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LARGE TIME BEHAVIOR OF DIRICHLET HEAT KERNELS
ON UNBOUNDED DOMAINS ABOVE THE GRAPH OF A
BOUNDED LIPSCHITZ FUNCTION

KirTipAT WONG
Chulalongkorn University, Thailand

ABSTRACT. Let D C R% d > 2 be the unbounded domain above the
graph of a bounded Lipschitz function. We study the asymptotic behavior
of the transition density pD(t7 z,y) of killed Brownian motions in D and

d+2
show that lim—eot 2 pP(t,z,y) = Cru(z)u(y), where u is a minimal
harmonic function corresponding to the Martin point at infinity and C; is
a positive constant.

1. INTRODUCTION

This article is concerned with the large time asymptotic behavior of the
Dirichlet heat kernel p” (¢, z, %) on the unbounded domain D above the graph
of a bounded Lipschitz function f. Here and in the sequel, by a domain in
R? d > 2, we mean an open connected subset of R?. The Dirichlet heat
kernel is the transition density of the Brownian motion killed upon leaving
the domain D. This work was inspired by the results of Pierre Collet, Servet
Martinez and Jaime San Martin [2]. Those authors obtained the asymptotic
behavior of the Dirichlet heat kernel on an exterior domain, i.e., an unbounded
domain which is the complement of a compact nonpolar subset of R?. More
specifically, they proved that for z,y in the plannar exterior domain D,

(1.1) grglo t(logt)*pP (t,z,y) = zul(gc)ul(y)7

where uy(z) = mlimj,| 0 GP(2,y) and GP(z,y) = [; p”(t,2,y) dt. Those
authors also obtained the result in higher dimensions, namely7 for d > 3, and
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z,y € D,

(12) lim ¢5p7 (¢, 2, y) = (27m) " Fua(w)ua(y),
tToo

where ug(x) = limyoo Py (Tp > t) and 7p is the first exit time of the exterior
domain D. We adapt the techniques used by Collet, Martinez and San Martin
to obtain the asymptotic behavior of the Dirichlet heat kernel in the case of the
unbounded domain D above the graph of a bounded Lipschitz function. Our
main result on the asymptotic behavior of the Dirichlet heat kernel p” (¢, z,y)
on the unbounded domain above the graph of a bounded Lipschitz function is
the following (see Theorem 2.5 for more details). Let D C R? be the domain
above the graph of a bounded Lipschitz function f. Then, for any z,y € D,
we have

lim ¢ pP (1,2, y) = Hulx)u(y),
tToo

for some positive constant H and positive harmonic function u vanishing on
the boundary 9D of D.

2. MAIN RESULTS

In this section, we are going to establish our main results. We fix a
bounded real-valued Lipschitz function f: R?~! — R. Recall that a Lipschitz
function f on R?~! means that there exists a positive constant C' such that

(2.1) |f(@1) = f(@2)| < Cly — T2,
for all &1, %2 € R¥1. We also fix a domain D C R? as follows:
(2.2) D={zx=(%x4) R xR=R*: 24> f(3)}.

The unbounded domain D above is called the domain above the graph of a
bounded Lipschitz function. Since f is bounded, there exist constants a and b
such that

a< f(z)<b,
for each # € R41. Define

H= {h: h is nonnegative and harmonic in D and

lim h(z) =0, forall yedD}.

Doz—y
Notice that 0D = {z = (Z,z4) € R*: 24 = f(2)} .

THEOREM 2.1. There is only one point corresponding to infinity on the
Martin boundary of D and this Martin point is minimal. In particular, this
means that H defined above is one dimensional.
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PRrOOF. Fix a point zg = (%, a — 2) € R? and consider the inversion with
respect to the sphere S1(z9) := {z € R%: |z — 29| = 1}. The image D* of D
under this inversion is a bounded Lipschitz domain with zy being the image
of infinity. Notice that zy is on the boundary of D*. By Theorem 1.5 on
page 337 in [5], the Martin boundary, the minimal Martin boundary and the
Euclidean boundary of D* coincide. This means that each boundary point
z of D* corresponds to a minimal harmonic function v,. Define a function
u,(z) = |2* — 20|20, (2%), for z € D and 2* = zo—i—ﬁ(a@—zo). Then, the
Laplacian of u, vanishes on D (see [1]) and therefore, H is one dimensional.
Moreover, there is only one point corresponding to infinity on the Martin
boundary of D and this Martin point is minimal. O

REMARK 2.2. From now on we will use u to denote a positive harmonic
function in D corresponding to the Martin point at infinity.

We will obtain some property of the function v after the following obser-
vation.

Let us recall the Green function G for the half space H := {x = (Z,2q4) €
Re: 24 > 0}. For x,y € H with x # y,

GH(CC,y) = k(ll?,y) - k(xay/)a
where
T (1) i d— o
Hoy) — [F0 (5y) i d=2
|z — y|2~¢ if d>3,
and ¢y = (y1,Y2,---,Yd—1, —Yd) (see page 113 in [6]). Then, for d = 2,
1 _a
GH(»’va)——ln(LE y|>

™ |z — vl

Notice that

lz—y')? = |z—yl®+4zayq

where 3 = I‘;””_dglg > 0. Therefore,

Gr(z.y) = 2 (M)

2.3) 7T1 II;yI
Td¥yd
= —1In|(1 .
2 “( +|:fc—y|2>

The above equation will be used in the proof of the next theorem. The
notation f; =~ fo means that there exists a positive constant C' such that

&2 < fL <Cfa.
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THEOREM 2.3. For sufficiently large x4, we have
u(Z,xq) ~ x4.

PROOF. Let 29 = (0,b+100) € D and y, = (0,b+n) € D. Then,
Theorem 1.5 on page 337 in [5] implies that for any € D,

lim ————% = u(x).
n—oo G'p(%0,Yn) (@)
Define
D, ={z=(&,24) : xq > a}, Dy ={z = (Z,xq) : ©q4 > b}.

Then, for any = € Dy, we have
GDb(‘rvyn) S GD(Iayn) S GDa(.fC,yn).
Thus, for any x € Dy,

.. . Gp,(z,yn) . Gp, (7, yn)
2.4 liminf —27%" < y(z) < limsup —2"2"2
(24) n—oo Gp,(Zo,Yn) — (@) < e Gp,(70,Yn)

From the explicit formulae for Gp, and Gp,, it can be shown that for

d>3,
Go.e) = lo—y~tmin {1 00}
|z -yl
Gp,(2.y) ~ |$—y2‘dmin{1,W}'
r—=Yy

Thus, for any = € Dy,

—a (")—a
(@a—a)w{"=a) 4 o

: lz—yn|?
<(Cl = )
(o) < Clmsup TRl =0 S
[zo—yn|?

where mg)) and yc(l") are the d—th component of zy and y,, respectively. Also,

(za=b) (V) =b)

Al
u(z) > Climinf (0)|m7y"(‘i)
n—oo (z,’ —a)(y,  —a)
4 ——d. — A1
[z0—yn]?
- C Td — b e Td — b

2O _q T b+100-a’

For d = 2, it follows from (2.3) that the Green functions Gp, and Gp, for
D, and D, respectively are given by

1 4(xqg —a)(yq —a
Gp,(z,y) = %ln(l—i— (d|x_)§/|l; )) and

1 4(xq —b)(yqa — b
Gp,(z,y) = %ln(l—i— (d|x_)§/|§ ))
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Recall the fact that In(1 + z) ~ = as x — 0. By (2.4),

—a (")—a
In (1+ A(wa—a)(u ))

lz—ynl?

u(z) < limsup 5 =
n—oo In <1 + 4(zd 7b)(yT2 b))

[20—Yn
In (1 + 4(md—a)(b+2n—a))
= limsup o= | < Cuzy,
n—oo Ip (1 + 4(1‘00)@;7‘12717))
To—Yn

for some positive constant C', since both
converge to 0 as n — oo.
Similarly,

4(zg—a)(b+n—a) 4(100) (b+n—0b)
e A TP

lz—ynl?

_ (n) _
(14 Aeab) b))

u(z) > liminf

n—oo 2O _ (2@ g
In (1+4< O —a)w ))

[zo—yn|?
In (1 + 4(Id*b)(2”))
— liminf ey = Ca
In (1 R Fre=—mE )
for some positive constant C. O

THEOREM 2.4. The function u defined above is invariant, i.e.,

u() = /D PP (t, 2, y)uly) dy

forallt >0 and z € D.

PROOF. To show that u is invariant, it suffices to show (see pages 728
and 669 in [3]) that for some x € D,

lim [ pP(t,2,y)uly)dy > 0.
tTOO D

In other words, the condition above means that the function u is not purely
excessive. By Theorem 2.3, take M > b so large that

u(y) ®ya for yag>M
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and put x = (6, 1+ M) € D. Then, we obtain
D D
/ pr(tz,y)uly)dy > / Ptz y)uly) dy
D Dy,

> / PP (t, 2, y)uly) dy
Dy,

By the explicit formula of

> C pPM(t, 2, y)ya dy.
pPM(tz,y) =C (wd —M /\1) (y

{y: ya>M}
exp (- |z =yl
Vit 2t

and for ¢ so large that 1 — % > L1 and % Al =L we have

2
/ PP (t, 2, y)ya dy
{y: ya>M}

1 ya— M _a |z —yl?
ZC'/ (—/\1>< /\l)t 2exp<—7 ya — M) dy
{y: ya>M} \/Z \/E 2t ( ¢ )

<
I
>
—
~
i
vla

1 ya— M ) _d |z =yl

= C— ( ANl) (yg— M)t72zexp | ————— | dy
\/Z {y: ya>M} \/Z 2t
1 [ (ya—M ) 1 < |yd—M—1|2)

= C— Al — M)t zexp| —————— 1| d
Al (7 r) et e )
1 MV — M1

s b [ b (Y
t Jur 2t
1 [M+VE - M -1

2 C—/ (ya — M —1)*t"2 exp ya =M1 dyad
t Jy 2t

O

Let d(z) be the Euclidean distance from z to the boundary 0D of D and
recall that the function u is the Martin kernel corresponding to the point at
infinity and zg = (O, b+ 100) € D. Now, we are ready to establish the main
result.
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THEOREM 2.5. Let D C R% d > 2, be the domain above the graph of f.
For any x,y € D, we have

}iTm t%p[) (t,x,y) = Cu(x)u(y),

where u is the function introduced in Remark 2.2 and C' is a positive constant.
The convergence is uniform on compact subsets of D x D.

PROOF. Let z,y € D and fix 2o = (0,b + 100) € DN D, = Dy. It is easy
to see from the explicit formula of the Dirichlet heat kernel on the half space
D, that pPa(t, 29, 20) > pP(t,z,y). Therefore,

D D
pe(tzy) _ pP(tay)

pDa(tvIOaIO) - pDa(tvxvy) B

(2.5)

Let K be a compact subset of D. Then, there exists & € N such that K C Dy,
where

1
Dk:{xeD:d(x)>E,|:E|§k and xd§b+100+k}.

Therefore, the parabolic Harnack inequality (see Theorem 1 in [4]) implies
the existence of a positive constant C' such that for x,y € K and ¢ > t¢, for
some positive tg,

D( CpD(t_€7x07y)
OpD (t — &, 2o, 'IO)
Opr (t — &,20, .Io),

po(t,x,y)

AR AVARYS

for some ¢ > 0. Notice that we can assume that ¢y > ¢.
So, we have as t T oo,

pD(taIay) > Cpr(t_ea‘TOaIO)

pDa (tJ‘TOv‘TO) h pDa (t,l‘o,l‘o)
(0) —b 2

TN
(xg" —a)?

where x&o) is the d-th component of zy. Thus, the family of functions

D
{%: t> to} is bounded on compact subsets of D x D. Next, we
claim that

pDa (tv Zo, IO)

sup < 00.
t>t0,[s|<2 PP (t + 5,20, T0)
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To see this, for sufficiently large t > to and |s| < 2,

_d+2
pPe(t,mo,20)  @ooE(b+100—a)’t
pPa(t + s, w0, 20) W(b-i-l()()—a)?(t—ks)*%

d+2

t+s)\ 2 s\ &2
= y :(14—;) < 00.

D
Therefore, the family of functions {% it > to} is equicontinuous on

compact subsets of D x D by Lemma 2.1 in [2]. Therefore, Arzela-Ascoli the-
orem implies that any sequence converging to infinity contains a subsequence
t, T oo such that

D

t
lim g(—fﬂw V()
tnloo pPa(ty,, o, z0)

for some continuous function V(-,y), where the convergence is uniform on
compact subsets of D. Note that V(z,y) > C’% > 0 and therefore

V(z,y) is nontrivial.
From the semigroup property, we get that for any s > 0,

PP (tn + 5,2,y) _/ PP (tn, x,€)
pDa(tn7$07$0) DpDa(tnv'rO?xO)

pP(s,&,y) de.

Recall from (2.5) that Z)”D(#’y) <1forallt>0;z,y € Dandxy € Dy. Us-

Daq (t,Io,mo) —
ing this inequality, the Gaussian bound for p” and the dominated convergence
theorem, we obtain

Vi(ry) = /D V(. O)pP (s, €. ) de.

Therefore, V (-, y) is a nontrivial positive harmonic function vanishing at the
boundary 0D of D. Since H is one dimensional by Theorem 2.1, V(-,y) =
a(y)u(-) for some function a = a(y). By the symmetry of the problem, we
have

V(z,y) = Cru(z)u(y)
for some positive constant C7, which may depend on the subsequence. So,
D
. b (t’n«v Z, y)
lim ——— = Ciu(x)u(y).
tuloo pPa(ty, x0, 20) (e)uly)

On the other hand, by the explicit formula of pP=, we obtain

D 42 p
p (tnvxvy) I tn2 p (tnvxvy)

tnloo pPa(t,, 20, 0)  taloo W(b +100 — a)?’
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So,
42 5
. tn tnv‘rv
thm 5 pb ( y) 5 = Cru(z)u(y).
S W( + 100 — a)
Hence,
d+2
m t,% p” (tn, z,y) = Cu(z)u(y),

tn Too
where C = %(b + 100 — a)?. Notice that

d+2 d+2 d+2

tnz pr (tna yv y) S tFpD(tnv ya y) S t’ﬂTpDa (t’n«v ya y)
Taking ¢, T oo and yg4 being sufficiently large give us

2 2

W(yd — b2 < C(uly))® < W(yd —a)?.

Since u(y) behaves asymptotically as yq by Theorem 2.3, we see that the limit

d+2
of tp* pP(tn,y,y) as t T oo does not depend on the subsequence t,,, and we
conclude that

}iTm t%p[) (t,x,y) = Cu(x)u(y).

The convergence is uniform on compact subsets of D x D. O
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