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ABSTRACT. In this paper we consider the linear elliptic equation of
the second order in domains in R™ thin in n — k directions, 0 < k < n.
We apply the Ansatz of the formal expansion method (with respect to the
small parameter (thickness)) which implies the scaling of the loads in the
equation that allows the reduction of the problem from dimension n to
dimension k. Appropriate convergence result together with correctors is
derived.

1. INTRODUCTION

Reduction of dimension for the Laplace equation was considered in [1] and
[8] and, for general linear elliptic equation of the second order (assuming the
reduction from dimension n to n —1) in [7]. Very general nonlinear monotone
equation was analyzed in [6]. We consider here the case of linear elliptic
equation of the second order, but assuming the reduction from dimension n
to dimension k, 0 < k < n.

The success in obtaining a lower—dimensional model without restriction
(compatibility condition) on source terms depends essentially on scaling them
(and coefficients) with respect to the small parameter (a thickness of the
domain). In the mentioned works (as in other earlier papers on asymptotic
analysis, see [2, 5, 10]) an a priori scaling was taken in order to guarantee the
existence of a low—dimensional model and convergence results. Using an idea
of the paper [9] we show here that an appropriate scaling is a consequence
of the Ansatz of formal expansion method (see [3, pp. 89-95, 269]). We also
prove a convergence theorem and find the first correctors.
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2. STATEMENT OF THE PROBLEM AND THE MAIN RESULT

Letn7k€N7O<k<n,R"=R’;ng_k. LethR’; andaCRZ‘”C be
bounded regular domain and

A=wxo, =00, I'=wxr~y, TIy=0dwxo.

For sufficiently small € > 0 we define

o =¢eo, ~° =00, F=wxo®, T*=wxr®, TIfH=0wxo.

Evidently the transformation

(2%, 9%) = (z,ey)
is a bijection as a function from Q@ — Q°, I' — I'* and I'g — T§.

Let A° € L>®(Q°;Sym(n)) and af € L>=(£2¢). We assume that for each
€ > 0 the matrix A° is positive definite (uniformly on Q°) and af > 0 on Q°.
Let

Ve={ve H(Q):v=00nTj}.
For given f¢ € L?(Q°) and g° € L*(T'°) we shall consider a boundary value
problem: find u® € V¢ such that for each v¢ € V¢ it holds
(2.1)
(A°Vu® - Vo© + aguto®) detdy® = /

Fout datdy® + / gv°® datdr©.
Qe

Qe €
This problem has unique solution by the Lax-Milgram lemma.

The matrix A° can be written in the form

e_ (a0 )"
A _(ba ca >7

where a®, b and ¢© are respectively k x k, (n — k) x k and (n — k) X (n —
k) matrices. Note that the matrices a® and ¢ are positive definite as a
consequence of positivity of A°. The problem (2.1) then takes the form:
find u® € V¢ such that

/ (aEVzauE - Vpev® + (bE)TVyauE Ve v® + 05V geu® - Ve
S €
(2.2) +¢ Ve - Vyet© + afuv®) dady”

= Feu° da®dy® +/ g v° dxtdn*, v° e Ve,
Qe €

For a function v¢ defined on Q¢ we define the function v(e) on Q by the

composition

(2.3) v(e)(@,y) = v*(z,ey).
Then, if v° belongs respectively to the space L>(Q¢), L*(Q¢), L*(T¢) and V¢,
the function v(e) belongs to the space L>=(Q2), L*(Q), L?(T") and

V={veH"(Q):v=00nTo}.
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The following fact is an immediate consequence of (2.3).

LEMMA 2.1. The problem (2.2) is equivalent to the problem: findu(e) € V
such that

/Q (ea(e)Vau(e) - Vav + b(e) T Vyu(e) - Vov + b(e) Vau(e) - Vyv
(2.4) +ete(e)Vyule) - Vyv + eag(e)u(e)v) dedy

— 5/ fle)w dxdy—i—/g(a)v dxdry, veV.
Q r

Assuming that the coefficients on the left hand side are of the same order
in e, without loss of generality (see Ciarlet [4, p. 58]) one can take

ale) =a, ble)=0b, cle)=c, ag(e)=ao,
fle)=ePfr, g(e) =etlgrt,

where p € Z, a, b, c, ag, fP and gP*! do not depend on ¢ (here superscripts on
f and g are not exponents, but denote the order of the force with respect to
g). The equation (2.4) takes the form

(2.5)

/ (eaVau(e) - Vv + b Vyu(e) - Vou 4+ bV,u(e) - Vyo + e eVyu(e) - Vyo
0

(2.6) +eagu(e)v) dedy = ™' | fPvdady + P! / g" v dxdy, veV
Q r

The form of the problem (2.6) suggests the following Ansatz of formal expan-
sion method:

A.1 There exists a number [ € Z such that for each (f7,gP*!) € L?(Q) x
L%(T) there exist functions u!,u!*1,... € H'(Q), not depending on ¢,
such that for a solution u(e) of the problem (2.4), (2.5) there holds

(2.7) u(e) = el + ! 4.

where the leading term u! is nontrivial for at least one pair (f?, g?*1).

A.2 The successive terms u™,m = [,[+1,... in (2.7) satisfy the equations
obtained (after inserting (2.7) into (2.4)) by the cancellations of the
coefficients of €™, m € Z.

A.3 The leading term u! belongs to the space V.

Because of the linearity of the problem (2.4) one can take [ = 0, i.e.
(2.8) u(e) =u’ +etut +--- .

An inspection of coefficients of different powers of ¢ that appear in (2.4)
(under assumption (2.5)) shows that the pair (f?,gP*!) is trivial if p < —2.
Our purpose is to find the smallest number p for which the pair (f?, gP™?) is
not necessary trivial and to identify the corresponding leading term u°. We
shall prove the following results.
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THEOREM 2.2. If for each pair (f,g) there exist terms u®,u',u? of the
expansion (2.8), then p =0, i.e.

(2.9) @) =1%  gle) =eg".
The leading term u® has the form
u’(z,y) = U°(2);

UY € H}(w) is the unique solution to the problem:
(2.10) / (AV, U - Von + aoU%) dx = / Fndz, ne€ Hgw),

where

A

/ (a+ (V,wb)") dy,

A = /aody,
F /fody+/gld7;
o ¥

here w € L™ (w; H'(0)¥) is the unique solution of the problem:

(2.11) / (Vywe” +b7)V,0dy =0, 6€ H' (o), / wdy = 0.

REMARK 2.3. The auxiliary problem (2.11) can be formulated for com-
ponents of w: find w; € L*(w; H*(0)) such that

(2.12) / (cVyw; +b;) -V, 0dy =0, 6¢€ H (o), / w;dy = 0,
where b; is ith column of the matrix b. As c¢ is positive definite (uniformly on
Q) this problem has unique solution.

REMARK 2.4. Positive definiteness of A = A% implies that for all v, € R*
one has (denote v = (v, V,wbTv,)):

malv)|? < Av-v
= avy - Uy + bTVwavm Uy + by, - Vwavm + chwTvm . Vwa’UI
= avg - Uy + 2bTVwavz c Vg + Vywcvwavz - Vg
= (a+ 267V, w” + Vywcvwa) Vg * Vg

Taking the integral over o one gets

(2.13) ma|o|||ve|? < / (a+2b"Vyw” + VyweV,w”) dy v, - v,

[ea

Inserting w; for the test function in (2.12) we obtain

/ (cVyw; - Vyw; + b; - Vyw;) dy = 0.
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This equation can be written as
/ (VyweVyw” + b7V, w’) dy = 0.

Using this in (2.13) we obtain that A is positive definite uniformly on w and
therefore the problem (2.10) has unique solution.

REMARK 2.5. One can easily see that in the case k =n —1 (n > 1) there

holds
b;b; .
Aij = aij = — dy, ,j=1,2,...,n— 1.

THEOREM 2.6. Let
uO,s(l,s’ys) _ UO(x€)7 (I'E,ys) c Qa'

Then
1

|Q—5|1/2 ||u8 — u0,€||L2(Qs) — 0, c—0.

Note that |Q°| = e"~*|].

REMARK 2.7. In order to get the appropriate convergence of the approx-
imation in H*(Q°) (actually the convergence of the gradient in L?(Q¢)") one
needs to involve the corrector into the approximation:

ube (2°,y°) = U°(2°) + aw(%) Vo U%(2%).

For this approximation we need higher smoothness of the coefficients in the
equations to be able to apply the regularity result. Moreover, the boundary
condition is no longer satisfied for the approximation.

REMARK 2.8. The result (2.9) shows that the ratio between (some appro-
priate measure) of body (surface) source term and coefficients must behave
like 9 (g1).

As we assumed, without loss of generality, that the expansions for the
coefficients A(e) and the solutions u(e) start with the power 0, we can now
go back and restate the previous conclusion. Denote

Ale) = A
w(e) = ehul 4 ettt g
fle) = €PfP, g(e) =ePtgPth

Then the result (2.9) shows that
p—r—101=0.

Then, for instance, we can draw the following interpretation: if the loads (p)

are too strong (p — r < 0) for the material (r), then the solution is singular
(1 <0).
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3. PROOF OF THEOREM 2.2

The equations for successive terms of expansion (2.8) will be found by the
use of assumptions A.2 and A.3. We shall divide the proof into three steps.
STEP 1. As we noticed before, p > —2. Let p = —2, i.e.

fle)=e2f7%  gle)=elg7".
By cancellation of the coefficient of e~! in (2.6) we obtain
(3.1) / Vul - Vv dedy = / v dxdy + / g Y dady.
Q Q r

Setting v(z,y) = n(x), n € Hi(w) we have

/ f_2n dxdy + / g_lndxd'y =0,
Q r

/f_2 dy+/g_1d7:0.
o gl

This is in contradiction with the assumption A.1 that u® exists for an arbitrary
(f~2,971); therefore

(3.2) p>—1.
Setting now in (2.4) v(z,y) = n(x)0(y), n(z) € Hi(w),0 € H'(c) and taking

into account (3.2), we obtain

/ cVyu® - V,0dy = 0;
because of positive definiteness of ¢ we conclude that
(3.3) u’(z,y) = U%(x),
where (because of A.3)

or equivalently

\%

U° € Hy(w).
STEP 2. Because of (3.2) we take p = —1, i.e.

fler=e ) =¢"
By the cancellation of the coefficient of €° in (2.6) we obtain for all v € V

(3.4) / (bVou’ - Vyv + eVyu' - Vo) dedy = / Yo dedy + / v dzdry.
Q Q r

Setting v(z,y) = n(x), n € Hi(w) and taking into account (3.3) we have

(3.5) /Uf_l dy + /Wgodv =0

and therefore
p=>0.
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Setting now in (3.4) v(z,y) = n(z)0(y), n(x) € H}(w),0 € H'(c) and taking
into account (3.3) and (3.5) we obtain

(3.6) / (bVLU° - V0 + cVyu' - V,0) dy = 0.
From (3.6) we conclude that there exists U! € H'(w) such that

(3.7) u'=U"+w-V,U°

where w is a solution of the problem (2.11).
STEP 3. Because of (3.5) we take

fle)=1°  gle) =eg".

By the cancellation of the coefficient of €! in (2.6) we obtain

/ (aVzuo Vv + bTVyul Vv + bV ut - Vyv + cvyu2 -Vyv
Q

—|—a0u0v) dedy = | fOvdady + / g*v dady, velV.
Q r

Setting v(z,y) = n(x), n € Hi(w) and taking into account (3.3) and (3.7) we
have

/ (aVoU" Von+ 0"V, wV,U? - V,n + agU%) dzdy
Q

= / fOn dxdy + / g'n dzdy,
Q r
and hence (2.10).

4. PROOF OF THEOREM 2.6

For f(e) = f% and g(¢) = g we are able to prove a priori estimates,
uniform with respect to ¢, for the solution u(e) of (2.4). These estimates imply
weak convergence of u(e) toward a function which is uniquely determined as
a solution of (2.10).

Uniform positive definiteness of A implies that there is m 4 > 0 such that

Vv Vv 2 1 2
) dedy > Va =V )
/QA< 19,0 > < 17,0 ) e =ma <| Uiz @) + Z IVl

for all v € V. Application of this estimate to (2.4), divided by &, using (2.9),
implies

1
ma (I9uE ey + IV )

IN

fPu(e) dedy + / gtu(e) drdy
Q r

£ 2 lu@) L2y + 119" | L2y llu(E) | L2 (ry.-

IN
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Application of the Poincaré inequality and continuity of the trace implies

1 1/2
ma (Ve e + 9@ e) < 1 e + g o
which implies the a priori estimates uniform with respect to
(4.1)
1
3C >0, |u(e)lz2) < C, [Veu(e)|p2r < C, EHVyU(E)”LQ(Q)nfk <C.
These estimates imply that there exist a subsequence, still denoted by w(e),
and functions u € L(Q) and v € L?(Q)"~* such that
u(e) =~ u weakly in L?(Q),
(4.2) Vau(e) = Vau weakly in L2(Q)*,
1
-Vyu(e) =~ weakly in L2(Q)"".
€
The last convergence implies
Vyu(e) = 0 strongly in L?(Q)"~*

and by uniqueness of the limit function V,u = 0. Hence there exists a function
U € L?(w) such that

u(z,y) = U(z).
Moreover convergence (4.2) imply that
(4.3) u(e) = u weakly in V.

Therefore u € V and consequently U € H}(w).
We can take more information out of (4.2). Take ¢ € H}(2)"* such
that div, ¢o = 0. Then from (4.2) it follows

1 1
O:——/u(s)divygo:/ =Vyule) - — [ 7.
Q Q

g €
Therefore there is ® € L?(w; H'(0)) such that
(4.4) v =V,o.

Now we identify U more precisely.
STEP 1. Take the limit € — 0 in (2.4). The limit equation is

(4.5) / bV,U - Vyv+cvy-Vyv =0, velV.
Q

Let us define

7H:7_vy('w'sz)7
where w € H'(w)" is defined in (2.11). Insertion of this ~ into (4.5) implies
the equation for v :

/c'yH-Vyv:Q veV.
Q
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As ~H is of the form (4.4) as well, this equation and positive definiteness of
c imply v# = 0. Therefore
¥ =V, (w-V,U).

STEP 2. Setting v(z,y) = n(z), n € H}(w) in (2.4), dividing it by &, and
taking € — 0 imply

/(anU-an—l—bT'y-an—i-aoUn) d:vdy:/Fndx.
Q w

Inserting the obtained form of 4 we obtain (2.10). By uniqueness of the
solution of (2.10) one has U = U°. Moreover, the whole family u(g) converges
to UY.

Let us define the approximation of the starting problem (2.1), on a ¢
dependent domain:

’U,O’E(CL'E,yE) _ UO(,TE).
Then (4.4) implies
1

[ 0
Q= [1/2 [u(e) = U”||L2@) — 0.

1
||u8 _ u0’6||L2(Q€) = |Q|—1/2

This concludes the proof of Theorem 2.6.
4.1. The strong convergence in H*(Q). In order to get the strong conver-

gence in H'(Qf) we need the strong convergence of the gradient. Inspection
of (4.2) forces the definition of the approximation

u' (€)(w,y) = U'(@) + cw(y) - Vo U ().
Here we assume additional smoothness of the coefficients in (2.10) so addi-

tional regularity of the solution, U° € H?(w), is obtained. One has

AV (ule) = u'(€)) - V= (u(e) — u'(€)) + ao(u(e) — u'(¢))?

= [ Fue + [ a'ute)
() (T Yo

o[ g VaU'HeVa(w-VoU0) | (VU +eVa(w - V.U)
o V,w’V,U° V,w!V,U°

+ao(U° 4 ew - V,U®)?

0 v, U0 . v, U0 0o
- /wFU 2/Q“4< V,w! VU0 v, wl'v,u0 ) Tl

\VRIA v, U° 0\2 _.
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For the limit L it follows

_ 0 v, U° v, U° 042
L = /WFU —/52./4( VwaVzUO ) : ( vwavaO )+GO(U )
= - / bV, U + V'V, U°) -V, (w'V,U?)
Q
= —/Q (b+ cVyw”) V.UV, (w'V,U?)
= - / V.U (b7 + Vywe") V, (w'V,U?)
Q
= —/sz()./ (" + Vywe") v, (w'V,U°) =0.
We define

€

ul’s(ﬁts, ys) _ uO,s(l,s, ys) + E’w(y?) . vwEuO,s(xa, ys)_

As A is uniformly positive definite one has

1
|QE| Hvua - vul)EH%Z(QE)"
1
= IVau(e) = Vol () Bagaye + =5 IVyule) = Vo @)l 3agapnv — 0,
as € — 0.

REMARK 4.1. If b°* = 0, then w = 0 and

1
m HV’U/E - VUO’8|

2
L2(Qe)n — 0,

SO no corrector is necessary.

5. THE ”OVERLOOKED” MODELS

If p < 0, then the pair (f7, gP™!) must satisfy the compatibility condition

/fpdny/ngdv:O-
o ¥

If we neglect the assumption A.1 of the Ansatz, the pair (f?,gPT™!) is not
necessary trivial. The analysis shows that if p < —1, there appear new com-
plicated compatibility conditions without a clear interpretation. Therefore we

shall assume p = —1. Let
/f_ldy+/god7:0.
o ¥
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Then (3.3) and (3.4) hold true. Let U! € L?(w; H' (o) N L3(0)) be the unique
solution to the problem

(5.1) /cval-vye dy:/f’lﬁ dy+/909d'y.
o o Y

From (3.4) it follows
(5.2) u =2+ U+ w - VU,

where
2t e H' (w).

By the cancellation of the coefficient of ! in (2.6) and taking into account
(3.3) and (5.2) we conclude that UY is a unique solution to the problem

/ (AV,U° + B) - Vo + aoU%) dz =0, 1 € Hi(w),

where

B = /bTvaldy.
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