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Abstract: The objective of this work is to study the differential cross section (DCS) around-surface the electrode of proton exchange membrane (PEMFC) for stability and
performance of PEMFC. For this considered a system of electrons proton and hydrogen particle around electrode formed around-surface electrode due to inlet of Hz and Oz in
PEMFC system. After the particle formed around they go interaction and the region of interaction is defined by S-matrix theory. S-matrix formulation was formulated by Kroll and
Watson (1973) for a low-frequency response. After formulation of DCS was calculated for possible three case around electrode of PEMFC. The three case is consideration of
Yukawa potential, Coulomb potential and square well potential was calculated found that the DCS of Yukawa potential is less than coulomb potential, and coulomb potential DCS
is less than the square well potential at the same interaction strength. The DCS for considered potential in this work ranges widely 1070 a. u. to 1.4x108 a. u. The DCS was studied
for both electron and meson at an ideal using square well potential and found that the DCS for meson is greater than an electron, this is because of mass of meson is greater than
an electron. The DCS found stable in higher energy range and higher scattering angle indicate system of PEMFC is stable and this may imply to remove the complexity and

stability of PEMFC system when the system of PEMFC single cell is design with consideration of DCS and diffusion angle of inlet fuel inside PEMFC.
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1 INTRODUCTION

Electron was discovered by J. J. Thompson in 1897 AD
and discovery help the development of physics beyond
classical physics. Elastic scattering of alpha particles with
foil led to the discovery of the nucleus by Rutherford in 1911
AD. In addition, the discovery also led to the development of
the planetary model of the atomic structure. Bohr proposed a
model of hydrogen in 1912 AD which also led to the
development of new laws and formulation in the field of
physics with the assumption that electron in a hydrogen atom
moves in a circular orbit due to the Coulomb force between
the electron and the nucleus with quantization of angular
momentum of the electron and emitter of radiation when
electron jump from higher to lower quantum number. A
scattering experiment in 1923 AD by Compton [1-5] confirm
the existence of photons and the experiment was verified and
supported by Bothe and Geiger [6].

One of the most studied phenomena of laser-atom
interaction is that of photo-ionization. In photoionization, an
electron is removed from a parent atom or ion living behind
a single or multiply charged ion. At conventional intensities,
only one photon is absorbed in an elementary event of the
interaction of light with substance. The energy hAw of the
photon coincides with the difference between the energy
levels of the relevant atom [6, 7]. At high intensities of laser,
two or more photons may be absorbed in an elementary event
of interaction. In this case, light not only the frequency w but

also of the frequencies %, % etc. may be absorbed. Such

absorption is called multi-photon (2 photons, 3 photons, etc.),
in this case, the electric field strength is nearly equal to the
microscopic field of the atom and optical property depends
upon both frequency and intensity (nonlinear case).

The multi-photon ionization for a field is the transition
of electrons from a bound state to a continuum state by the
simultaneous absorption of more than two photons. This

theory based on the scattering method was realized in 1960
AD but Kroll and Watson in 1973 AD [8] gave a new
approach to S-matrix for low-frequency response for the
solution of the scattering process. It can be extended not
scattering but another type of process also. S-matrix
formulation was invented in a search for a general non-
perturbative formulation to use for strong field problems. It
is a suitable approach for free-free scattering it is a suitable
approach also for ionization (bound free, recombination free
bound and excitation/DE excitation) [9]. The s-matrix
method is more useful than another method because this
formulation avoids the decoupling problem (nor loss, nor
gain of energy due to a very short time).

In this method, the interaction is turned on or off is not
absorbable while other methods suffer from this
complication [9] S-matrix formulation can be formulated
entirely in terms of quantity measurable in the laboratory. It
can be applied to any process as long as the space-time
domain of the interaction region is bounded. It gives
unambiguous rules gauge transformation. S-matrix is related
to T-matrix which helps to determine the differential cross-
sectional area when electron interacts with the target atom in
laser field.

The DCS in the presence of a weak laser field during
inelastic scattering, finding that DCS increases when the
target absorbs energy and decreases to a minimum before
reaching a maximum upon energy emission at specific eV
levels [10]. It also increases with the scattering angle.
Additionally, the study examines thermodynamic properties
of thermal electrons in laser fields, showing variations in
thermodynamic energy and potential with field amplitude
and temperature [11]. In the case of laser-assisted thermal
electron-hydrogen atom elastic scattering, the DCS for
thermal electrons was higher than for nonthermal electrons,
with interference patterns observed under certain conditions
and specific angles [12]. In present work authors trying to
interlink DCS with PEMFC performance which help
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researcher/reader for thermal management of PEMFC
generated during chemical reaction and interaction between
the particles formed during chemical reaction at surface of
PEMFC electrode.

A PEMFC is a device that converts chemical energy into
electrical energy through an electrochemical reaction
between hydrogen and oxygen. It consists of an anode, where
hydrogen molecules are split into protons and electrons, and
a cathode, where oxygen combines with protons and
electrons to form water. The protons pass through a polymer
electrolyte membrane, while the electrons travel through an
external circuit, generating electricity. The overall reaction
produces water and heat as byproducts. The reaction around
electrode form electron, proton and residue hydrogen which
interacts and effects the performance of PEMFC and these
electron and proton are causing production of current studied.
Dhobi et al. study the DCS around electrode of PEMF and its
impact on performance of PEMFC [13-15].

Despite extensive research on fuel cells and scattering
phenomena, the integration of scattering principles with
technological applications, particularly in PEMFCs, remains
underexplored. This work aims to bridge this gap by
investigating the relationship between differential cross-
section (DCS) variations in weak laser fields and the
performance of PEMFCs. By studying the interactions of
electrons and protons around PEMFC electrodes, this
research seeks to develop a comprehensive understanding of
how scattering impacts the efficiency and functionality of
PEMFCs, potentially extending these insights to other
technological fields.

2 METHODS AND MATERIALS
2.1 Interrelation of S-Matrix and T-Matrix with Amplitude

S-matrix is a matrix element of time development
operator T (t, t,) between unperturbed asymptotic in and out
state and denoted by s or S. T-matrix is defined in terms of
matrix element S-matrix when time tends to —ooto 400
whereas transition amplitude is the matrix element of T-
matrix in a fixed time and given by [16, 17] as,

=1 =—5 [ (&) dt (1)

iEft Bt
Here &7 = ¢7(r) exp (—Tf) and ¥; = 1;(r) exp (— LT)
substituting the value of @; and @; in Eq. (1) and using delta
function, we get

Here Ty; = 1] ¢fV1pid3r and defined as T matrix and
(S — 1)y; is and transition amplitude. For Elastic scattering
there is no change in energy, therefore, the initial and final
energy are equal and hence Eq. (2) become

This equation defines the t-matrix in terms of s-matrix
elements of the S-matrix at an infinite time with scattering
potential which is time-independent and equal to the
Hamiltonian of a system.

2.2 Derivation of S-Matrix and Scattering Amplitude in Terms
of the Transition Matrix

Consider a complete set of states {¥'} that satisfy the
Schrodinger equation describing the atomic electron that may
be in interaction with a laser beam.

2L = HY = (Hy + H)¥ @)

Since no laboratory experiment is possible to measure the
outcome of an experiment in the laser field. So, as far as
laboratory instruments are a concern, there is a complete set
of status {@,} that satisfy the Schrodinger equation
describing an atomic electron that may be undisturbed or in
interaction of the laser field.

i0o®
2% = Hyo (5)

Hypothetically, the laser pulse is finite, so

tljrirlw[H(t) —Hyl=0 (6)

Then, the two complete sets of @ states and ¥ states can be
organized so that correspond at t - —oo

tl_ir_noo[(pn(t) - lPn(t)] =0 (7)
After the laser interaction has been introduced, the only wave
for the laboratory instrument to discover what has happened

is to form an overlap of all possible final @ state with the
initial particular state ¥;. This forms S-matrix such as

Spi = tg?m((pf’ ¥i) ®

Now the transition matrix, before and after scattering is
obtained with the help of S-matrix can be obtained as

Mpi= (S = D= lim (&, ¥;) - tE[le(q)f' ¥;) )

This is now in the form of an exact differential and
represented as

My =% (5L, w)de+ [ (¢, %) de (10)

a .
Now using Egs. (4) and (5), we get% = —iHy®Ps and % =
—i(Hy + H,;)¥ and using these on Eq. (10) we get,

My = —i[° (&p, Hi¥;)dt (11)
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Where H; is a weak interaction field, since (S —1); is a

transition amplitude then transition probability per unit time
is given with the help of Eq. (2) as

G P (BEf—Ep)t] de
W=llmf=r(llmf exp[ ] X

T—>00 To00 =2 h
hmf a |Tﬁ|2) (12)

tooo "=

Now applying the delta property of delta function and solving
we get,

W= (2?”) 5(E — E) || (13)

For transition into the continuum of final states The total

transition rate in the range (Ef - —) to (Ef )1s given by
w=(%) f(? )) dE 8(E; — E0)|Tp|"p(E) (14)

Here p(E) is the density of the final state and on solving Eq.
(14) we get,

W= () 7, (B (s)

2.3 Differential Cross-Section in Born Approximation for
Yukawa Potential (YP)

Yukawa purposed potential in 1935 [18] as effective

non-relativistic potential which described the strong
interactions between nucleons as

V(r) =

In Atomic Unit (16)

Here A described the strength of interaction (special case
equal to 1), u is screening parameters (ranges from 0.10 to 1
in bounded case) [1] and 1/u is its range. This potential is
also called Debye-Huckel potential in plasma physics, while
this potential also represents as a potential of a charged
particle in a weakly nonideal plasma, as well as in
electrolytes and colloids, in solid-state as Thomas-Fermi
potential. Pais and Jost shows 3D spherical potential such
that I = 2m fooo drr|V(r)| is finite for the bounded state is
greater than unity. Since amplitude is defined by born first
approximation as,

(0 = khzf dr r V(r) sin(Kr) (17)
Now from Egs. (17) and (16) we get

2mmA (oo _ . 2mmA
£.(0) = _%fo dr e ™ sin(Kr) = —m (18)

Here K = 2ksin (g) and m,, is meson mass. Since scattering
amplitude is directly proportional to the differential cross-

section. Therefore, DCS for YP in the Born approximation is
equal to

do\Y 2mpA

- =|——") (19)
(dQ)Bl h2<u2+4k251n2(§)>
In terms of energy, the above Eq. (19) [19, 20] become

2

do\Y 2mpA
9 = m 20
(dﬂ)31 <h2y2+8m?nEzsin2(g)> (20)

252
Here E :hz—:; and Eq. (20) gives the DCS in Born

approximation with Yukawa potential. This is the case which
we considered around electrode in absence of non-
monochromatic wave form around electrode due to self-
generated case wave due to scattering. This case is
considered initial case of collision because at initial state of
reaction the speed of particle formed around electrode is
higher which increase the energy of electron. In addition,
after time pass the number of electrons-proton formation is
higher and the effect of screening is also observed around
which may affect the flow of electron and decrease the
current of PEMFC

2.4 Differential Cross-Section in Born Approximation for
Coulomb Potential (CP)

For Coulomb/central potential is defined as V(r) =

2
fAZee” _ 4 iy atomic unit, therefore from Eq. (17) the born
4mEQT T

first amplitude for CP around electrode of PEMFC become

2mA

fie@®) = -5 S22 [ dr sin(Kr) =

ZmeA
kh2K

21

Similarly, as above the DCS in Born approximation for CP
obtained with the help of Eq. (21) [19, 20] is

(&) =_mir (22)

16E251n4(5)

Eq. (22) is similar to the Rutherford formula with the
incidence kinetic energy of particles E. For larger momentum
transformation that is k? is larger a sharp peak is obtained at
a small scattering angle (8 — 0), while at a larger scattering

angle (6 — o) the 4k?sin? (g) is larger. The Born

approximation is valid with higher incidence energy of
particles in weak scattering potentials. This means the
average interaction energy between the incident particle and
the scattering potential is much smaller than the incidence
kinetic energy of the particle. Also, this case is considered
around fuel cell electrode when coulomb potential plays an
important role around due to large number of electrons
protons formed around electrode of fuel cell.
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2.5 Differential Cross-Section in Born Approximation for
Square Well Potential (SWP)

SWP in 3D for scattering is defined as

Vir<a)=V,

Vir>a)=0 (23)

Q VIR

(da)SWP _ (vao)z
da/g; ~ \ n2k

Here m is the mass of considering particle in the potential
well. For X-ray scattering with a neutron, the scattering
cross-sections are about 10724cm? with the cross-sectional
area per atom is about 10'°cm? [3]. The potential define in
this work is based on the atomic unit with screening
parameters unit ag ! (Bohr's radius) [21]. This is another case
scattering case below to condition of equation (23) around
electrode inside PEMFC.

In a theory that combines both quantum and relativity
theory, it is not possible to specify the position of individual
particles precisely. If this is done, in field theory, one has to
put off with mathematical inconsistencies which are, indeed,
the main problem in quantum field theory. S-matrix theory
bypasses this problem by specifying the momenta of the
particles. The important new concept theory is the shift of
emphasis from object to the event; its basic concern is not
with the particles but with their reactions. Such a shift from
object to event is required both by quantum theory and
relativity. In S-matrix theory, as in field theory, the
interaction forces are associated with particles but the
concept of virtual particles is not used. Instead, the relation
between forces and particles is based on a special property of
S-matrix i.e. known as a crossing.

%l

3 RESULTS AND DISCUSSION

The DCS in Born Approximation with Coulomb
potential, Yukawa potential and Square Well Potential are
studies at different incidence energy of the electron, angle
and screening parameters. Taking three cases of around the
electrode of PEMFC and help to improve the efficiency of
PEMFC knowing the interaction region of particles around
electrode my minimizing the space between gas diffusion
laser, electrodes and proton exchange membrane. This may
help in improve of current state of efficiency [22].

3.1 DCS in Born Approximation for YP

The DCS is based on the atomic unit for meson particle
mass 273m, where m, is a mass of the electron. It is the case
if meson formed around the electrode due to scattering
between particles around electrode of PEMFC. To study the
DCS with scattering angle for YP the screening parameters
0.05ay?, interaction potential strength 1 a.u. and energy of
incidence electron 500 a.u. From Fig. 1, it is observed that

(1 - %kzaz) For low Eenergy (E), ka < 1
2

Now to calculate the born first amplitude, for DCS we have
from Eq. (17) and (23)

_2my, [sin(ka)—kacos(ka) (24)

fie®) = === 2

Similarly, as above the DCS in Born Approximation for SWP
in 3D with the help of Eq. (24) is

(25)

For High Energy (E), ka > 1

the scattering at a low angle is high and uncontrollable
around the electrode of PEMFC so to control this angle also
play an important role and hence to designed PEMFC with
flow of inlet fuel angle also play an important role. In
addition, this make systems stable which is major challenges
[23] of PEMFC.

Differential Cross Section (a.u.)

1 2 3 4 5

Scattering Angle (Degree)
Figure 1 Scattering Angle vs DCS for YP around electrode of PEMFC

But with increasing the scattering angle the scattering
goes decrease and become constant at a larger angle [24] but
they study for CF4like molecules. Because at the large-angle
the interaction between target and incidence is less therefore
the DCS at large angle is small and constant so this angle may
be fit for stable system for PEMFC.

2.313690 10~

2.313700

2313698 10

2.313696 10~

2.313694

2.313692 10~

2.313690

Differential Cross Section (a.u.)

1 2 3 4 5
Screening Parameter (a

Figure 2 Screening Parameters vs DCS for YP around electrode of PEMFC
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Fig. 2, show the effect of screening on DCS as we
discussed the continues inlet of hydrogen form screening
around the electrode and disturbance of flow of electron
effect the performance of PEMFC. Therefore, this study
show screening effect DCS and for a system stable lower
screening region is best with higher DCS as shown in figure.
The observation of DCS with scattering parameters shows
the DCS decrease with the increase of screening parameters.
In this case, the DCS has no such drastic change in numerical
value because with increasing the screening parameters the
interaction between target and electron becomes less.

Fig. 3 shows the nature of DCS in Born approximation
for YP, with increasing the incidence energy of the electron
to target the DCS decrease [25] but they study for He-atom.
This is because at high energy of incidence the probabilities
of interaction between target and incidence are low as well as
target can’t see the incidence at high energy. Fig. 3 is for
meson incidence particles with mass 273m, at one degree.
This also shows that speed of electron corresponding energy
effect the DCS and DCS is stable in higher energy region and
hence at initial case the seep of particle is higher and
performance of PEMFC is higher at initial case than after
some time. So, for stable and performance as initial condition
DCS management of scattering help the improvement of
PEMFC.

Differential Cross Section (a.u)

500 600 700 800 900 1000

Energy (a.u.)

Figure 3 Incidence Energy vs DCS for YP around electrode of PEMFC

The DCS with incidence energy (500 to 1000 a.u.) of
meson was ranges from 1072° to 1072 a. u. with 1 degree of
scattering angle. The DCS with screening parameters was of
the order 1072 a.u. with 1 degree of scattering angle and
500a. u. incidence energy of meson. The DCS with scattering
angle was ranges 10710 to 107 a. u. with incidence energy
of meson 500 a.u. for all DCS of YP potential strength is
constant as 1 a. u.

3.2 DCS in Born Approximation for CP

Considering the case of scattering around the electrode
of PEMFC the DCSC with energy of electrons show decrease
as shown in Fig. 3 but for CP the DCS is higher than YP. This
observation also shows that at higher energy range the system
is stable hence its better knowledge how that DCS nature is
for stable system of PEMFC. The DCS in Born
approximation for CP was shown in Fig. 4. The observation
shows that DCS is decreased with increasing incidence

energy of electron with potential strength 1 a.u. at a scattering
angle of 1 degree.

50

40 L

30 L

20 L

Differential Cross Section (a.u.)

400 600 800 1000 400 600

Energy (a.u.)
Figure 4 Energy of incidence particles vs DCS for CP around electrode of PEMFC

Similarly, the DCS with scattering angle was also
observed as shown in Fig. 5. The observation shows that the
DCS is high and uncontrollable/undetectable at a small angle
and with increasing the scattering angle the DCS becomes
constant, similar to the DCS of YP.

80

60 L

40 L

20 L

Differential Cross Section (a.u.)

1 2 3 4 5
Scattering Angle (Degree)
Figure 5 Scattering Angle vs DCS for CP around electrode of PEMFC

The DCS in Born approximation for CP ranged from 10
a. u. to 45 a. u. but the nature is quite different because DCS
with scattering angle is sharply decreased while DCS with
energy is slow. This case also shows that DCS is stable for
higher scattering angle system as YP case. In compare the
DCS and stable for PEMFC CP is better than YP case.

3.3 DCS in Born Approximation for SWP

The DCS in Born approximation for SWP is shown in
Figs. 6 and 7 respectively from electron and meson. If we
considered case around the PEMFC of particle dividing two
cases, low (for time passes of reaction) and high energy
(initial reaction and formation of particle). The DCS at low
energy for the electron is almost zero at momentum 0.5 a. u.,
potential strength 1 and potential good width 0.9 A but at
high energy DCS goes decrease with increasing scattering
angle at momentum 1 a. u. and potential good width 2 A at
same potential strength. The DCS at low energy for meson is
almost zero at momentum 0.5 a. u. and potential strength 0.9
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a.u. but at high energy, DCS goes decrease with increasing
scattering angle at momentum 1 a. u. and potential strength
2 a.u. The DCS when the electron is welling in the potential
region is shown in Fig. 6, while meson is in Fig. 7. The DCS
for electron was observed up to 200 a.u. while for meson
1.4 x 108 a. u. at high energy of incidence of particles to the
target.

2500

e At LOW Energy
2000 L s At High Energy

1500 L

1000 L

500 L

0L

-500

Differential Cross Section (a.u.)

2 4 6 8 10 12 14 16 18
Scattering Angle (Degree)

Figure 6 Scattering Angle vs DCS for SWP with the electron as welling particle in
Potential Well around electrode of PEMFC

' Al Low Encrgy
12 08 o At High Energy |

Differential Cross Section (a.u.)

5 7 9 11 13 15 17 19 20
Scattering Angle (Degree)

Figure 7 Scattering Angle vs DCS for SWP with meson as welling particle in
Potential Well around electrode of PEMFC

On comparing the DCS Fig. 6 and Fig. 7, we can say that
at lower energy a constant DCS is observed which means
more stable with increasing scattering angle while at higher
energy DCS decrease with increasing scattering angle and
remain constant at higher scattering angle. In other hand, for
stable system at higher and lower energy both are suitable but
for complexity on measurement higher DCS is easy. So, the
DCS of higher energy in higher scattering angle region is
suggested better to design the PEMFC for thermal
managements for higher performance.

4 CONCLUSIONS

The DCS in Born Approximation with Coulomb
potential, Yukawa potential, and Square Well Potential are
also studies with different incidence energy of electron and
meson, angle, and screening parameters form around the
electrode of PEMFC. The DCS for meson in YP at 1 degree
was observed 10719 to 10~° a. u., for an electron in CP, was
observed 10 a.u. to 65 a.u. for the electron in SWP was
observed up to 2000 a.u. while for meson in SWP was
observed 1.4 x 108 a.u. around electrode of PEMFC. The

nature found the stable DCS is best for stable performance of
PEMFC.
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