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ABSTRACT. Several authors have recently attempted to show that the
intersection of three simply connected subcontinua of the plane is simply
connected provided it is non-empty and the intersection of each two of the
continua is path connected. In this note we give a very short complete
proof of this fact. We also confirm a related conjecture of Karimov and
Repovs.

1. INTRODUCTION

A homology (resp., singular) cell is a compact metric space whose Vietoris
(resp., singular) homology groups are trivial. Helly [6] proved the following
result which is now known as the Topological Helly Theorem:

THEOREM 1.1. Let § = {So,...,Sm}, m > n, be a finite family of ho-
mology cells in R™ such that the intersection of every subfamily H of S is
nonempty if the cardinality |H| < n+ 1 and it is a homology cell if |H| < n.
Then NIZ0'S; is a homology cell.

Versions of Theorem 1.1 for singular homology have been proved by De-
brunner [5]. Alexandroff and Hopf [1, p. 295] also established a simple proof
of a combinatorial version of the Helly theorem.

A topological space is said to be simply connected if it is path connected
and has trivial fundamental group. It is known [4] that a compact subspace
of the plane is a singular cell if and only if it is simply connected.
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In Section 2 of the paper [6] Helly proved that if S;, i = 1,...,4, are
singular cells in R? such that all intersections S;, N S;, NS;, are singular cells,
then Ni=1S; is not empty. Hence to prove the Topological Helly Theorem for
singular cells in R?, it suffices to prove the following:

PROPOSITION 1.2. Let Sp, S1 and So be three simply connected compacta
in the plane such that the intersection of any two of them is path connected
and NZ2S; # 0. Then NIZ2S; is simply connected.

Bogatyi [2] has pointed out that no complete proof of this proposition
can be found in the literature. He proved the proposition in the special case
that S; are Peano continua. Karimov and Repovs [7], established that, with
the hypotheses of Proposition 1.2, ﬂi%si is cell-like connected (i.e., every
two points can be connected by a cell-like continuum). We prove Proposition
1.2 by showing that N:=32.5; is path connected. We also give an affirmative
answer to a conjecture of Karimov and Repovs [7] by proving the following
proposition:

PRrROPOSITION 1.3. If X and Y are compact AR’s in the plane, then so is
each component of X NY.

2. PROOF OF PROPOSITION 1.2

Since the intersection of any family of simply connected sets in the plane
has a trivial fundamental group with respect to each of its points, it suffices
to show that ﬂi%S’i is path connected. Let 0,1 € ﬁi%S’i and I C SpnN .Sy,
J C SyNSy and K C S1NS3 be arcs from 0 to 1. Consider the components
Jn,n=1,2,.., of J\(I U K) which are not in Sy. If the family {J1, J2,..} is
infinite, then lim diamJ; = 0 because it is the family of components of an

11— 00

open set in the arc J. Since 0 and 1 are end-points of J, it follows that no J;
separates I U J U K. Suppose J; lies in a bounded component of R2\(I U K)
Since the locally connected continuum I U K separates J; from oo in R?, some
simple closed curve in TUK C S; does so as well [8, Chapter X, Section 61, II,
Theorem 5, p. 513]. Since S; is simply connected, this would imply J; C Sy,
a contradiction. Thus, no J; lies in a bounded component of R2\(I UK )
We are going to construct for every n > 1 an arc J® C SpN.S2 N (I UJu
K)\(Jl U..u Jn) from 0 to 1. Let L be a half line irreducible from J; to oo
in R%\(IUK) and € = min{d(z,y) : € L,y € I UK}. Then £ > 0 because
I UK is compact and disjoint from the closed set L. Hence, L meets only
finitely many, say {J1 = J;,, .., Ji,, }, of the sets {J1, J2,..}. We may suppose
L meets J;; in exactly one point for each j € {1,..,m}. We may also suppose
that J;; UIU K separates J;,_, from oo in R? for j =2,..,m if m > 1. Give
J its natural linear order with initial point 0. If x,y € J let xy denote the
arc in J irreducible from = to y. Now, let z¢ and z; be the end-points of J;, ,
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with zo < z1 and let yo = max I N 0xp, y1 = minI Nx;11. Denote by M the
arc in [ irreducible from gy to y1. Then yoy1 UM C I U J is a simple closed
curve containing J; . By the Jordan curve theorem, yoy1s U M bounds a disk
D with boundary yoy1 U M. Let L* be the unbounded component of L\J;
and D,,, C D be the bounded component of R*\(I U.J U K) whose boundary
contains J;, .

Then D,,, C DyN Dk, where Dy (resp., Dg) is the component of RQ\(IU
J) (resp., R?\(J U K)) containing D,,. Note that, as in the first paragraph
of the proof, Dy C Sy because I U J C Sy. Similarly, Dxg C S;. Thus,
D,, C SoNSy and D,,, C SgN Sy since Sy N Sy is closed.

Moreover, Fr(D,,) C I UJU K. It is well known [9, Theorem 2, p. 39]
that each continuum contained in the union of finitely many arcs is locally
connected. So F'r(D,,) is locally connected. As above, let C C Fr(D,,) be
the simple closed curve that separates D,, from oo in R?. Note that J;, C C
because L* C R*\(IUJUK) joins J;,, C Dy, to 0o. Let JV™ C (JUC)\J;,, C
So NSy be an arc from 0 to 1. If m = 1 let J* = JY™. If m > 1 repeat the
above arguments with J»™ in place of J and J;,,_, in place of J;,, to obtain
an arc JV" "1 in SoN SN ((JH"™"\J;,,_,)U(JUK)) from 0 to 1. After m such
steps we obtain an arc J' = J"' € (TUJUK)NSoNS2\(Ji, Uy, U U ;)
from 0 to 1.

Suppose we have already constructed an arc J" C SoN Sy in ITUJUK
from 0 to 1 such that J"N (J1 U.. UJn) =0. IfJ"NJpi1 =0, let JH = Jn.
If J" N Jpa1 # 0, we repeat the above arguments with J" in place of J and
Jnt1 in place of Ji to obtain an arc J" T C Sy NSy N ((J* UTUK)\Jny1)
from 0 to 1. By induction, we construct a sequence of arcs {J"}22; from 0
to 1 with

n+1
I CSonSan (TUJUK)\ | ).
i=1
Let J* = limsup J". Then

J*C(SonS) N (TUuJUKN\|J L) S
i=1
is a continuum from 0 to 1. As above, J* is locally connected. So, there is an
arc in J* C SgNS1 NSy from 0 to 1.

3. PROOF OF PROPOSITION 1.3

Let C be a component of X NY. If K is the topological hull of C, then
K C X and K C Y since neither X nor Y separates R%. So, K = C.
By unicoherence of R? it follows that Fr(C), the boundary of C in R?, is
connected.
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By the well-known result of Borsuk [3] (that every locally connected plane
continuum not separating the plane is an AR), it remains to prove that C' is
locally connected. Since C' is a continuum in the plane, it suffices to prove
that F'r(C) is locally connected. To prove this it suffices to show that every
pair of points of Fr(C) is separated by a finite set (see [10, p. 99]).

Since X is simply connected, locally connected subcontinuum in the plane,
by [10, Chapter IV], all true cyclic elements of X are topological disks D; such
that the cardinality of D; N D; is at most 1 for ¢ # j and, if the sequence
{D;} is infinite, then lim diamD; = 0 . Hence, each Fr(D;) is a simple closed
curve and Fr(X) = X\ Jint(D;) is a locally connected continuum with a
particularly simple structure. Let x and y be distinct points in Fr(C) C
Fr(X)UFr(Y). If z and y do not both lie in any one cyclic element of X,
then an one point set separates z and y in X and, hence, in C. Thus, we may
suppose that there are cyclic elements D in X and F in Y with x,y € DN E.
Now z in int(D) implies there is a neighborhood W of z in Fr(X)U Fr(Y)
with W C int(D). Then a finite set P separates Fr(Y)\W from x in Fr(Y)
since Fr(Y) is rim-finite. Hence, P separates x from Fr(X)U Fr(Y)\W. So
we may suppose z,y € Fr(D) N Fr(E) (see [8, 49.V, Theorem 3, p. 244]).

Let F be a two-point set in Fr(E) which separates z and y in Fr(FE).
Then F separates x and y in Fr(Y) [10, IV.3.1, p. 67]. So F U (D\Fr(Y))
separates ¢ and y in D. Since D is hereditarily normal, a closed subset A of
FU(D\Fr(Y)) separates z and y in D. Since D is unicoherent, a component
A’ of A separates z and y in D. We can construct an arc A” C D such
that A” separates x and y in D and A” NY C F. Indeed, let N be an open
neighbourhood of A’\F. So N is the union of a null collection, locally finite
except at points of F', of open balls B; each centered at a point of A’\F
and having closure in R*\ Fr(Y"). Then the closure of N and, hence, Fr(N)
separates  and y in D. Hence, a component G of Fr(N) separates x and y in
D. As above, G C Fr(N) C UFr(B;)UF is locally connected at each point
of G\F'. Since F is finite and a continuum cannot fail to be locally connected
only at points of a zero dimensional set, G is locally connected. Since x and
y are on the boundary of D, there is an arc A” in G which separates z and y
in D.

If we also take A” to be irreducible with respect to separating z and y
in D (see [8, V.49, Theorem 3, p. 244]), then A” N Fr(D) will contain just
two points ¢ and d. As above, A” separates z and y in X because D is a
cyclic element of X. So A” N (Fr(X)UFr(Y)) C F U {c,d} separates z and
yin Fr(C) C (Fr(X)UFr(Y)) c X. So, Fr(C) is rim-finite, hence, locally
connected.
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