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 Machine Learning (ML) methods have been increasingly applied 
in engineering systems for predictive analytics and decision 
support. However, their implementation in real-time applications 
is often limited by computational complexity, memory 
requirements, and limited interpretability. This study proposes a 
novel probabilistic ML framework based on nonhomogeneous 
Markov chains, in which the system state space and transition 
probability matrix are continuously adapted as new observations 
become available. The proposed Markov Chain Machine Learning 
(MCML) methodology was developed by defining adaptive state 
transitions and evaluating the corresponding limiting probability 
distributions using both an analytical solution and a modal 
superposition method (MSM) to reduce computational 
requirements. The framework was implemented and validated 
using two physically different cases: purse seiner operational 
dynamics and high-altitude wind velocity prediction. The obtained 
results demonstrated excellent consistency between the analytical 
and MSM approaches, with the mean absolute errors of 0.00424 
km/h for the sailing speed and 0.0001 m/s for the wind velocity 
predictions. The proposed methodology significantly reduces 
computational complexity while preserving prediction accuracy 
and probabilistic interpretability, thus providing an efficient 
framework for real-time engineering applications such as 
intelligent monitoring, predictive maintenance, and digital twins. 
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1 Introduction 
 

1.1 Overview 
 

Artificial Intelligence (AI) refers to the ability of computer systems to perform tasks that typically require 
human intelligence, including learning, reasoning, pattern recognition, decision-making, and communication. 
Over the last decade, AI has become one of the key technologies driving digital transformation in engineering, 
manufacturing, healthcare, transportation, energy systems, and many other domains [1]. Its rapid adoption has 
motivated the development of regulatory frameworks, such as the European Union AI Act, aimed at promoting 
trustworthy, transparent, and human-centric AI while supporting innovation and industrial competitiveness 
[2], [3]. At the same time, the increasing data availability, advances in computational resources, and continuous 
algorithm improvements have enhanced AI applications in many disciplines [4]. Despite these advances, AI 
systems continue to face challenges related to data quality, robustness, scalability, model transparency, and 
reliable operation in dynamically changing conditions. These issues are particularly evident in Machine 
Learning (ML), which constitutes the analytical core of most AI systems. 

Machine Learning encompasses a broad range of methods that learn patterns from structured and 
unstructured data to support prediction, classification, optimization, and decision-making. Depending on the 
learning paradigm, ML algorithms are commonly categorized as supervised, unsupervised, semi-supervised, 
or reinforcement learning [5]. Their application has expanded to predictive maintenance, smart manufacturing, 
renewable energy systems, intelligent transportation, healthcare, structural monitoring, computer vision, 
international shipping, and many other engineering domains [6]–[19]. Nevertheless, developing ML models 
that simultaneously achieve high predictive accuracy, robustness, adaptability, and computational efficiency 
in various operating conditions remains a significant challenge. 

Recent advances in AI have increasingly focused on developing adaptive and interpretable ML models 
capable of supporting reliable decision-making [20, 21]. Although deep learning, transformer-based 
architectures, and foundation models have demonstrated remarkable performance in computer vision, natural 
language processing, and predictive analytics, their deployment is frequently constrained by high 
computational demands, extensive training data requirements, considerable energy consumption, and limited 
model interpretability [22]. Consequently, attention has been devoted to lightweight probabilistic learning 
methods that combine computational efficiency, explicit uncertainty representation, and transparent decision-
making. Such capabilities are particularly important in Industry 4.0, the Industrial Internet of Things (IIoT), 
digital twins, predictive maintenance, intelligent monitoring, and autonomous control systems, where models 
are required to continuously adapt to evolving operating conditions while efficiently processing streaming data 
[23]. Online learning, sequential probabilistic inference, and adaptive state-space modeling have emerged as 
important research directions for next-generation engineering AI systems [24]. However, many state-of-the-
art ML approaches remain based on computationally challenging neural architectures whose complexity limits 
their deployment in resource-constrained systems [25].  

In contrast, probabilistic models based on stochastic processes offer several promising properties, 
including mathematical interpretability, computational efficiency, explicit uncertainty representation, and 
suitability for sequential prediction. Markov chain models are particularly well suited for representing 
stochastic-state transitions while naturally supporting recursive model updating. Despite that fact, the 
simultaneous adaptation of both the state-space representation and transition probabilities in nonhomogeneous 
Markov chains remains relatively limited, particularly in the context of adaptive predictive analytics for 
dynamic engineering applications. Therefore, the present study proposes a novel Machine Learning framework 
based on nonhomogeneous Markov chains featuring adaptive state-space approach and dynamically updated 
transition probabilities. Furthermore, building upon the methodology introduced in [26] and [27], the proposed 
framework incorporates the modal superposition method to substantially reduce computational complexity, 
thereby enabling efficient implementation in engineering decision-support applications. 

 
1.2 Literature review  
 

The rapid development of AI has enabled extensive work in various domains, including ML, intelligent 
planning, robotics, natural language processing, computer vision, speech recognition, and expert systems. 
Recent review studies have systematically summarized these developments while identifying common 
challenges related to model interpretability, computational scalability, online adaptation, and reliable operation 
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in dynamic environments [4]. Similar conclusions have been reported for ML, where increasing industrial 
deployment has proven the need for algorithms capable of processing continuous stream of data while 
maintaining predictive performance in various operating conditions [6]. The efforts have increasingly focused 
on online learning, continual learning, probabilistic inference, and adaptive predictive modeling for 
engineering systems requiring sequential data processing and real-time decision support [28]–[30]. Machine 
Learning models currently employed in engineering applications include statistical learning, graph-based 
methods, Bayesian inference, Monte Carlo simulations, fuzzy systems, neural networks, reinforcement 
learning, and probabilistic state-space models, including Markov decision processes and Markov chains [31]–
[33]. Probabilistic sequential models have attracted attention because they naturally represent uncertainty 
while enabling recursive prediction and adaptive modeling [34]. Markov-based approaches represent an 
important direction for engineering systems characterized by sequential observations and time-dependent state 
transitions. 

Markov chains were introduced into AI using Hidden Markov Models and probabilistic frameworks for 
speech recognition, handwriting recognition, activity recognition, bioinformatics, Internet modeling, and 
environmental monitoring [35]. Their capability to represent stochastic-state transitions has subsequently led 
to numerous applications in robotics, autonomous systems, natural language processing, transportation, and 
intelligent monitoring [36]–[40]. More recently, Markov-based models have been employed in predictive 
maintenance, digital twins, autonomous control, and industrial decision-support systems, where probabilistic 
prediction has become important [41, 42]. In parallel, other AI techniques, particularly artificial neural 
networks, have been used in maritime engineering, including the prediction of the ship main-engine power 
demand, fuel consumption, and pollutant emissions [15], demonstrating the growing role of data-driven 
methods in optimal ship operation. 

Despite their successful application, several limitations have been identified. Large transition spaces often 
create high computational and memory requirements together with increased prediction latency [36]–[40]. 
These challenges become even more pronounced when the state spaces evolve over time or when models must 
continuously incorporate newly acquired observations. Recent efforts have increasingly focused on the 
reduced-order modeling, approximation techniques, online parameter estimation, and efficient probabilistic 
learning algorithms capable of maintaining predictive accuracy while reducing computational requirements 
[43]–[45].  

The application of Markov chains has evolved in the ML systems. Studies have considered wind-power 
forecasting, electrical transport modeling, rainfall prediction, urban dynamics, poroelasticity, database 
evolution, supply-chain optimization, and disease-risk assessment [46]–[53]. In many cases, Markov chains 
are combined with complementary techniques such as Monte Carlo simulation, neural networks, cellular 
automata, Bayesian inference, and Extreme Learning Machines to improve predictive performance [54]. 
Nevertheless, most existing Markov-based frameworks rely on homogeneous transition probabilities and 
fixed-state representations, limiting their ability to accurately describe non-stationary engineering processes 
characterized by evolving system dynamics [55]. The increasing application of AI in contemporary 
engineering systems has introduced additional requirements for ML algorithms, mainly related to real-time 
implementation [56, 57]. Although deep learning approaches have demonstrated outstanding predictive 
capabilities, their computational complexity and limited interpretability often restrict their applicability in 
resource-constrained engineering environments. These limitations have renewed interest in lightweight 
probabilistic models that combine computational efficiency, explicit uncertainty representation, and 
transparent sequential prediction, making them suitable for engineering decision-support applications [34]. 

Based on the literature survey, three important research gaps can be identified. First, existing Markov-
based ML frameworks predominantly rely on homogeneous transition probabilities, limiting their ability to 
assess non-stationary system dynamics. Second, the state-space representation is generally fixed during model 
development, preventing adaptive refinement as new data become available. Third, although computational 
complexity has been recognized as a major limitation of large-scale Markov models, some studies 
simultaneously address model adaptability and computational efficiency required for engineering applications. 
Therefore, the present study proposes a novel Machine Learning framework based on nonhomogeneous 
Markov chains in which both transition probabilities and the state-space representation are continuously 
updated during the learning process. This framework is intended to provide adaptive predictive analytics for 
engineering systems operating in dynamic conditions. 
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2 Modeling 
 

2.1 Basic information 
 

The modeling approach considered two approaches, i.e., the analytical solution and the approximative 
method employing the modal superposition method to reduce computational requirements. A decrease in the 
number of modes considered was carefully considered in the second case to investigate the possibility of 
additional CPU reductions. The analytical solution was employed to validate the approximative approach and 
to identify the best possible option for the application of nonhomogeneous Markov chains on AI and ML. The 
proposed framework assumes that the studied processes can be approximated by a first-order nonhomogeneous 
Markov chain in the selected sampling interval. While the underlying physical system may exhibit longer 
temporal dependencies, the current state is assumed to contain sufficient information, especially as the adaptive 
state-space representation and continuously updated transition probabilities further mitigate the effect of 
slowly varying process dynamics. 

 
2.2 The analytical solution 

 

Consider a stochastic system randomly shifting its states in the system state space of a priori unknown 
scale, or unknown horizon. Assume that the state of the system is recorded in equally distributed time instants 
or cycles with the system database, e.g., in the form of a signal, Figure 1. The behavior of such a system can 
be represented by employing nonhomogeneous Markov chains. The probability of the system to be in the state 
X in cycle n,  n

 , is [58]: 

 
       1

,  1
n n

P n n 


     , (1) 

 
where  P n    is the transition matrix of a nonhomogeneous Markov chain and   1n




 is the probability 

distribution associated with cycle n-1. For n=1, the probability distribution  0
  corresponds to the initial state 

of the system. Note that the transition matrix  P n    is a function of the cycle number both in terms of 

transition probabilities,  ijp n , and in terms of matrix dimension,    d n d n . The dimension of column 

vectors  n
  and   1n




 is accordingly updated concerning the possible identification of new states. 

 

 
 

Figure 1. An example of the system database in the form of a random signal 
 
The transition matrix,  P n   , is composed of transition probabilities,  ijp n , equal to: 

 
 

   
 

ij
ij

i

m n
p n

M n
 , (2) 
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where    1
0

1
n n

ij X j X i
n

m n
 



  is the total number of visits from the state 1nX i   to the state nX j , while 

   1
0

1
ni X i

n

M n
 



  is the total number of visits to the state 1nX i  . The matrix dimension,  d n , is defined 

as: 
 

    
0

1
n n

X H
n

d n




 , (3) 

 
where  n

H  is the system state space horizon associated with the cycle n and defined as a set of all states 

recognized since the initialization of the data acquisition. In that way, the transition matrix,  P n   , may be 

perceived as the system transition inventory which can be employed in each cycle to evaluate the associated 
long-term probability distribution of the system,  n




, to obtain the predictive analytics in the form of the 

expected system behavior. Thus, for a sufficiently large n, the relationship [58]: 
 

     n n
P n     , (4) 

 
is considered appropriate. The system of equations (4) may be solved by direct multiplication of transition 
matrices as: 

 

     0

n

n
P n     , (5) 

 
or as an eigenvalue problem [59]: 

 

      0i i
P n Ω I      , (6) 

 
where iΩ  is the unknown eigenvalue,  I  is the unit matrix, and  i

  is an eigenvector associated with ith 

eigenvalue. Since the transition matrix is also a stochastic one, its first and the largest eigenvalue always takes 
a unit value, i.e., 1iΩ  . The first eigenvector,  1

 , associated with 1Ω , represents the unique and limiting 

probability distribution, usually referred to as the stationary probability distribution, provided the Markov 
chain satisfies the ergodicity criteria on reducibility and periodicity and the Dobrushin’s ergodic coefficient 
[60]. 

A homogenous Markov chain is ergodic if it is irreducible and aperiodic. These two conditions may easily 
be verified by inspecting the structure of the transition matrix. A Markov chain is thus irreducible if all states 
have a property of mutual communication, i.e., there are no separate classes of system states. A Markov chain 
is aperiodic if at least one diagonal element is larger than zero. In addition, a nonhomogeneous Markov chain 
must satisfy the criteria on weak and strong ergodicity. A nonhomogeneous Markov chain is weakly ergodic 
if the associated Dobrushin’s ergodic coefficient  meets the condition lim 0

n



 , where: 

 

   
,

1
sup

2 ik jk
i j k

p n p n   . (7) 

 
Here, Eq. (7) and the limiting condition may be interpreted as a fading difference between rows of the transition 
matrix. Finally, each weakly ergodic nonhomogeneous Markov chain is considered strongly ergodic if it 
satisfies the conditions regarding irreducibility and aperiodicity. The stationary probability distribution of a 
strongly ergodic Markov chain is a unique limiting probability distribution which can be further employed to 
integrate nonhomogeneous Markov chains as a continuously updatable model within AI and ML frameworks. 
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2.3 The modal superposition method 

 

The presented analytical solution, Eq. (5), for a straightforward and thorough approach to predictive 
analytics is unfortunately characterized by substantial CPU costs and memory storage requirements, so it 
cannot be directly employed in real-life cases of large and transition-rich systems possibly involving myriads 
of communicating states. Hence, an approximative method of the modal superposition of modes may be 
considered as an alternative approach to the problem ensuring a reasonable tradeoff between computing 
requirements and the reliability of the results. Therefore, consider an eigendecomposition of the transition 
matrix,  P n   , as: 

 

        T
P n U n Ω n V n                . (8) 

 
where  U n    and  V n    are matrices with the right-hand, respectively left-hand side eigenvectors of the 

transition matrix,  Ω n   , which is a diagonal matrix with eigenvalues  1Ω n ,  2Ω n , …,    d nΩ n , and 

 d n  as the total number of states, Eq. (3), [60]. An introduction of Eq. (8) into Eq. (1) yields: 

 

         T

1
,  1

n n
U n Ω n V n n 


             . (9) 

 
which can be more conveniently presented in the modal form as: 

 

      
 

  1
1

,  1
d n

in ni i
i

Ω u n v n n 




  . (10) 

 
Several important remarks regarding Eq. (10) need to be mentioned at this point. First, the problem of ML and 
predictive analytics can be conveniently reduced to a well-known eigenvalue problem potentially reducing 
high computational requirements. Second, the transition matrix is usually an asymmetric matrix with real 
entries. Its eigenvalues and eigenvectors may consequently appear in the real and complex conjugate forms 
except for the first eigenvalue which is equal to one. However, since    Im Rei iΩ Ω ,    Im Re

i i
u u , 

and Im Re
i i

v v ,  2,3,...,i d n , the imaginary part may be neglected from the calculation as values of 

significantly lower order of magnitude [59]. Third, the unknown eigenvalues and eigenvectors can be 
calculated by employing one of the established procedures, e.g., the Power method and QR method [61]. 
However, this could easily become inconvenient as it may lead to an increase in computational requirements 
accompanied by numerical stability and accuracy issues, which is contradictory to the motivation of the present 
work. Therefore, a limited number of eigenvalues can be considered in Eq. (10) enabling agile and reliable 
implementation of the nonhomogeneous Markov chains. Fourth, in the case when an observed system shifts 
in a controlled fashion, similarly to a random walk only between neighboring states, the eigenvalues and 
associated eigenvectors can be evaluated analytically based on the transition matrix of a priori known structure 
[59]. However, this is only a special case of more general systems considered in this study. 

In addition to the above remarks, it should be emphasized that in the proposed nonhomogeneous 
framework, the limiting probability distribution is associated with the current transition probability matrix 
rather than with the entire time-evolving stochastic process. Since the transition probabilities are continuously 
updated as new observations become available, the corresponding limiting distribution should be interpreted 
as a locally valid probabilistic prediction that remains applicable only until the next matrix update. 
Consequently, instead of converging to a single stationary distribution, the proposed methodology creates a 
sequence of adaptive limiting probability distributions that evolve together with the monitored process. This 
enables the model to continuously reflect changes in system dynamics while preserving the probabilistic 
interpretation of the Markov framework. 
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2.4 Evaluation methodology 
 

Both approaches, the analytical solution (AS) and the modal superposition method (MSM), were formally 
integrated in the AI and ML framework in the form of an in-house program ‘Markov Chains for ML’ (MCML) 
by employing a Fortran programming language [62]. The key ability of the MCML program is the efficient 

formulation of the transition matrix,  P n   , based on the data transmitted by sensors and conditioned to the 

time elapsed from the start of data acquisition. Upon its formulation, the transition matrix,  P n N    , can 

be further employed to evaluate the probability distribution,  n PH



, associated with the targeted prognostic 

horizon, PH, specified by the user. Such a probability distribution can be evaluated by employing an analytical 
solution, (AS), Eq. (5), or through a modal superposition method (MSM), Eq. (10). In the former case, the 
information on the initial state of the system,   0n




, needs to be provided, while in the latter case, user must 

specify the intended number of modes,  d n . A flow chart of the evaluation methodology in the MCML 

program is presented in Figure 2. 
 

 
 

Figure 2. Flow chart of the evaluation methodology included in the MCML program 
 

3 The application of the developed approach 
 

3.1 Basic information 
 

The developed approach was applied in the case of two databases acquired in experimental campaigns. 
The first one represents a record of the ship performance regarding the sailing speed governed by the operative 
and environmental conditions at open sea. The second one includes a time history of the high-altitude wind 
flow velocity in the atmospheric boundary layer. In both cases, the acquired track records contain a significant 
amount of data which may be understood as a random data collection or a random signal. Hence, both random 
signals were considered by applying the developed theory to obtain the associated predictive analytics. First, 
each case was evaluated by employing the direct analytical solution (AS), Eq. (5), as well as the modal 
superposition method (MSM), Eq. (10), to assess the possibility of the CPU cost reduction conditioned to the 
reliability of the results. Second, the impact of the learning period (LP) as well as that of the prognostic horizon 
(PH) on the reliability of estimates was considered. Third, a relationship between the system state space 
discretization level and the accuracy of the estimates was observed to study the possibility of additional CPU 
and data storage reductions through aggregation of system states. 

 
3.2 The sailing speed of a purse seiner 

 

A purse seiner is a type of fishing vessel that uses a fishing net to encircle a fish school and catch large 
quantities of pelagic species or tuna. Its usual operating interval ranges between 15 and 20 hours daily with 
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most of the time dedicated to cruising, silent idling, and fish hauling. This in turn yields a diverse operative 
profile [63]. However, the complexity of its operative profile together with the harsh environmental conditions 
hinders further calculations like the expected operative costs, fuel consumption, and environmental emissions. 
Therefore, it is of interest to model the sailing speed of a purse seiner as a nonhomogeneous Markov Chain in 
the ML framework to obtain the expectations associated with each sailing speed and to enable further 
evaluation of the critical operative properties for a dedicated prognostic horizon. For this purpose, a purse 
seiner was equipped with Mapon fleet management software providing an effective and simple way to remotely 
track vehicles using a Global Position System [64, 65]. The data considered was acquired in the Adriatic Sea 
between January 14, 2023, and April 19, 2024. In total, 51733 sailing speed data points were acquired during 
ship activity with a 10 s sampling cycle. An example of a sailing speed fluctuation in the case of a typical 
operative profile of the monitored purse seiner is shown in Figure 3. The same data were employed here 
according to the methodology included in the MCML program. 

 

 
 

Figure 3. An example of the sailing speed acquired using Mapon software during the first 10000 cycles 
of a purse seiner 

 
The acquired data was considered in several cases including three learning periods (January to June 2023, 

January to December 2023, and January 2023 to April 2024) and two prognostic horizons (100 and 1000 
cycles). In each case, a probability distribution,   , was calculated by employing the AS and MSM procedure, 

Eqs. (1) and (10), respectively. It is important to point out that only the first eigenvalue, 1 1Ω  , and the 

associated eigenvectors,  1
u  and  1

v , were considered in the case of the MSM procedure. This follows 

directly from the spectral properties of the ergodic Markov chains. Since the magnitudes of all remaining 
eigenvalues are smaller than one, their contributions decay exponentially with increasing prognostic horizon 
and they represent only transient dynamics. A detailed analysis of the transient modal response and the 
influence of higher-order modes is available in [59]. The results obtained are presented in Table 1. In total, 21 
different sailing speeds between 0 km/h and 20 km/h were identified in the case of each learning period. It is 
to be noted that the probability distributions associated with AS and MSM procedures slightly differ when PH 
equals 100 cycles, indicating the possible transient effects of the Markov chain. However, in the case when 
PH equals 1000 cycles, they yield the same results regardless of the learning period. 

Each probability distribution is further employed to calculate the expected sailing speed, Eu , as: 
 

1

d

E i i
i

u u 


 . (11) 

 

where iu , i=1, 2, …, d, is the identified sailing speed, i  is the associated element of the probability distribution 
vector, and d is the total number of identified states. The obtained expected sailing speeds are compared with 
the statistically averaged values, demonstrating very good agreement since the same learning periods are 
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considered as statistical samples. In addition, the predicted standard deviations closely match the statistical 
ones, confirming that the proposed model can be successfully used to assess both the central tendency and the 
dispersion of the sailing-speed distributions. Finally, both the expected and statistically averaged sailing speeds 
slightly increase with the learning period, indicating that the effect of the observation period together with 
possible changes in the operating profile of the vessel.

 
Table 1. Probability distributions and the expected sailing speed determined for three learning periods 

(LP) and two prognostic horizons (PH) 
 

 
LP – January to June 2023 LP – January to December 2023 LP – January 2023 to April 2024 

PH=100 cycles 
(1000 s) 

PH=1000 cycles 
(10000 s) 

PH=100 cycles 
(1000 s) 

PH=1000 cycles 
(10000 s) 

PH=100 cycles 
(1000 s) 

PH=1000 cycles 
(10000 s) 

Sailing speed, 
km/h 

AS MSM AS MSM AS MSM AS MSM AS MSM AS MSM 

0 0.089 0.078 0.078 0.078 0.084 0.080 0.080 0.080 0.075 0.072 0.072 0.072 
1 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 
2 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 
3 0.003 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.001 0.001 0.001 0.001 
4 0.089 0.079 0.079 0.079 0.043 0.041 0.041 0.041 0.035 0.033 0.033 0.033 
5 0.087 0.077 0.077 0.077 0.043 0.040 0.040 0.040 0.034 0.033 0.033 0.033 
6 0.061 0.055 0.055 0.055 0.030 0.029 0.029 0.029 0.024 0.023 0.023 0.023 
7 0.044 0.040 0.040 0.040 0.023 0.022 0.022 0.022 0.018 0.018 0.018 0.018 
8 0.036 0.034 0.034 0.034 0.019 0.019 0.019 0.019 0.016 0.016 0.016 0.016 
9 0.017 0.017 0.017 0.017 0.028 0.028 0.028 0.028 0.028 0.028 0.028 0.028 

10 0.013 0.013 0.013 0.013 0.027 0.027 0.027 0.027 0.030 0.030 0.030 0.030 
11 0.018 0.019 0.019 0.019 0.026 0.026 0.026 0.026 0.030 0.030 0.030 0.030 
12 0.047 0.050 0.050 0.050 0.060 0.061 0.061 0.061 0.069 0.069 0.069 0.069 
13 0.132 0.142 0.142 0.142 0.170 0.173 0.173 0.173 0.194 0.196 0.196 0.196 
14 0.247 0.268 0.268 0.268 0.312 0.317 0.318 0.317 0.318 0.323 0.323 0.323 
15 0.103 0.112 0.112 0.112 0.115 0.117 0.117 0.117 0.107 0.109 0.109 0.109 
16 0.012 0.013 0.013 0.013 0.013 0.014 0.014 0.014 0.013 0.013 0.013 0.013 
17 0.001 0.001 0.001 0.001 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
19 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
20 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

Expected sailing 

speed, Eu , and 

(standard 
deviation), km/h 

9.737 
(4.937) 

10.189 
(4.816) 

10.189 
(4.816) 

10.189 
(4.816) 

10.964 
(4.622) 

11.095 
(4.552) 

11.109 
(4.550) 

11.095 
(4.552) 

11.254 
(4.387) 

11.361 
(4.325) 

11.361 
(4.325) 

11.361 
(4.325) 

Statistically 
average sailing 
speed, u , and 

(standard 
deviation), km/h 

10.176 
(4.819) 

11.101 
(4.605) 

11.370 
(4.335) 

Absolute 
difference, 

Eu u , km/h 
0.439 -0.013 -0.013 -0.013 0.137 0.006 -0.008 0.006 0.116 0.009 0.009 0.009 

 
 
In addition to comparing the predicted limiting probability distributions with the statistical characteristics 

of the corresponding learning periods, the shortest learning period (January–June 2023) was further employed 
to evaluate the predictive capability of the proposed framework during a subsequent prognostic horizon of 
1000 cycles. For this purpose, the transition matrix [P], Eq. (2), estimated from the learning period was 
combined with a random number generator, while a sailing speed of 0 km/h corresponding to the last cycle of 
the learning period was selected as the initial state. The resulting stochastic simulation represents an out-of-
sample prediction when the transition probabilities identified from the learning period are used to create 
sailing-speed trajectories beyond the training interval. Owing to the stochastic nature of the proposed model, 
infinitely many trajectories may be generated. A representative trajectory is shown in Figure 4 together with 
the corresponding sailing-speed measurements acquired by the MAPON system during the same prediction 
interval. Although an individual simulated trajectory is not expected to reproduce the measured sequence 
exactly, the comparison demonstrates that the proposed framework successfully models the overall stochastic 
behavior and the statistical characteristics of the subsequently observed process. 
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a) 

  
b) 

 

Figure 4. a) The projected trajectory of the sailing speed fluctuation in comparison with b) the data 
acquired during the same time frame, LP – January to June 2023, PH – 1000 cycles 

 
3.3 The high-altitude wind velocity 

 

The high-altitude wind velocity is physically a completely different phenomenon. However, from the 
modeling point of view, it can be formulated using the same approach of the nonhomogeneous Markov chain. 
The predictive analytics of wind flow velocity and other weather conditions may be obtained and further used 
to evaluate e.g., the wind conditions of wind turbines and the associated energy-harnessing potential. The same 
approach can also be used to improve the wind-turbine automation system by upgrading it with notification 
signals if harsh weather conditions are detected in the prognostic horizon [66]. 

The high-altitude wind velocity data employed in this study was acquired in the wind-tunnel experiments 
performed at the Technical University of Munich, Germany, by simulating an atmospheric boundary layer at 
the simulation length scale factor  = 395, calculated as suggested by [67]. The flow velocity was measured 
using a DANTEC 55P91 triple hot-wire probe and an AALAB AN 1003 anemometer system. Flow velocity 
was sampled at 1.25 kHz using a 12-bit digitizer Data Translation DT2821 during 150 s of the time records. 
In that way, in total 187,500 data samples were acquired at various points along the vertical axis above the 
turntable. A detailed presentation of the wind-tunnel measurement is available in [68], whereas an example of 
the wind velocity fluctuations at an altitude of 414 m (scaled-up to full-scale) is shown in Figure 5. Like a 
purse seiner, this wind velocity time record was employed using the MLMC program. 

The acquired data (rounded off to the nearest integer) was considered in the case of three learning periods 
(50000 cycles, 100000 cycles, and 187500 cycles) and two prognostic horizons (100 and 1000 cycles) while 
calculating the associated probability distributions using the AS and MSM procedures. In the MSM case, only 
the first eigenvalue and the first eigenvector were considered in Eq. (10). The results obtained are presented in 
Table 2. In total, nine states were identified for the shortest learning period, while an additional wind velocity 
state of 10 m/s was detected in the remaining two cases. Similarly to the purse seiner case, all probability 
distributions obtained by the AS and MSM approaches exhibit very good agreement, with only negligible 
discrepancies observed for the shorter prognostic horizon (PH = 100 cycles), which may be attributed to 
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transient effects. A very good agreement is evident between the expected and average wind velocities. 
Furthermore, the corresponding standard deviations closely match the statistical values, indicating that the 
proposed probabilistic framework can accurately assess both the mean behavior and the variability of the wind 
velocity process across all learning periods. 

 

 
 

Figure 5. An example of the wind speed fluctuations at an altitude of 414 m 
 
Table 2. Probability distributions and the expected high-altitude wind flow velocity determined for three 

learning periods (LP) and two prognostic horizons (PH) 
 

 
LP – 50000 cycles LP – 100000 cycles LP – 187500 cycles 

PH=100 cycles 
(0.8 s) 

PH=1000 cycles 
(8 s) 

PH=100 cycles 
(0.8 s) 

PH=1000 cycles 
(8 s) 

PH=100 cycles 
(0.8 s) 

PH=1000 cycles 
(8 s) 

Wind 
velocity, m/s 

AS MSM AS MSM AS MSM AS MSM AS MSM AS MSM 

10 / / / / 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
11 0.145 0.145 0.145 0.145 0.148 0.147 0.147 0.147 0.151 0.151 0.151 0.151 
12 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.057 0.057 0.057 0.057 
13 0.260 0.260 0.260 0.260 0.258 0.258 0.258 0.258 0.261 0.260 0.260 0.260 
14 0.291 0.292 0.292 0.292 0.298 0.298 0.298 0.298 0.294 0.294 0.294 0.294 
15 0.188 0.188 0.188 0.188 0.189 0.189 0.189 0.189 0.184 0.184 0.184 0.184 
16 0.045 0.045 0.045 0.045 0.040 0.040 0.040 0.040 0.036 0.036 0.036 0.036 
17 0.013 0.013 0.013 0.013 0.011 0.011 0.011 0.011 0.013 0.013 0.013 0.013 
18 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 0.002 
19 0.002 0.002 0.002 0.002 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 

Expected 
wind 

velocity, Eu , 

and (standard 
deviation), m/s 

15.507 
(1.489) 

15.508 
(1.491) 

15.508 
(1.491) 

15.508 
(1.491) 

15.503 
(1.485) 

15.504 
(1.481) 

15.504 
(1.481) 

15.504 
(1.481) 

15.460 
(1.514) 

15.461 
(1.510) 

15.461 
(1.510) 

15.461 
(1.510) 

Statistically 
average wind 

velocity, u , 
and (standard 

deviation), m/s 

15.508 
(1.257) 

15.504 
(1.257) 

15.461 
(1.257) 

Absolute 
difference, 

Eu u , m/s 
0.001 0 0 0 0.001 0 0 0 0.001 0 0 0 

 
The LP–50000 case was further employed to evaluate wind velocity fluctuations over a prognostic horizon 

of 1000 cycles. For this purpose, the identified transition matrix was combined with a random number 
generator to simulate stochastic-state transitions. The prediction was initialized from a wind velocity of 15 
m/s, corresponding to the 50000th measurement cycle. The resulting out-of-sample simulation uses the 
transition probabilities identified during the learning period to simulate the wind velocity trajectory beyond 
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the training interval. The predicted trajectory is compared with the corresponding wind-tunnel measurements 
in Figure 6. It should be emphasized that the presented trajectory represents only one realization of the 
stochastic process, while numerous alternative trajectories can be cretaed from the same transition probability 
matrix. 

 

 
a) 

 
b) 

 

Figure 6. a) The projected trajectory of the wind velocity fluctuations in comparison with b) wind-tunnel 
data, LP – 50000 cycles, PH – 1000 cycles 

 
To evaluate the effect of the state discretization on the proposed framework, an additional analysis was 

performed using a finer state-space representation. In the previous example, the wind velocity was rounded to 
the nearest integer, yielding a total of ten system states. In contrast, the same dataset was discretized by 
rounding the wind velocity to the nearest tenth, yielding 93 states during the analyzed signal. This nearly 
tenfold increase in the number of states provides an effective sensitivity analysis of the proposed methodology 
with respect to the selected discretization level. The corresponding results obtained using the AS and MSM 
approaches are shown in Table 3. For brevity, only the expected average wind velocities are reported. It can 
be observed that the predicted wind velocities remain in very good agreement with the average values despite 
the substantially finer discretization. In particular, the MSM approach exhibits practically identical results for 
all analyzed prediction horizons, with absolute differences not exceeding 0.001 m/s. These results indicate that 
the proposed framework is largely insensitive to moderate changes in the discretization level, demonstrating 
that the predictive performance is governed primarily by the underlying stochastic process rather than by the 
choice of the state resolution. 

Increasing the number of states inevitably leads to higher CPU time and memory requirements, particularly 
for the AS procedure, because of the increased size of the transition probability matrix. In practical engineering 
applications, the number of possible states may become considerably larger, making the direct AS approach 
computationally demanding or even impractical. In contrast, the MSM procedure remains highly resilient to 
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the increase in problem size, since in most applications only the dominant eigenvector associated with the unit 
eigenvalue is required for evaluating the stationary behavior. Consequently, the proposed MSM-based 
framework preserves both computational efficiency and predictive accuracy even when a substantially finer 
discretization of the system state is adopted. 

 
Table 3. The expected high-altitude wind velocity for three learning periods (LP) and two prognostic 

horizons (PH) 
 

 

LP – 50000 cycles LP – 100000 cycles LP – 187500 cycles 
PH=100 cycles 

(0.8 s) 
PH=1000 cycles 

(8 s) 
PH=100 cycles 

(0.8 s) 
PH=1000 cycles 

(8 s) 
PH=100 cycles 

(0.8 s) 
PH=1000 cycles 

(8 s) 
AS MSM AS MSM AS MSM AS MSM AS MSM AS MSM 

Expected 
wind velocity, 

Eu , m/s 
15.448 15.510 15.510 15.510 15.448 15.505 15.505 15.505 15.402 15.461 15.461 15.461 

Average wind 

velocity, u , 
m/s 

15.508 15.504 15.461 

Absolute 
difference, 

Eu u , m/s 
0.060 -0.002 -0.002 -0.001 0.056 -0.001 -0.001 -0.001 0.059 0 0 0 

 
 

4 Discussion 
 

Two modeling approaches, the analytical solution (AS) and the modal superposition method (MSM), were 
developed and applied in two test cases, i.e., purse seiner and high-altitude wind. The Mean Absolute Error 
(MAE) analysis confirms that there is a high level of consistency across both datasets, though the sailing speed 
of the purse seiner exhibits slightly more variance than the wind velocity. For the shortest time history, minor 
discrepancies of the sailing speed are observed, leading to a maximum MAE of 0.00424 km/h , and a consistent 
MAE of 0.0001 m/s for the wind velocity. As the time record length increases, these minor deviations are not 
present any more in all the test cases. 

The reliability of the obtained data is important as it contains all the information employed to create the 
transition matrix in terms of system states, problem scale, and transition probabilities. Hence, both internal and 
external factors affecting the data acquisition process must be carefully considered. In the first case, internal 
uncertainties originate from measurement imperfections and characteristic sensor noise, which were reduced 
by applying the Kalman filter implemented in the MAPON and Data Translation DT2821 software. Moreover, 
the measurement system incorporates built-in protection mechanisms against irregular conditions, magnetic 
interference, and unauthorized manipulation, thereby enhancing the reliability and integrity of the obtained 
results prior to their use in the proposed framework. In the second case, external disturbances may be associated 
with variations in the operating profile of the monitored object, including environmental conditions and human 
control. While such effects are present in the case of the purse seiner, they may be considered negligible for 
the high-altitude wind-velocity fluctuations. A slight increase in the expected average sailing speed for longer 
learning periods may be attributed to changes in the operating profile of the ship due to market demands and 
the fish school dynamics. 

The issue of CPU requirements is an important aspect, especially if agile and real-time decision-making is 
required. In such cases, the evaluation time must be significantly shorter than the sampling cycle. However, 
this may become challenging for the AS approach since it is based on repeated matrix multiplication, Eq. (5), 
with a computational complexity of O(nd³), where d is the state-space dimension and n is the prognostic 
horizon. Furthermore, the transition matrix requires O(d²) memory storage. In contrast, the MSM determines 
only the dominant eigenpair by employing the power method, yielding a computational complexity of 
approximately O(kd²), where k is the number of iterations required for convergence, while the memory 
requirement is reduced to O(d) when only the dominant eigenvector is retained for the stationary solution. 
Therefore, the computational advantage of the MSM becomes increasingly significant as the problem scale 
grows. 
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This effect is illustrated by the wind velocity example, where increasing the discretization from integer 
values to tenths enlarges the state space from 10 to 93 states. Consequently, the transition matrix size increases 
from 10 × 10 (100 elements) to 93 × 93 (8649 elements), corresponding to an approximately 86-fold increase 
in the number of matrix elements and memory requirements of the AS approach. Nevertheless, a detailed 
discretization did not provide any significant improvement in the expected wind velocity, as demonstrated by 
the good agreement between the results presented in Tables 2 and 3. On the other hand, the results in Tables 
1–3 show that both the AS and MSM procedures yield practically identical stationary probability distributions 
regardless of the prognostic horizon, indicating that the considered Markov chains operate in the steady-state 
domain. Therefore, for the MSM, it is sufficient to retain only the dominant eigenvalue and the associated 
eigenvector, whereas additional modes need to be considered only when transient effects are of interest [59]. 

Finally, some may argue that the application of stochastic processes is unnecessary in the considered 
examples, particularly because the expected average values exhibit very good agreement. Nevertheless, these 
statistical values were employed solely to validate the proposed modeling approaches. The principal advantage 
of stochastic processes lies in their ability to explicitly represent the inherent uncertainty of complex systems, 
thereby enabling predictive analysis and risk-informed decision-making. Such information may be employed 
to evaluate quantities including the first-passage time, expected return time, occupancy times, cost and gain 
horizons, bottleneck states, and the probabilistic trends of engineering systems [69]–[72]. It should be noted 
that the proposed framework is based on a first-order nonhomogeneous Markov chain, implying that future 
system evolution depends only on the current state. While this assumption is appropriate for many engineering 
systems exhibiting short-term stochastic dynamics, processes characterized by pronounced long-term temporal 
dependencies or partially observable states may require higher-order or Hidden Markov Models, representing 
a promising direction for future work. 

Although the proposed framework has been assessed based on engineering applications, its underlying 
methodology is not limited to engineering systems. The developed nonhomogeneous Markov chain model may 
also be applied to stochastic biological processes characterized by sequential observations and continuously 
evolving state transitions, such as real-time electrocardiogram (ECG) monitoring, physiological signal 
analysis, or epidemic spread modeling. In such applications, the ability to continuously update predictions 
while maintaining low computational requirements and model interpretability may provide an attractive 
alternative for real-time decision support [73]. 

 
5 Conclusions 

 

AI and ML are emerging technologies that enhance work productivity and performance, especially in cases 
where large bodies of data surpass human perception. Their intensive development and application in various 
fields of science and technology prove that they are the basis for the development of society and economy. 
This is particularly the case in real-time engineering. However, there are some wide-ranging challenges 
regarding the engineering applications of AI and ML, including modeling approaches, computational 
requirements, data storage, accuracy, and interpretability of the results. 

This study contributes to these points by introducing a new concept of nonhomogeneous Markov chains 
based on the nonhomogeneous definition of the transition matrix and assessment of the associated state 
probability distributions by employing a rigorous analytical solution and the modal superposition method. Both 
methods were successfully employed in two cases representing a purse seiner and a high-altitude wind. Special 
attention was given to CPU requirements and the system space-scale issues with the new evaluation 
methodology integrated into an in-house MCML program. It was proven that the reduction of complex 
problems through the modal superposition method enables reliable and rational evaluation of the probability 
distributions even in the case when only the first eigenvalue and eigenvector are considered. This in turn 
significantly reduces computational demand while maintaining the accuracy of the results.  

The proposed approach is not limited to the applications presented in the present study and may be 
extended to a broad range of engineering problems. Possible applications include the formal identification of 
bottleneck states and the design and optimization of systems based on the stochastic properties of variables, 
constraints, and objective functions. Future work should consider the extension of the MCML methodology to 
continuous-state Markov chains and systems involving functionally dependent variables. Such developments 
will facilitate the integration of nonhomogeneous Markov chains into AI and machine learning frameworks as 
efficient, robust, and interpretable probabilistic algorithms. Furthermore, the assumption of a first-order 
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nonhomogeneous Markov chain should be revisited to assess whether higher-order or more complex state-
transition models can further improve predictive accuracy. Another promising direction involves the 
development of hybrid Machine Learning models that combine the probabilistic interpretability and 
computational efficiency of nonhomogeneous Markov chains with data-driven techniques such as neural 
networks or reinforcement learning, thereby combining the complementary strengths of both approaches in 
complex engineering applications. 
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