Qy(He ) +e0y(loghe ) =0,
where h. ,, is defined by K;lH&v = e%» and

Py (Hew) = ovtrgFu, , + Z I Z ¢ilev 0 g — 7, - 1dp, .
ach=—1(v) act=1(v)
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Given that the initial Hermitian metric K on R fulfills (7.1), it consequently
holds that:

Z oytrg, (loghe ) = 0.
vEQRo

We will demonstrate that if the quiver bundle R is analytic (o, 7)-semi-
stable, then as ¢ — 0, it follows that

Sup UU trg FHE,U + Z ¢a o ¢2H€W
M ach—1(v)

~ Y ¢ferog, -7 ldg, | 0.
act=1(v) H. ,

We will use the techniques developed by Nie-Zhang [35] and Simpson [39].
CASE 1 Suppose there exists a uniform constant C4 such that

| log he ol 2 (ar) < Cra < +00.
Then by Lemma 6.1, we have

sup outrgFur., + Y daodior = 3 gir 06, — 7 1dp, |,
M ach~1(v) act—1(v)

= €0y, SUp | log h5i7U|H5,u
M
< eCy(C15C14 + Cho).

Hence when ¢ — 0, we have

suploutrgFu. ,+ > ¢aodifor— Y ¢iferog,— 7, 1dp,
M ach=1(v) act=1(v)

£,v

CASE 2 mgi_)oll 10g hai,vHL?(M) — 00.
Cram If R is analytic (o, 7)-semi-stable with respect to the metric K,
then

lim sup |oytryFu. , + E P © ¢;H5="
e—0 M ’
a€h=1(e,v)

2 *H,
- (ba “vo ¢a — Ty IdEv
—1
act=1(e,v) H..,
= eoysup |log he o|H, ,
M

=0.
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Should the claim fail to hold, there would exist a § > 0 and a subsequence
{€i} = 0 as i — 400, such that
[ log he; vl[2 = +o00,
and

*Hg. o
sup |thTgFH5i,U + Z (Z)a o (ba ‘
M agh~1(e,v)

*He, o
- Z (ba i O¢a — Tuy 'IdEv|H57.’7U

act=1(e,v)
= €0, SUp | log h5i7v|Hsi,u
M i
> 0.

Similar to the previous section, we define

Sejv = 1Og ha’iav’ liﬂi = HSEM'U”L2(M)7 and Uej v = lE_i’U
i,V
From these definitions, we deduce that > o trg,(ovue,») = 0 and
lte, wllzz = 1. Utilizing Lemma 6.1, we obtain
) C
li v > - 7107
’ E,‘Cg Cg
and
Cy
(7.3) sup |te, o] < T Z oulin +Cio | < Cis < +00.
M i,V

vEQRo

STEP 1. We will demonstrate that for each v € Qq, the L? norms of Ue; v
remain uniformly bounded. Since the L? norms of Ug, ,» are normalized to 1,
our main goal is to establish a uniform bound for the L? norms of Vu,, ,.

By leveraging Proposition 3.5 and the perturbed equation (7.2), we deduce
that the following inequality holds for all uc, ,:

n

2 (/M e, (‘bv(Kv)uEi,U)%q

vEQo
_ _ o.}g
+0v/ Liw <\Il(l7;7vu5iyv)(aEvu5ia'U)’aEvu5i7”>K —
M v

S —&; Z lei,v7

vEQo

Next, consider the function defined by:

ifex =y,

¥,
Y (v, vy) = { N, .
ey_im, if z #y.
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From (7.3), we conclude that (z,y) lies within the domain [—Cig, Ci6] X
[—C16, C16]. A straightforward verification reveals:

1

(x—y) ™t ifx>y,
(v, —
Y (v, vy) {Jroo’ o<y

which increases monotonically as v — 4+00. We introduce ¢, a smooth func-
tion mapping R x R to R* such that ((z,y) < (v —y)~! for x > y. Utilizing
(6.6) and following reasoning similar to that in [39, Lemma 5.4], for sufficiently
large i, we obtain:

wn

Wy

0C7 + Z </ tI'E (KU)/U‘E{,,U) v

vEQRo
(7.4) — - wy
+0v/ <<(u5iav)(aEuu8i,U)?aEqui’v>K g)
M v
<¢€iCs,

where C17 and Cig are uniformly positive constants.

Specifically, we choose ((z,y) = 3016 Consequently, within the domaln
(z,y) € [~C16,C16] X [~Ci6,C16] and for z > y, it holds that m < T—y'
Hence, for sufficiently large ¢, we have:

wn o _ an
5Cir+ > (/ tre, (Kv)ueiyv)jg—k T MaEvusi,uﬁ(”j) <0.

vEQo

This implies:

/ |8E1/u517

Hence, for each v € Qo, the sequence u.,, remains bounded in the
L? norm, allowing us to extract a weakly convergent subsequence, denoted
{ugik’v}, which converges to s, in L?. For simplicity, we will continue to

- < Cio > max |, (K,)|x, - Vol(M).

vEQo vEQo

use {uc, ,} to represent this subsequence. Given the embedding of L? into
L2, it follows that:

n 'n,
. 2
1= tim [l 2 = [, 22

indicating that u, has an L? norm of 1 and is thus non-trivial.
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By utilizing equation (7.4) and following a similar argument as in [39,
Lemma 5.4], we derive the inequality:

5Cir+ S ( / trp, ( (Kv)um)%g

vEQo
(7.5)

/ <C uoo’u (8Euuoo v) 6E'vuoo ’U>K wg)

v
<0.

STEP 2. Drawing on the reasoning presented by Uhlenbeck and Yau in
[41], we construct a quiver subsheaf that contradicts the (o, 7)-semi-stability
of R.

By employing equation (7.5) and the technique outlined in [39, Lemma
5.5], we deduce that for all v € Q, the eigenvalues of u ., are constant almost
everywhere. Let p;, < p2, < --- < p, denote the distinct eigenvalues of
Uso,v. Given the constraints >° o g, (Cvlico,w) = 0 and [uoew|L2(ar) = 1,
it follows that 2 < [ < r. For each eigenvalue p;, with 1 < j <1 -1, we
define a function

Tv(@):R—=R
by

T, (@) 1, ifx <y,
o(z) =
7 0, if x Z Hi+1v-

We define 7, as Y; ,(too,») and denote E;,, by m;.,(E,). Based on the
argument from [39, p. 887], we ascertain the following properties:
1. ;. belongs to L?;
2. 7;, is idempotent and self-adjoint with respect to Hy ,;
3. mj, commutes with aE under the projection IdEJ o — s
4. for every a € 1, the comp051t10n (Idg; 4o = Tjha) © Pa © () ta @ IdEa)
vanishes.

By invoking Uhlenbeck and Yau’s regularity theorem for L2-subbundles
from [41], the set {ﬂ'j,v}é-;ll determines [ — 1 coherent sub-sheaves of E, for
each v € Qg. By utilizing the arguments presented in [48, p. 288], which build
upon [15, Theorem 0.2], we can construct a sequence of desired weakly quiver
sub-bundles R; of R.

Given the equations

Z tT.Eu (JUUOO,U) = 07
vEQRo
-1

Uoow = i - 1dp, — Z(Mj+1,v — Hjw) T,
j=1
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it follows that

-1
(7.6) Z Outtl,o - Tk(E Z Wit10 — fw)0y - Tk(Ej ) | =0.
j=1

vEQRo

To move forward, let us introduce the following definitions:

-1 -1
Hig = I{Ié%X Hiv, ;(Mjﬂ,a - Mj,a) = 51615}) 1(Mj+1,@ = i)

Then, from (7.6), we deduce

(7.7) Z Oy " M5 - rk(E Z Z Hij+1,5 — My, 7)oy - rk(EJ v)-

vEQo vEQo j=1

Define the quantity x as follows:

-1

(78) X=n| My dego‘ T R K Z Hji+1,5 — :u’jﬁ) deng(R]’, K)
j=1

By substituting (7.7) into , we obtain:

-1
(79) x=>n Z(Mj+l,ﬁ - /‘jﬁ) Z ourk(Ej,) (So.r(R,K) — So.7(Ry, K)).
j=1 vE€Qo

Furthermore, as stated in [39, Lemma 3.2], the Chern-Weil formula for
the twisted quiver bundle R with respect to the metric K is expressed as
(7.10)

1 wh _ wl
deg(Ej, Ko) = — > (/ {trgFi, . Tjo) K, — —/ 108, )0 %gg> :
vEQ0 M 14 M 14

Substituting (7.10) into (7.8), and using the same argument as in [28,
Pages 793-794], we have

-1

wn
X = Z / outrgFi,, puslde, — Z(Mj+1,a—uj,6)7fj,v>K 79

vEQo v

+ Y oy E (i1 — 15.6) 10, 750172
vEQo  j=1
(7.11)

-1
- Z Ty * (PJZ vrk Z /LjJrl,v .U’J v)rk( ]7))>
j=1

vEQo

<> / ) Uso,v) K,

VEQo
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-1 n
_ — w
{00 D410 = 150 (AT 50) (hoe,0) (D, o) D, o )i, )~
j=1
< —0Ch7
<0,

where the differential dY; ,(z,y) : R x R — R is given by
Tjw(@) —Tjo(y)

; it x#y;
de,v(xay> = r—Yy
T, (), it z=uy.

Combining equations (7.9) and (7.11) results in a contradiction to the analytic
(0, T)-semi-stability of the bundle R. 0O
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HITCHIN-KOBAYASHIJEVA KORESPONDENCIJA ZA
SVEZNJEVE TOBOLCA NAD NEKOMPAKTNOM AFINOM
GAUDUCHONOVOM MNOGOSTRUKOSCU

P. ZHANG, M.-Q. ZHENG 1 C.-S. ZHU

SAZETAK. Cilj ovoga rada je dokazati Siru, poopéenu verziju Hitchin—
Kobayashijeve korespondencije za wusukani svezanj tobolca R nad
nekompaktnom specijalnom afinom Gauduchonovom mnogostrukoséu
(M, D,g,v). S jedne strane, dokazujemo da analiticka (o, 7)-stabilnost
na R povladi postojanje afine (o, 7)-Hermite—Einsteinove metrike. S druge
strane, dokazujemo da analiticka (o, 7)-polustabilnost na R povlai pos-
tojanje aproksimativno afine (o, 7)-Hermite—Einsteinove strukture. Dokaz
ovih teorema oslanja se na metodu toplinskog toka, zajedno s pristupom
neprekidnosti po Uhlenbeck i Yau. Kako bismo svladali analiticke prepreke
koje donosi struktura tobolca, koristimo maksimalne i minimalne vrijed-
nosti odredenih vlastitih vrijednosti kako bismo definirali novu veli¢inu x.
Na temelju metode dokaza kontradikcijom, veli¢ina x moze se iskoristiti u
raspravi o konstrukciji slabih podsveznjeva tobolca koji proturjece stabil-
nosti ili polustabilnosti.



