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ABSTRACT. In this paper we decompose the residual spectrum sup-
ported in the minimal parabolic subgroup of an inner form of the split group
SOg. The approach is the Langlands spectral theory. However, since the
group is non—quasi-split, it is out of the scope of the Langlands—Shahidi
method and the new technique for the normalization of standard intertwin-
ing operators is developed. The decomposition shows interesting parts of
the residual spectrum not appearing in the case of quasi—split groups.

INTRODUCTION

This paper deals with the residual spectrum of the hermitian quaternionic
group which is an inner form of the split group SOg. Here the part of the
residual spectrum coming from the minimal parabolic subgroup is obtained.
After the early attempts of Jacquet in [19] and the appendix of Langlands in
[30], the first time the residual spectrum was classified in a serious way was by
Moeglin and Waldspurger in [37]. The residual spectrum of quasi-split groups
has been considered afterwards by several authors such as Moeglin [33, 34, 35],
Kim [22, 23, 26], Zampera, [55], Kon-No [27]. Their approach is based on the
Langlands spectral theory ([30, 38]) and uses the Langlands—Shahidi method
([43, 45]) for the normalization of intertwining operators.

However, our situation is different. This paper is dealing with non—quasi—
split groups and we had to develop a new technique for normalization in
order to overcome the difficulty of not having the Langlands—Shahidi method
at disposal. Moreover, when compared to split group SOsg, the results of
this paper (see for example Theorem 2.31 and Theorem 2.37) show some
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interesting parts of the residual spectrum not appearing in the case of split
groups. The reason for that lies in different local normalization factors at
split and non—quasi—split places.

The method was already applied by the author to obtain the residual
spectra of inner forms of SO4 and Sp, in [11], an inner form of Spg in [13],
and some simple parts of the residual spectra of inner forms of SOy, and Spy,,
in general in [12]. Also, the residual spectrum of the general linear group over
a division algebra was obtained in [14], but the calculation relies on the results
in the body of the paper which were obtained using the comparison of trace
formulas.

Besides the Langlands spectral theory, another approach to the discrete
spectrum is through the trace formula. As explained in [2, 3, 4], Arthur
has developed the trace formula in order to describe the discrete spectrum
of connected split classical groups. His description is still conjectural since
it depends on the fundamental lemma. Furthermore, the problem of dis-
tinguishing the residual inside the discrete spectrum still remains. In [36]
Meeglin has done the first step in that direction. However, since our inner
form is non—quasi-split we do not follow Arthur’s approach in this paper.

Before giving a brief description of the method and results we introduce
some notation. Let k be an algebraic number field and A the ring of adeles
of k. For every place v of k we denote by k, the completion of k at v. Let D
be a quaternion algebra central over k and 7 the usual involution fixing the
center of D. Then D splits at all but finitely many places v of k i.e. at those
places the completion D ® k,, is isomorphic to the additive group M (2, k,) of
2 x 2-matrices with coefficients in k,. At finitely many places v of k where D
is non—split the completion D ®j k, is isomorphic to the quaternion algebra
D, central over k,. In this paper we assume that D splits at all archimedean
places and the finite set of nonarchimedean places where D is non—split is
denoted by Sp. The cardinality of Sp, denoted by |Sp|, is even for every D.

Let us now introduce groups considered in this paper. Denote by GL,,
SL,, and SO, split algebraic groups defined over k as usual. Fixing the basis
of underlying vector space these are groups of all invertible n x n—matrices, all
unit determinant n x n—matrices and the connected component of the group
of isometries of the bilinear form defined by the 2n x 2n—matrix Js, having
1’s on the secondary diagonal and zeroes elsewhere.

The group of invertible n x n—matrices with coefficients in D regarded
as a reductive algebraic group over k is denoted by GL!,. Then GL. (k,) =
GLay, (ky) for every place v € Sp. For a non-split place v € Sp the group
GL!,(k,) is the group of invertible n x n-matrices with coefficients in D,.
Let SL!, be the subgroup of matrices in GL!, having the reduced norm of the
determinant equal to 1. It is a reductive algebraic group defined over k and
SL!, (ky) = SLay, (ky) for every place v € Sp.
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Let V be the 2n—dimensional right vector space over D. We fix the basis

{e1,...,e2,} of V. Then (e;,ej) = 0j2n—j+1 for 1 < i < j < n defines an
antihermitian form on V' by

(v,v") = —7((v',v)) and (vz,v'z') = 7(z)(v,v" )2’
for all v,v" € V and x,2’ € D. The group of isometries of the form ( , )

regarded as a reductive algebraic group defined over k will be denoted by G,.
It is an inner form of the group SOy,. Hence G/ (k) = SOy, (k,) for every
place v € Sp.

It is the group G% defined above that we consider in this paper. Let
T’ be the maximal split torus in G%. It is isomorphic to GL; x GL;. The
minimal parabolic subgroup P} = M{N{ of G4 defined over k has the Levi
factor M =2 GL) x GL}. The two proper standard parabolic subgroups of G
are P{ = M{Nj with the Levi factor M{ = GL) and Py = M}N} with the
Levi factor M} = GL] xG}.

The goal of this paper is to determine the residual spectrum of the group
G4(A) supported in the minimal parabolic subgroup. Residual spectrum is
the orthogonal complement of the space of cuspidal automorphic forms in-
side the discrete spectrum. It is the direct sum of irreducible representations
which can be described in terms of cuspidal automorphic representations of
Levi subgroups using parabolic induction. By the Langlands spectral theory
[30], [38] the automorphic representations forming residual spectrum are re-
alized as residues of the Eisenstein series attached to cuspidal automorphic
representations of Levi subgroups. The poles of Eisenstein series coincide
with the poles of their constant terms which can be expressed as the sum
of standard intertwining operators. The poles of intertwining operators are
calculated using their normalization by a ratio of L-functions. For quasi—split
groups normalization is given by the Langlands—Shahidi method. However,
we use the new technique based on the fact that G4 is an inner form of SOg to
transfer the normalization by L—functions from split case of SOg to the case
of non—quasi-split GY.

In this paper we describe the part of the residual spectrum of G4 (A) com-
ing from the poles of the Eisenstein series attached to cuspidal automorphic
representations of the Levi factor M{(A) of the minimal parabolic subgroup of
GY. In a separate paper [15], we will calculate the Arthur parameters for the
residual spectrum of G5 (A) along with the Arthur parameters for the residual
spectra of inner forms of the split groups SO4, Sp, and Spg.

The paper is divided into two Sections. In Section 1 for every place v
of k the normalization of the local intertwining operators using certain ratios
of L—functions is given. This Section is divided into three Subsections where
normalization is defined for generic representations at the split place, non—
generic representations at the split place and representations at the non—split
place, respectively. It is proved that the normalized intertwining operators are
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holomorphic and non—vanishing in the closure of the positive Weyl chamber
(except at the origin in some cases) and on certain line segments required in
the calculation outside that closure. Thus the calculation of poles is reduced
to the analytic properties of L—functions. In Section 2 the calculation is
performed and the decomposition of the residual spectrum of the group G5(A)
coming from minimal parabolic subgroup is obtained. It is given in Theorems
2.12, 2.17, 2.18, 2.25, 2.26, 2.27, 2.31, 2.35, 2.37 of that Section.

When studying the poles of the Eisenstein series it is enough to consider
the real poles. There is no loss in generality because that can be achieved
just by twisting a cuspidal automorphic representation of a Levi factor by
the appropriate imaginary power of the absolute value of the reduced norm
of the determinant. Hence, this assumption is just a convenient choice of
coordinates.

We should remark that in this paper the usual parabolic induction from
standard parabolic subgroup P of G with the Levi decomposition P = M N
will be denoted by Ind% instead of IndIGg. This will not cause any confusion
since all the parabolic subgroups appearing in the paper are standard.

This paper is a part of the author’s Ph.D. Thesis. Other parts are pa-
pers [11, 12, 13]. I would like to thank my advisor G. Mui¢ for many useful
discussions and constant help during the preparation of this paper. I would
like to thank M. Tadi¢ for supporting my research and for his interest in my
work. The conversations with H. Kim and E. Lapid were useful in clarifying
several issues in automorphic forms and with I. Badulescu in representation
theory of GL,, over division algebras. Also I would like to thank my friend
M. Hanzer for many useful conversations on the local representation theory
of hermitian quaternionic groups. I am grateful to A. Zgalji¢ for carefully
drawing the figures for this paper. And finally, I would like to thank my wife
Tiki for being my everlasting inspiration.

1. NORMALIZATION OF LOCAL INTERTWINING OPERATORS

In this Section we give the normalization of intertwining operators for
G4 (ky). For the local components of a cuspidal automorphic representation
7' 22 @7/ of the Levi factor M{(A) =2 GL}(A) x GL{(A) of G4(A) we prove
the holomorphy and non—vanishing of the normalized intertwining operators
in the closure of the positive Weyl chamber (except at the origin in some cases)
and at certain open intervals outside that closure required in the calculation.
This is done for every place v of k separately.

But first we describe the structure of the group G% in more detail. Let
T’ be the maximal split torus in G%. It is isomorphic to GL; x GL;. Denote
by @’ the set of roots of G with respect to T”. Then

&' = {+e; + e, +2e1, +2¢5},
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where e;(t1,t2) = t; for all (t1,t2) € T' = GL; x GL;. For the set of positive
roots take
Ot = {e; £ eq,2e1,262}.
The corresponding set of simple roots is
AI = {61 — 62,262}.

Let W be the Weyl group of (G4, T"). If w; is the simple reflection with
respect to e; — es, and we with respect to 2es, then

W = {1, w1, we, wiwg, wowr, Wi WeW1, W1 W2, W W2W1 W3 }.

The minimal parabolic subgroup Pj = M) N} of G4 defined over k has the Levi
factor M}, = GL} x GL]. Then the two proper standard parabolic subgroups
of G4 are P{ = M{N] with the Levi factor M| = GLj corresponding to the
simple root e; — ep and Py = M4N} with the Levi factor M} = GL} xG}
corresponding to the simple root 2es. Let W(M/) denote the quotient group
of the normalizer of M; modulo M/ viewed as a subgroup of W. Observe that

Let P; = M;N; be the split form of the parabolic subgroup P/ = M/N]
for i = 0,1,2. Then P; is the standard parabolic subgroup of the split SOg
and My = GLy x GLa, My = GL4 and My = GLy x SO4. Let W(M;) denote
again the quotient group of the normalizer of M/ modulo M/ viewed as a
subgroup of W. Then W(M;) = W(M]). Throughout this paper we fix
matrix representatives of Weyl group elements as in Section 2 of [21].

Since M| = GL} x GL!, before proceeding we define certain local and
global lift of representations from GL; to GLs. They are given by the
Jacquet—Langlands correspondence as in Section 8 of [10]. More precisely,
let 7" = ®,7, be a cuspidal automorphic representation of GL{(A) which
is not one-dimensional. Then, at non-split places the lift m, of 7, is the
square—integrable representation of GLy(k,) defined by a character relation
as in Theorem (8.1) of [10]. At split places GL (k,) = GLa(k,) and the lift is
just m, = w,. The global lift of 7’ is defined using local lifts as ™ = ®,m,. By
Theorem (8.3) of [10] the global lift 7 is isomorphic to a cuspidal automorphic
representation of GLo(A). Hence, its local components 7, are generic.

Let x o det’ = ®,x, o det! be an one-dimensional cuspidal automorphic
representation of GL) (A). Here ¥, are unitary characters of k¢ and  is a uni-
tary character of AX /k*. By abuse of notation det] denotes the determinant
in GLo(k,) at split places and the reduced norm in GL|(k,) & D.* at non—
split places, while det’ is the reduced norm of the simple algebra A®yD. Then
the global lift of y o det’ is just the one-dimensional representation y o det =
®q X © det, of GLa(A). It belongs to the residual spectrum of GLy. At the
non-split place the local lift of y, o det! is defined by the Jacquet-Langlands
correspondence as in Theorem (8.1) of [10] to be the Steinberg representa-
tion of GLa(k,) twisted by x., i.e. the unique irreducible subrepresentation
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of the induced representation Indg?(k”) (xo| - |72 @ xo| - |71/?). We
1(ky)xXGL1 (ko)

denote this representation by St,,,. Observe that by our definition in this case
the global and local lift are not consistent. The reason is that the global lift
is supposed to be in the discrete spectrum, while the local lift should preserve
the Plancherel measure.

This Section is divided into three Subsections. First, in Subsection 1.1
we deal with the case of generic representation m, = w) of My(k,) = M| (k,)
at a split place v. If the global lift of 7’ is a cuspidal automorphic repre-
sentation then this local component is indeed generic. For tempered generic
representations the proof of the holomorphy and non—vanishing of normal-
ized intertwining operators in the closure of the positive Weyl chamber is
done in general for parabolic subgroups of any split classical group, but for
non—tempered generic local components we specialize to parabolic subgroup
Py (ky) of SOg(ky) with the Levi factor My(k,). In Subsection 1.2 we settle
the remaining split cases just for the Levi subgroup My (k,) of SOs(k,), i.e.
local components at split places of those 7’ that lift to a residual spectrum
representation of My(A). This is done case by case. Finally, in Subsection 1.3
non—split places are considered. We show that the normalization in this case
can be defined using the split case normalization factor of the local lift of .

1.1. Generic split case. In what follows in the generic split case we use
Shahidi’s notation (see Section 1 of [45]) and work in the generality of split
classical group G defined over local field k,, of characteristic zero. Let T be a
maximal split torus of G and ® the set of roots. Fix the Borel subgroup B
defining the set of positive roots ®* and the set of simple roots A. Let W
denote the Weyl group of (G,T). For every proper subset 6 of A let Py be
the corresponding standard parabolic subgroup with the Levi decomposition
MyNy, where Mjy is the Levi factor and Ny the unipotent radical. Let K, be
a fixed maximal compact subgroup of G(k,).
Let X*(Mjp) be the Z-module of k,—rational characters of My and

ag = Homz (X" (Mp),R) and aj = X" (My) @z R.
The complexification of ag and aj denote by ag ¢ and aj . Using the natural
duality (-, -) of a; ¢ and ag,c the homomorphism Hp, : My — ag is defined by
exp(x; Hp, (m)) = [x(m)lv

for all rational characters x € X*(Mp) where exp in the non-archimedean
case denotes exponential function with the basis ¢, the number of elements
of residual field of k,,.

For an irreducible admissible representation m, of My(k,) and s € a5 c
we form the induced representation

G(ky
I(s,m0) = Ind§{") | (my @ exp(s, Hp, (-))),
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where, as remarked in the Introduction, Indf/j(ek(‘;l) denotes induction from
the standard parabolic subgroup Py(k,). The representation of My(k,) is
extended to the representation of Py(k,) trivially on Ny(k,). Induction is
normalized in such a way that the unitary representations of My(k,) give the
unitary ones of G(k,).

The intertwining operators are defined for every w € W such that w(f) C
A by the integral

(]-]-) A(ﬁaﬁvaw)f§,v(g) = / - fg,v(w_lng)dna
U(ky)NwNg(ky)w—1

where f; , is in the space of induced representation I(s, 7, ), Ny the unipotent
radical of the opposite parabolic subgroup of Py and U the unipotent radical
of the Borel subgroup. The fixed Haar measure dn on Ny(k,) is chosen as
in Section 2 of [41]. Dependency of f,, on s is obtained using the compact
picture with respect to K, as in Section II.1 of [38]. It is well known that
this integral converges absolutely for real part of s far enough in the positive
Weyl chamber and analytically continues to the meromorphic function of s.
If P, is the standard parabolic subgroup corresponding to w() C A then
the intertwining operator A(s,m,,w) intertwines the representations I(s, m,)
and I(w(s),w(m,)) whenever s is not a pole. Here w(s) and w(m,) are the
usual actions of the Weyl group obtained from the conjugation on the Levi
factor.

Let 79 be the adjoint representation of the Langlands dual L—group of My
on the Lie algebra of the L—group of Ny. It is completely reducible and let

rg =11D...Dre,

be its decomposition into irreducibles.

For the normalization of the intertwining operator it is crucial to consider
the maximal proper parabolic subgroup case due to the Proposition of Lang-
lands in the archimedean and Shahidi in the non—archimedean case giving the
decomposition of A(s,m,,w) into the product of such intertwining operators
(Sections I.1.8 and IV.4.1 of [38]). The precise statement will be given later
in Proposition 1.4 of this Section.

Suppose that P = Pa\fo} = M N is the Levi decomposition of the maxi-
mal proper standard parabolic subgroup of G where « is a simple root. Then,
unless G = GL,,, the corresponding space af. is one-dimensional. In any case
we let

o= <PP; av>_1pP7
where pp equals half of the sum of positive roots of G not being roots of M
and we write s« = a® s for s € C. In fact a is the fundamental weight
corresponding to P. For maximal proper standard parabolic subgroup of
GL,, with the Levi factor isomorphic to GL,, x GL,, the space af is two—
dimensional. Nevertheless, tensoring by the appropriate power of the absolute
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value of the determinant reduces the consideration of intertwining operators
to the one-dimensional subspace s& = (s, @")a@. Observe that in the maximal
parabolic subgroup case there is at most one nontrivial element w € W such
that w(A\ {a}) C A. Then w(sa) = —sa.

Let 1, be a nontrivial continuous additive character of k,. We define
the normalizing factor for the intertwining operator attached to a 1,—generic
representation 7, of the Levi factor of a maximal parabolic subgroup in terms
of L—functions and e—factors as

V4
(12) T(Saa anw) = HL(isaﬂv; Tz)L(l + iS,WUaTi)ils(isﬂrvaTiawv)il
=1

for s € C. Here, the L-functions and e—factors are the ones defined by Shahidi
in Section 7 of [45] using the Satake parametrization as in [46] to define
the L—functions for unramified representations. This choice of the Satake
parametrization is the reason of not having contragredients in (1.2). The
normalized intertwining operator N (s, m,,w) is given by

A(sa, my, w) = r(sa, my, w)N (sa, my, w).

For an irreducible ,—generic tempered representation m,, the following
Proposition gives the holomorphy and non—vanishing of these normalized op-
erators in an open set slightly bigger than the closure of the positive Weyl
chamber. The proof can be found in Lemma 1 and Lemma 2 of [54] hav-
ing in mind that Conjecture A has been proved in Section 3 of [1] for the
archimedean and in Section 4 of [7] for the non—archimedean case, while As-
sumption A follows from the standard module conjecture proved in [50] and
[28] for the archimedean and in Section 2 of [7] and Section 1 of [40] for the
non—archimedean case.

PROPOSITION 1.3. Let P = M N be a maximal proper standard parabolic
subgroup of G corresponding to A\ {a} and w the nontrivial element of the
Weyl group W such that w(A\{a}) C A. Let m, be an irreducible 1, -generic
tempered representation of M (k,). Then the normalized intertwining operator
N(sa, my,w) is holomorphic and non-vanishing for Re(s) > —1/¢ where ¢ is
the length of the representation ra\{qy-

We consider now the case of general standard proper parabolic subgroup
Py = MyNy C G for an irreducible ¢, —generic representation 7, of My (k).
First, we recall a decomposition of the intertwining operator A(s,m,,w) (see
Section 2.1 of [43]).

PROPOSITION 1.4. For a subset § C A and w € W such that w(f) C A
there exist simple roots oy, s, ..., a, having the following property: if the
sequence 01, . ..,0, of subsets of A and the sequence w1, ..., w, of elements
of W are defined inductively by 61 = 0, w; is the unique nontrivial element of
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the Weyl group of My, {a,} such that w;(0;) C 0; U{as}, and 0;11 = w;(0;).
Then we have the following:
1. w=wy,wp_1...w1 and n is the length of w,
2. A(s, my,w) = A(§m Tv,n; wp) ... A(ss, Tv,2, wa) A(s, Ty, w1)
where s; = wi—1(8;_1), Tv,i = wi—1(7Tpi—1) for i > 2 and s; = s,
Ty,1 = Ty-

Observe that every A(s;, m, i, w;) is the intertwining operator in the max-
imal parabolic subgroup case for the Levi factor My, C Mg, (q,}- The corre-
sponding s € C equals (s;, ). Furthermore, if we define the subset <I>"9" w Of

the set of positive roots modulo Zy, the connected component of the center
of My, by

@;w:{a€®+:wa<0},
then it consists of n elements
q)(;r,w ={f=a1,B=witaz,.... 00 = (Wn-1...w1) tay}
and
(s, 0) = (s, 87)-
Hence, the normalization of the intertwining operator A(s,m,,w) is given
according to the decomposition of Proposition 1.4 as
n
(15) T(ﬁa ﬂﬂ;w) = HT(<§i;O‘;/>ai;7rv,iawi)
i=1
and the normalized operator by
N(§) 7T’U7 U}) = T'(§, 7T’U) w)_lA(§7 7TU7 U})
The decomposition of the normalized intertwining operator

N (s, 0y, w) = N(wi(8), w1 (my), wa) N (8, Ty, w1)

according to a not necessarily reduced decomposition of the Weyl group ele-
ment w = wow; holds by Section 3 of [1] in the archimedean and Theorem 7.9
of [45] in the non—archimedean case. Next we prove the analogue of Proposi-
tion 1.3 for a 1), —generic tempered representation of Mpy(k,).

PRrROPOSITION 1.6. Let Py = MyNy be the proper standard parabolic sub-
group of G corresponding to 8 and w an element of the Weyl group W such
that w(0) C A. Let w, be an irreducible 1, —generic tempered representation of
My(ky). Then the normalized intertwining operator N (s, m,,w) is holomor-
phic and non-vanishing for s € aj ¢ such that (Re(s),a”) > —1/Ly for all
a € @I ¢, where Ly, is the length of the corresponding adjoint representation
To N the decomposition of Proposition 1.4.
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PROOF. The normalized intertwining operator N(s,m,,w) decomposes
according to the decomposition w = wy, ...w; of Proposition 1.4 as

N(s, Ty, w) = N(8,,, To,n, Wn) - .. N (89, Ty,2, w2)N (8, Ty, w1).

In order to prove holomorphy it is enough to prove the holomorphy of each
factor. Factors are the maximal parabolic subgroup case intertwining opera-
tors for (s;, ;)@ = (s, 3;)ai, where @; is the corresponding element of aj .
Since @;iw = {f1,...,05n}, the holomorphy at (Re(s),a") > —1/¢, for all
a € (I>1+U79 follows from Proposition 1.3. Non—vanishing is a consequence of
holomorphy by Lemma 1.7 of [25]. O

Finally, we have to consider the non—tempered unitary ,—generic repre-
sentations. This will be done just for the representations m, = m; , ® ma,, of
My (ky) = GLa(ky) x GLa(k,) in the split SOg(k,) which are the local com-
ponents at v of the global cuspidal automorphic representation m = 1 ® o
of My(A).

ProrosiTiON 1.7. Let Py = MyNy be the standard parabolic subgroup
of split group SOg with the Levi factor My isomorphic to GLo X GLo. Let
Ty &= Ty ® Mo, be be the local component of a cuspidal automorphic repre-
sentation m = w1 ® wy of Mo(A). Then, for every w € W(My), the normal-
ized intertwining operator N (s, m,,w) is holomorphic and non—vanishing for
s = (s1, 82) such that

e Re(s1) = Re(s2) = 0, i.e. the closure of the positive Weyl chamber,
e 0<s1<1/2andsy=1/2,
e 1/2< 51 <1 and sy —s9 = 1.

PROOF. If a unitary generic representation m; , of GLa(k,) is not tem-
pered, then it is a complementary series, i.e. the fully induced representation
of the form

Tiw 2 IdGr () oy (i - 7 @ ol < 177),
where p;, is a unitary character of GLy(k,) and 0 < r; < 1/2. However,
since ;, is the local component of a cuspidal automorphic representation
of GLz2(A), the automorphy of the Gelbart-Jacquet lift of [9] implies that
ri < 1/4.

Since intertwining operators are compatible with induction in stages
the problem of holomorphy and non—vanishing is reduced to the tempered
case. More precisely, there is a tempered representation 7, of one of the
Levi factors GLj(ky) x GL1(ky) x GLa(ky), GLa(ky) x GL1(ky) x GL1(ky),
GL1(ky) x GL1(ky) x GL1(ky) x GL1(ky), and an element s’ of the corre-
sponding space aj ¢ such that I(s,m,) = I(s', 7,) and hence, the holomorphy
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and non—vanishing of N (s, m,,w) is equivalent to the holomorphy and non—
vanishing of N(s, 7, w). If s = (s1, s2), then in the three cases

(s1 471,81 — 11, 82),
s = (51,82 + 172,82 —12),
(s1+71,81 — 711,82 + 12,52 —T2).

Since all the representations r, in the three cases are irreducible, by Propo-
sition 1.6, it is enough to check that if s = (s1,s2) is as in the statement
of the Proposition, then (Re(s’),3Y) > —1 for every § € @;w. That is a
straightforward check using the bound 0 < r; < 1/4. o

REMARK 1.8. The normalizing factors are defined here using the Lang-
lands—Shahidi method as in [45] for the non—archimedean and in [44] for the
archimedean case. However, besides the holomorphy and non—vanishing prop-
erties of the local normalized intertwining operators which are important in
our application, these factors satisfy Theorem 2.1 of [1] by Section 7 of [45]
for the non—archimedean and Section 3 of [1] for the archimedean case.

1.2. Remaining split cases. The previous Subsection solves the problem of
the holomorphy and non—vanishing of the local normalized intertwining op-
erators in the closure of the positive Weyl chamber for the generic unitary
representations of the Levi factor My(k,) = GLa(k,) x GLa(k,) of the group
G4 (ky) = SOsg(k,) at split places v. In this Subsection we prove the same
result in the non—generic split cases needed in the sequel. These cases occur
at split places when the global lift of a cuspidal automorphic representa-
tion of the Levi factor M{(A) is not cuspidal. This happens in the case of
M/ = GL} x GL] if at least one of the cuspidal automorphic representations
of GL{(A) is one-dimensional. However, first we give the general idea how
to define the normalizing factors for certain non—generic representations and
prove the holomorphy and non—vanishing of the normalized intertwining op-
erators. This will be done as in Lemma 1.8 of [37]. In the sequel we refer to
this general idea as the general overview of the proof.

For the moment let G be any classical split group defined over k,, as in the
previous Subsection. We use all the notation introduced there. Let P = M N
be the standard proper parabolic subgroup of G defined over k, corresponding
to 8 C A and let 7, be an irreducible unitary non—generic representation of
M (k,). Assume that there exists a standard parabolic subgroup of M with
the Levi factor L corresponding to the subset 8/ € 6 C A, an irreducible
tempered generic representation 7, of L(k,) and s’ € az,’c such that =, is
isomorphic to the unique irreducible subrepresentation of

(s, ) = I (, @ exp(s, HY (),
where HM : [ — ay, is the homomorphism defined in the generic split case.
Then, for every element w of the Weyl group such that w(8) C A, the following
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diagram is commutative:

Als,mo,w) | |AG+5'7)
H{w(s), w(my)) — I(w(s +

where s is embedded into ag, ¢. In other words, A(s, 7y, w) is the restriction
of A(s + ¢',7,) to I(s,m,). Hence, the normalizing factor for A(s,n,,w) is
defined to be

(19) T(ﬁ;ﬂ_vaw) = 7’(§+§I,Tv,'UJ)

and the normalized operator N (s, m,,w) is actually the restriction of N(s +
s Ty, w) to I(s,my).

In order to prove the holomorphy and non—vanishing of N (s, m,,w) we
follow the proof of Lemma 1.8 of [37]. Since 7, is the unique irreducible
subrepresentation of IM(s',7,), there is an element w’ of the Weyl group
such that m, is the image of the M(k,) normalized intertwining operator
N(w'=(s"),w' = (r,),w"). Observe that w'(s) = s. Then, N(s,m,,w) fits into
the following commutative diagram:

N(s+w' = (g),w' ™! (m0),w")

I(s,my) I(s+w' (), w' )
N(&mnﬂ)l lN(ﬁw/*l(g%w’*l(m,ww/)
I(w(s),w(my)) — I(w(s + "), w(T)).

Now, if s+w'~1(s') € ag, ¢ satisfies the inequalities of Proposition 1.6 for
ww’, then the right vertical arrow is holomorphic and non—vanishing. Since
the upper horizontal arrow is surjective, the commutativity of the diagram
implies that N(s, m,,w) is holomorphic and non—vanishing for such s.

If s +w'1(s) € ag ¢ does not satisfy the inequalities of Proposition
1.6 for ww', then there is an element w” of the Weyl group depending on s
such that w”~!(s + w'~!(s')) satisfies those inequalities for ww'w”. Then,
N (s, my,w) fits into the following commutative diagram:

I(S,?TU) N T (w//—1(§ + w/—1(§/)), w//—lw/—l(ﬂ}))
N(éyﬂ'ufw)l N(w//71(§+w/71(g”)),w”*lw/*l(TI,),ww/w”)l
I(w(s), w(my)) = I{w(s + 5'), w(rv)),

where N = N (w"_1(§+ w'_1(§')),w”_lw'_l(rv),w'w”>.
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The right vertical arrow is holomorphic and non—vanishing by the choice
of w”. Hence, the commutativity of the diagram would imply the holomorphy
and non—vanishing of N (s, m,,w) for such s if we were able to prove that the
upper horizontal arrow is surjective. That is what we do in the required cases.

In this paper the non—generic representation 7, = 7, considered in the
general overview above will be the local component at a split place v of a
cuspidal automorphic representation 7’ & 7} ® 7 of the Levi factor M/ (A) =
GL(A) x GL}(A) of G4(A). If the global lift 7 of 7’ is a cuspidal automorphic
representation of My(A) then all the local components are generic. Therefore,
we assume that 7 is not cuspidal, i.e. at least one of the representations 7}
and 75 is one—dimensional. In the rest of this Subsection we treat separately
the case when both representations are one-dimensional and the case when
one of them is one—dimensional. In accordance we the following Section 2, the
two cases are called case C and case B, respectively.

Let 7 2 y; odet’ for i = 1,2, where ; are unitary characters of A* /k*.
Then the local components at a split place v are F;’U =m0 = Xi,0odet, where
Xi,v are unitary characters of kX. Hence, in this case m, = (x1,, o dety) ®
(x2,0 © det,) is a non-generic representation of the Levi factor My(k,) =
GLy(ky) x GLo(ky) of SOg(k,). Let T = GL; x GL; x GL; x GL; be the
maximal split torus of SOg defined over k,. Then 7, is the unique irreducible
subrepresentation of

Mo (kv — —
Indz 55 (vl 1772 @ 0l 12 @ xal |72 @ 0 - 112)

In the notation of the general overview above L =T, M = My,
To :X170®X171}®X2,U®X2,U and §/: (—1/2,1/2,—1/2,1/2)

Therefore, for s = (s1,52) € a3 c and an element w € W (M}), the normal-
izing factor is defined to be

r(s,mp,w) =1r((s1 —1/2,81+1/2,80 — 1/2, 80+ 1/2), 7, w)
and the normalized intertwining operator N (s, m,,w) is the restriction of
N((s1—1/2,81+1/2,80 —1/2,50 +1/2), 7, w)

to I(s,m,). More precisely, for the maximal parabolic subgroup case
GLg(ky) x GLa(ky) C GL4(k,) the normalizing factor equals

(110) 7"((517 32); (Xl,v © detv) ® (X2,7J © detv); wl) = T(Sl - 527X1,ﬂX§,71;)a
where w, is the unique nontrivial Weyl group element of this case and

L(SaXU)L(S - 17X’U)
L(s 42, x0)L(s + 1, x0)e(s + 1, Xo, ¥0)e(s, Xo, P0)?e(s = 1, Xo, ¥0)

’I“(S, Xv) =
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For the maximal parabolic subgroup case GLa(k,) C SO4(k,) the normalizing
factor equals
7((s1,52), (X1,0 © dety,) @ (x2,0 © dety ), w2)
L(2527 X%,U)
L(252 +1, X%,v)5(252a X%,m "Z)v) ,

where ws is the unique nontrivial Weyl group element of this case.

(1.11) = 7(2820, X2,0 0 det,, wa) =

PROPOSITION 1.12. The normalized intertwining operator
N((s1,52), (x1,0 0 dety) @ (X2,0 © dety), w)

defined above is holomorphic and non-vanishing for all w € W(M|) at s =
(s1,82) such that

e Re(s1) > Re(s2) > 0 except Re(s1) = Re(s2) =0, i.e. in the closure of
the positive Weyl chamber except at the origin,

e 0<s1<1/2andsy=1/2,

o 1 <51 <2ands; — sy =2 except at (s1,52) = (3/2,—1/2).

At the exceptional point (s1,s2) = (3/2,—1/2) it is always holomorphic
and non—vanishing for w € {1,wy,wewy,wrwewr}. Moreover, for w €
{wa, wiwa, wow we, wiwawiwe} it is holomorphic and non—vanishing at
(s1,82) = (3/2,—1/2) if X3, is nontrivial.

ProOF. By the discussion preceding this Proposition, in the notation of
the general overview

To :X170®X171}®X2,U®X2,U and §/: (—1/2,1/2,—1/2,1/2)

Then w' is the element of the Weyl group corresponding to the permutation
w' = (1,2)(3,4), where (i1,...,4;) denotes the cycle mapping i1 — is —

. — iy — 1. The Weyl group element corresponding to the permutation
p acts on aj ¢ as (s1,...,5%k) — (Sp-1(1),---,5p-1(x)) and analogously on the
representations. Hence,

s+w ) = (51 +1/2,81 —1/2,80+1/2,50 — 1/2).

If Re(s1) > Re(s2) > 0 the inequalities of Proposition 1.6 are satisfied for
every element w € W (M() and the general overview above implies the holo-
morphy and non—vanishing.

For the closure of the positive Weyl chamber the case s = Re(s1) =
Re(s2) > 0 remains. We can assume s; and s are real because otherwise the
unitary twist can be incorporated into the representations. The inequalities
of Proposition 1.6 fail to be satisfied because the difference

(s1—1/2) = (s2+1/2) = —1,
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and it should be strictly greater than —1. Hence, take w” = (1)(2,3)(4).
Then

W' (s+w'THE)) = (s +1/2,54+1/2,5 — 1/2,5 — 1/2),
which satisfies the inequalities of Proposition 1.6 for every w € W (M), and
W’ TN T) 2 X1 ® X2 @ X0 © X2,0-
Therefore, by the general overview, it is enough to check that the image of
N((s+1/2,s4+1/2,5s=1/2,5—1/2),X1.0 @ X2,0 ® X1,0 ® X2,0, W w")

is exactly I(s,m,). This is a consequence of the following decomposition

Indi(()lju(;“”) (Xl’vl ' |s+1/2 ® X27v| ) |s+1/2 ® Xl,v| : |s_1/2 ® X2,v| . |s_1/2)

l
I35 (el 177 @ xaol - 172 @ 00l - 12 @ x| )
l
Indzgi((llzz))xGLz(kv)xGLl(ku) (X27”| Y2 @ (X1, 0 dety)] - |° @ Xl - |s_1/2)
!
Indsé(ﬁiﬁiiixeh(kv>xeL1<ku> ((Xl,v odety)] - |* @ x2,0] - T2 ® X2,0] - |571/2)
!

S22 e (o det,)] - ® (xaw o det,)] - 7).
where the first and the third operators are isomorphisms and the second and
the fourth are surjective.
The case 0 < 51 < 1/2 and s3 = 1/2 is settled in the same way since
again only the difference

(s1—1/2) — (s24+1/2) =5, —3/2 < —1

fails to satisfy the inequalities of Proposition 1.6.
In the case 1 < s; < 2 and s; — s3 = 2 let z be the new variable given by
s1=2z+4+1. Then sy =z—1and 0 < z < 1. In the new variable

s+wHs)=(2+3/2,2+1/2,2—1/2,2—3/2).

For w € {1, w1, wowy, wywow; } the inequalities of Proposition 1.6 are satisfied
for all 0 < z < 1. For the remaining w they are satisfied if z > 1/2. But if
0 < z < 1/2 the sum

(z—1/2)+ (2 —3/2) =22 —2 < —L.
Nevertheless, taking w”’ = wy we obtain

W' (s+w'THS)) = (2 +3/2,2+1/2, -2+ 3/2,—2+ 1/2)
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which satisfies the inequalities of Proposition 1.6 for 0 < z < 1/2, and
W’ ' T (7) 2 X1 ® X1 ® Xa @ Xaa-
Therefore, by the general overview, it is enough to check that the image of
N((z4+3/2,2+1/2,—24+3/2,—2+1/2), X1 @ X1,0 ® X2_11, ® XQ_,}}, w'w”)

is exactly I(s, m,). This is certainly true if either z # 1/2 or z = 1/2 and x3 ,,
is nontrivial because then the normalized intertwining operator corresponding
to w” acts on the irreducible induced representation and thus it is an isomor-
phism. Since z = 1/2 corresponds to (s1,s2) = (3/2,—1/2) the last case of
the Proposition is settled. O

Let m} = x; o det’ be one-dimensional and 7} not one-dimensional cus-
pidal automorphic representation of GL}(A), where y; is a unitary character
of A*/k*. The other case, 7] not one-dimensional and 75 one—dimensional,
is settled in the completely same way. The local components of 7] at split
places are 71"1’71 & Ty, = X1, 0 dety,, where x1,, is a unitary character of k.,
while the local components of 7} at split places are the generic unitary rep-
resentations 7 , = my , of GLa(k,) because they are the local components of
the global lift of 74 which is cuspidal automorphic. Hence, if not tempered,
T, is a complementary series representation

~ GLg (ko . _
T2 = IndGLiEkv;xGLl(ku) (ol 1" @ pol - 177)
where 0 < r < 1/2 and p, is a unitary character of GL;(k,). In this case
Ty = (X1,0 0 dety) ® 72, is the unique irreducible subrepresentation of
Mo (kv) —1/2 1/2
IndGLol(kU)XGL1(kU)XGL2(kv) (Xl,'u' . | / ® X171;| . | / X 772,1}) )

which is isomorphic to

Mo (ko — -
nd 265 (xaol - 1772 @ x0l - 1V2 @ ol - 7 @ g | 77)

if mp, is a complementary series. More precisely, in terms of the general
overview above, if 7y ,, is tempered L = GL; x GL; x GLa, M = My,

Ty = Xl,v®X1,v ®7T2,v and §I = (71/271/2a0)7
while if 75 ,, is a complementary series L =T, M = M,
To = X1.0 @ X100 ® fly @ty and 8" = (—1/2,1/2,7,—r).

Therefore, for s = (s1,$2) € ahyyc and w € W(M})) the normalizing
factor is defined to be

r(s, Ty, w) =7r((s1 —1/2,81 +1/2,52), X1,0 ® X1,0 @ T2, W)
if mo ,, is tempered and

T(ﬁ;’”vfw) = T((Sl - 1/2781 + 1/2; S2 + r,S2 — T)aXl,v ® Xl,v X Mo ® Nvaw)
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if mp, is a complementary series. Since a complementary series is a fully
induced representation, the latter normalizing factor is also equal to

r((s1 —1/2,814+1/2,82), X1,0 @ X1,0 ® T2,0, W),

thus giving the uniform formula at all split places which is more suitable for
the calculations in the next Section. Nevertheless, here we prefer to write
the normalizing factor using tempered representations only. For the maximal
parabolic subgroup case GLa(ky) X GL2(k,) C GL4(k,) the normalizing factor
equals

r((s1,82), (X1,0 0 det},) @ 2,0, w1)
(1 13) _ L(S — 1/2, XLU%Q,U)

L(S + 3/2a Xl,’Uﬁ:Q,’U)E(S + 1/27 Xl,v%&v)g(s - 1/2a )(1,12%2,71)7
where s = s1 — s9 and w; is the unique nontrivial element of the Weyl group
of this case. For the maximal parabolic subgroup case GLa(k,) C SO4(k,)
and representation x, o det, of GLa(k,) the normalizing factor corresponding
to the unique nontrivial Weyl group element wy of this case is given again by
(1.11).

The normalized intertwining operator N (s, 7,,w) is the restriction of
N((Sl - 1/27 s1+ 1/2a SQ); X1,v ® X1,v ® 2,0, ’U.))
to I(s, ). Again, this normalized intertwining operator is equal to
N((s1—1/2,81+1/2,804+ 7,82 —7),X1,0 @ X1,0 @ oy @ foy, W)

if o, is a complementary series.

PROPOSITION 1.14. For every w € W (M), the normalized intertwining
operator
N((s1,52), (x1,0 0 dety) @ T2, w)
defined above is holomorphic and non—vanishing for s = (s1,s2) such that

e Re(s1) > Re(s2) =0, d.e. in the closure of the positive Weyl chamber,
e 0<s1<1/2andsy=1/2.

ProOF. By the discussion preceding this Proposition, in the notation of
the general overview,

P X1,0 @ X1,0 @ 2,0, if 7o ,, is tempered,
Y X1,0 ® X1,0 ® by @ L4y, otherwise,

S — (—=1/2,1/2,0), if w9 ,, is tempered,

= (—=1/2,1/2,r,—r), otherwise.

Then, w' = (1,2)(3)(4) in the notation of the proof of the previous Proposi-
tion. Hence,

s+ w=l(s) = (s1 +1/2,81 —1/2,9), if 79 4, i's tempered,
(s1+1/2,81 —1/2,80 + 1,83 — 1), otherwise.
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For s in the closure of the positive Weyl chamber the inequalities of Proposi-
tion 1.6 are satisfied for every w € W (M) since 0 < r < 1/2. In the tempered
case they are also satisfied for 0 < s7 < 1/2 and sy = 1/2. Hence, the general
overview implies the holomorphy and non-vanishing of N(s, m,,w). For ma
non-tempered and 0 < s; < 1/2 and s = 1/2 the problem occurs if

(s1—=1/2) — (s2+71) =< —-1.

However, repeating the same argument as in the proof of Proposition 1.12 for
Re(s1) = Re(sz) > 0 shows that N (s, m,, w) is holomorphic and non—vanishing
as claimed. O

1.3. Non-split case. In this Subsection the normalizing factors are given and
the holomorphy and non—vanishing of the normalized intertwining operators in
the closure of the positive Weyl chamber is proved for the irreducible unitary
representations 7, of the Levi factor M| (k,) of G5(k,) at the places v of k
where D is non—split. We assume that D splits at every archimedean place, i.e.
here v is non—archimedean. Since M{(k,) has no proper parabolic subgroups,
the representation 7/, is supercuspidal.

In order to prove required result for the minimal parabolic subgroup with
the Levi factor M C G, we must consider maximal proper parabolic sub-
group cases with the Levi factors GL] C G} and GL} x GL] C GL). To
make the notation uniform in all three cases let G’ denote one of the groups

5, G4, GL, and P’ = M'N’ the standard parabolic subgroup with the Levi
factor M’, one of the Levi factors M{, GL|, GL| x GL], respectively. The
corresponding split groups are denoted by G and P = M N.

For the Levi factor M’ let X*(M’) be the Z—module of k,—rational char-
acters of M'. As in the split case introduce the vector spaces ay ¢, A .c
and the homomorphism Hp: : M’ — app. At a non-split place v let v de-
note the absolute value of the reduced norm on GL](k,) = D.¢. For the split
group GL; let v denote the absolute value of the determinant on GLa(k,).
The vector space a},, ¢ is isomorphic to the split case aj, - and we fix the
isomorphism identifying v for the split and non—split group. Moreover, we
fix the isomorphism with C™ by identifying s € C with v®. Observe that
this isomorphism for a split group might not coincide with the isomorphism
used in the generic split maximal parabolic case where we identified s € C
with sa. In order to distinguish between the isomorphisms we will write s
to denote the new one and sa to denote the old one. Moreover, in the case
GL} x GL} C GLj, although aj, ¢ is two-dimensional, as in the split case,
it is enough to consider its one-dimensional subspace of the form (s/2, —s/2)
where s € C.

For s € a};, ¢ and an irreducible admissible representation m;, of M’ (k,)
we define the induced representation

I(s,m,) = Ind§,()) (), @ exp(s, Hp:(-))),
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and for w € W(M’) the intertwining operator

(115)  A(s,whw)fan(g) = / Fanlw™ ng)dr,

U’ (ko )NwN' (ky)w—1

where fs , is in the space of the induced representation I(s, 7,), N the unipo-
tent radical of the opposite parabolic subgroup of P’ and U’ the unipotent
radical of the Borel subgroup of G’. The Haar measure dn’ is chosen com-
patibly with the measure on the split form as explained in Section 2 of [42].
The dependency of f,, on s is obtained using the compact picture with re-
spect to the fixed maximal compact subgroup as in Section II.1 of [38]. The
decomposition of Proposition 1.4 holds in this case because it holds for any
reductive group.

Observe that for M’ = GL| x GL] if we write 7], = =} , ® m5,, and
s=(s1,82) € ahy ¢, then

G (ko o ,
I(§a Td}) = IndGL(/l(]g)u)><GL’1(]%)(71-11,711/6 ® Wé,vyé2)a

where G’ is G% or GL5. In the latter case, tensoring by the appropriate power
of the absolute value of the reduced norm, shows

I((s1,52),m,) = I (51— 52)/2,=(s1 = $2)/2) ,7m,) -
Observe that for the local lift m, of 7}, the GL4(k,) induced representation
I((s1,82),m) 2T (((s1—82)/2,— (81— 82)/2),7y) = I((s1 — $2)&, Ty).
For M' = GLj if s € a};, ¢ then

I(s,m) = Indgi(,lk(’;f)v) (ml ).

Observe that for the local lift m, of 7/ the induced representation

I(s,m0) = Indg 20 (mor®) 22 1258, ).

The normalization of the intertwining operators in the non—split case is
defined using the local lift of representations from GLj(k,) = DX to the
split GLa(k,). Every irreducible representation «,, of M’(k,) is supercuspidal
because M’(k,) has no proper parabolic subgroups. Let m, denote its local
lift to M(k,). It is always square—integrable. Then, the normalizing factor
for the intertwining operator A(s,m,,w) is defined to be

(1.16) r(s, T, w) = 1(s, Ty, W)
normalized intertwining operator

N(s,m,w) =r(s, 7, w) T A(s, 7, w).
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More precisely, for the maximal parabolic case GL] C G, the adjoint repre-
sentation r is the exterior square of the standard representation of GLy(C)
and the normalizing factor is

L(2s,wx,)
L(1 +2s,wy,)e(28, wa, , y)’
where wy is the unique nontrivial element of the Weyl group of this case. For
the maximal parabolic case GL] (k,) x GL] (k,) C GLj(k,), the adjoint repre-

sentation r is the tensor product of two standard representations of GLs(C)
and

(1.17) r(s, 7, wa) = 7(28Q, Ty, w2) =

r((s1,82), M, w1) = r((s1— s2)&,my, wy)
L(s1 — $2,Mu X T2)
L(1+ 51— 82,14 X Tau)e(S1 — $2, 1.0 X T2.0,Uy)’

(1.18)

where w, is the unique nontrivial element of the Weyl group of this case.

As in the generic split case, the proof of holomorphy and non—vanishing
starts with the maximal parabolic subgroup cases and then uses the decom-
position of Proposition 1.4. But first we need the equality of the Plancherel
measures proved in the Siegel cases GL,, C G, in Proposition 2.1 of [42]. The
case of GL} x GL] C GLj is settled in the same way.

LEMMA 1.19. Let M’ C G’ be one of the mazimal parabolic subgroup cases
considered, i.e. GL] C Gy or GL} x GL] C GL5. Let 7, be an irreducible
unitary representation of M'(k,) and m, its local lift to M(k,). Then, the
Plancherel measures of @l and m, are equal, i.e. p(s,w) = u(s,m,) for ev-
ery s € ayy ¢, where s denotes (s/2,—s/2) in the case GL] x GL| c GLj,.
The measures on the unipotent radicals N'(ky) and N(k,) used to define the
intertwining operators are chosen to be compatible as in Section 2 of [42].

REMARK 1.20. Since 7, is square—integrable, it is a generic representation
of M (k,). The adjoint representation r is irreducible. Thus, by equations (3.6)
and (7.4) of [45] the Plancherel measure of m, equals
5(87 T, T %)L(l -5 w(ﬂv)v T) 5(757 w(’”v)a T %)L(l + 5, Ty, T)
L(5’7TU77") L(_S’w(ﬂ-’l}))’r)

= 7"(562,77'1”11})_17"(—862, ’UJ(?TU),U}_l)_l-

p(sa,my) =

By the previous Lemma
w(s, ) = u(s,m) = r(s, m, w) tr(—s,w(m,),w )™,
which verifies equation (4.1) of [1] for the normalizing factors. Therefore, by

the remark in Section 4 of [1], the normalization factors defined here satisfy
Theorem 2.1 of [1] and we will use it in the sequel. See also Section 2.2 of [5].

PROPOSITION 1.21. Let M’ C G’ be one of the mazimal parabolic sub-
group cases considered, i.e. GL] C G} or GL} x GL] C GL). Let w be an



ON THE RESIDUAL SPECTRUM 31

irreducible unitary representation of M'(k,). Then, for Re(s) = 0 the nor-
malized intertwining operator N (s, ., w) is holomorphic and non—vanishing,
while for Re(s) < 0 it is holomorphic and non—vanishing if the induced repre-
sentation I(—s,n) is irreducible.

ProoF. For Re(s) > 0, by the Langlands classification, the intertwining
operator A(s,n,,w) is holomorphic and non—vanishing since 7, is supercusp-
idal. The L—functions appearing in 7(s, m,, w) are also holomorphic and non—
vanishing for Re(s) > 0 by Section 3 of [1] for the archimedean and Section
4 of [7] for the non-archimedean case since the lift 7, is square-integrable.
Hence, the normalized intertwining operator N (s, 7., w) is holomorphic and
non-vanishing for Re(s) > 0.

For Re(s) = 0, by the definition of the Plancherel measure, Lemma 1.19
and Remark 1.20

,U'(Sa W;)_l - A(*Sa w(ﬂl )a w_l)A(Sa 7T7I17 ’LU) - T(Sv T, ’LU)’I’(*S, w(ﬂﬂ)v w_l)'

Hence,
N(-s, w(ﬂ;)vwil)N(Sa 7T,:), w) = Id.
By Remark 1.20, Theorem 2.1 of [1] holds and specially
N(s, 7/, w)* = N(—s,w(n)),w™").

Since the representations are admissible, the space of K'-invariants for every
open compact subgroup K’ of G'(k,) is finite-dimensional and N (s, 7, w)
restricted to any such finite—dimensional space is a unitary operator. There-
fore, it is bounded and its operator norm is at most one. Taking K’ smaller
and smaller, the holomorphy follows. The non—vanishing is a consequence of
holomorphy by Zhang’s Lemma (Lemma 1.7 of [25]).

For Re(s) < 0, note that Re(—s) > 0 and hence N(—s,w(n,), w™!) is
holomorphic and non-vanishing. If the induced representation I(—s, w(w),))
is irreducible, then N(—s,w(r)),w™!) is an isomorphism. Now

N(—s,w(n)),w )N (s, 7!, w) = Id

implies that N(s,n,,w) is also an isomorphism and hence holomorphic and
non-vanishing. O

PROPOSITION 1.22. Let 7, = 7}, @ m , be an irreducible unitary rep-
resentation of the Levi factor M{(k,) = GL|(k,) x GL}(ky) of G4(k,) and
s = (s1,82) € a?w(g,(C' Then, for every w € W, the normalized intertwining
operator N (s, ,w) is holomorphic and non-vanishing for s = (s1,s2) such
that

e Re(s1) > Re(s2) =0, d.e. in the closure of the positive Weyl chamber,

e 0<s1<1/2andsy=1/2,

e 1/2< 51 <1 ands; —s9 =1,

o 1 <51 <2ands; — sy =2 except (s1,52) = (3/2,—1/2).
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At the exceptional point (s1,s2) = (3/2,—1/2) it is always holomorphic
and non—vanishing for w € {1,wy,wowr,wrwewr}. Moreover, for w €
{wa, wrwa, wowwe, wywewrws}, it is holomorphic and non—vanishing at
(s1,82) = (3/2,—1/2) if the central character wry s nontrivial.

PROOF. For holomorphy write the intertwining operator N (s, 7., w) as
the composition of the intertwining operators for the maximal parabolic cases
as in Proposition 1.4. Since = is supercuspidal, by Proposition 1.22, the
maximal parabolic case normalized intertwining operators are holomorphic for
s = (s1, s2) satisfying the conditions of the Proposition. By [42] the condition
on the central character assures that the induced representation I(—1/2, )
is irreducible as required in Proposition 1.22. The point (s1, s2) = (3/2,—1/2)
is excluded in the last open interval if the induced representation I(—1/2, )
is reducible because in that case the G’ (k,) normalized intertwining opera-
tor N(—1/2,m ,,w2) is not covered by the previous Proposition. For the
particular Weyl group elements in the last claim, the intertwining operator
N(-1/2,m ,,w2) does not occur in the decomposition. The non-vanishing
follows from the holomorphy by Zhang’s Lemma (Lemma 1.7 of [25]). O

2. CALCULATION OF THE RESIDUAL SPECTRUM

The calculation of the residual spectrum in this paper relies on the Lang-
lands spectral theory as explained in [30] and [38]. See also [33] and [34].
However, dealing with the low rank group G5 allows us to follow the exposi-
tion of [22] rather closely.

2.1. Brief Overview of the Method. Let L?(GY) be the space of automorphic
forms on G4(A) as defined in Section 1.2.17 of [38]. Then, the first step in the
decomposition of L?(G%) is the decomposition according to the cuspidal data
given in Section I1.2.4 of [38]. Since in G4 there are three standard proper
parabolic subgroups, all being self-associate, the decomposition according to
the cuspidal data for the group G%(A) gives the decomposition into the Hilbert
space direct sum
2N o T2 2 2
L*(Gy) = Ly @ Ly @ Ly,
where L?‘/f{ decomposes further into
2~ 2
L zl = @W/L(M;,Tr/)’

where the sum is over all the cuspidal automorphic representations 7’ of
M/(A). For a cuspidal automorphic representation n’ of M/(A), the space
L%M/J,) is described using the Eisenstein series attached to ' as in Section
I1.1.12 of [38]. We recall the description below. In this paper we consider the
residual part of the space L2 . where M)} =2 GL} x GL] is the Levi factor of
the minimal standard parabolic subgroup P} of G%.
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The space a}‘VIé ¢ 1s two—dimensional and we take v, the absolute value

of the reduced norm, on every factor of M/, isomorphic to GL] as the basis
elements. Then s = (s, s2) € C? corresponds to the character (v51,1%2) of
M. The positive Weyl chamber is given by Re(s1) > Re(s2) > 0.

Denote by w; and wsy the reflections with respect to simple roots e; —
es and 2ey of GY. These elements of W(M|) correspond to the maximal
parabolic case intertwining operators for GL] x GL] C GLj and GL] C G/,
respectively. Then

!
W (M) = {1, w1, wa, wrws, Wawi , W1 W1, Wal Wa, W1 W2 W3 }.

In the following Table 1 the action of the elements of W (M) on s = (s1, $2) €
ayy,c and a cuspidal automorphic representation 7= @, X Qmh, =
(®um] ) ® (®ym,) of the Levi factor Mg(A) = GL}(A) x GL}(A) is given.

Here ~ denotes the contragredient representation.

| w | w(s) = w(s1, $2) | w(r’) = w(r] @ wh) |
1 (s1,82) T ® 7h
wy (s2,51) Th @ T
w2 (81, 52) 7T/1 X 7?5
Wi Ws (—s2,81) T ® 7
wowy (s2,—$1) T ® T
W Wa W1 (—s1, 82) T @ 7h
Wo 1 Wy (—s2,—51) ThH ® T}
W1 WaW1 W2 (—81,—82) 7~T/1 ®7~Té

TABLE 1. Action of W (M)

Let ' = ®,7, be a cuspidal automorphic representation of Mj(A). For
s=(s1,82) € a}‘wé ¢ we form the induced representation

I(§, 7T/) = Indcl\if[l)((ji)) (ﬂ-/ & ezp<§7 HP(;()>) s

where H P M — ang is the homomorphism defined in Section 1. It is
the restricted tensor product of the local induced representations I(s,7’) =
®41(s, 7)), where the local induced representations I(s, m, ) are defined in the
previous Section. At almost all places, I(s,,) is unramified and the ten-
sor product is restricted with respect to the suitably normalized unramified
functions f7, at those places, i.e. the functions invariant for the fixed max-
imal compact subgroup normalized by f;’yv(lv) = 1, where I, is the identity
matrix. The induced representation I(s,n’) is always identified with its re-
alization in the space of automorphic forms. The sections fs € I(s,7’) of
automorphic forms are always chosen in such a way that the function s — fq
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is analytic on a?w(;,(c and Paley—Wiener with values in the space of the induced
representations as explained in Sections I1.1.1 and II.1.2 of [38].

As in Section I1.1.6 of [38] we define, for w € W (M) and f, € I(s,n’), the
standard intertwining operator as the analytic continuation from the domain
of convergence of the integral

A(ﬁa ,/Tlaw)fé(g) = fé(wiln/g)dnla

/U'(A)mng(A)w—l
where U’ is the unipotent radical of the Borel subgroup in G% and NB is the
unipotent radical of the opposite parabolic subgroup of Pj. The fixed Haar
measure dn’ is chosen as in Section 2 of [41]. Away from the poles it is an
intertwining operator from I(s,7’) to I(w(s),w(n")). Here w(s) and w(7w’)
denotes the action of the Weyl group induced by the conjugation on the Levi
factor M]. The intertwining operator decomposes into the restricted tensor
product of the local intertwining operators defined in the previous Section,
ie. if fo = ®y fs0, then

A(§7 7T/, w)fg = ®’UA(§7 77;;7 w)f§,v-
Here fs, = f5, at almost all places. At those places

A(s, 771;7 w)f;v =r(s, ﬂ-;ﬁ w)fi}(g,m

where fsj@w is unramified in I(w(s),w(w,)) normalized by f;(g),u(lﬂ) =1
and r(s, 7, w) is the normalizing factor.

As in Section I1.1.5 of [38] we define, for s € iy c and fs € I(s,7"), the
Eisenstein series attached to 7’ as the analytic continuation from the domain
of convergence of the following series

E(ﬁag;fgaﬂl): Z f§(79)7

YEPG(R)\G (k)

where g € G4(A). Tt is meromorphic as a function of s. By Section I1.1.12 of

[38], the space L(QM, ) is the closure of the space generated by the functions
0

of the form

2.1) g

oy E(s, g; fs,7')ds,
(27_‘_2-)2 /Re(s)_so (ﬁagaf; ’/T) S

where s, is in the domain of the absolute convergence of the integral defining
the standard intertwining operators and the series defining the Eisenstein
series.

In order to distinguish the residual part of the space L%Mé,w’) we apply the
residue theorem of Section V.1.5 of [38] to move the line of integration into the
origin of a*M(,)’C, i.e. to the line Re(s) = (0,0). Before giving more details on
the application of the residue theorem in our case, let us consider the singular
hyperplanes of the Eisenstein series inside the positive Weyl chamber. Since
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it suffices to consider the real poles of the Eisenstein series as explained in
the Introduction, it is enough to view the singularities of the Eisenstein series
inside the real part of afw&(c.

The analytic properties of the Eisenstein series, such as the position and
order of the poles and the square integrability, coincide with the analytic
properties of their constant term along Pj, i.e.

Eo(s,g; fs,m') = / E(s,n'g; fs, 7' )dn’.
N (k) \ NG (4)

On the other hand by Proposition II.1.7. of [38] the constant term equals
(2.2) Bo(s,g; fom) = > Als, 7, w)fu(9).

weW (M{)

Hence, the singularities of the Eisenstein series are the same as the singu-
larities of the sum of the intertwining operators in (2.2). This is where the
normalization of the intertwining operators of the preceding Section comes
into play, enabling us to find the singularities inside the closure of the pos-
itive Weyl chamber as the singularities of the normalizing factors which are
given using the L—functions. But the normalizing factors depend on the form
of the cuspidal automorphic representation 7’ = 7] ® 75. More precisely, we
distinguish three cases:

CASE A Both 7 and 75 are cuspidal automorphic representations,

CASE B One of 7 and 75 is a cuspidal and the other is a residual auto-
morphic representation,

CASE C Both 7 and 79 are residual automorphic representations.

In the following Theorem we restate the results of the preceding Section in
the global context. The standard proof is omitted.

THEOREM 2.3. Let ' = ®,7, be a cuspidal automorphic representation
of the group M{(A). Then, for every w € W(M}), the global normalizing

factor
r(s, ', w) Hr S, M, W)

18 a meromorphic function of s, and for every w € W(M{) the global normal-
ized operator

N(s, 7', w) =r(s, 7', w) L A(s, 7", w)
is holomorphic and non—vanishing for s = (s1, s2) such that
e Re(s1) > Re(s2) > 0, except at s = (0,0) in case C, i.e. in the closure
of the positive Weyl chamber, except the origin in case C,
e 0<s1<1/2andsy=1/2,
e Incase A, 1/2 < s1 <1 and s1 —s2 =1,
o Incase C, 1< s1 <2 and s1 — s2 =2 except (s1,52) = (3/2,—1/2).
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In case C, at the exceptional point (s1,s2) = (3/2,—1/2) it is always holo-
morphic and non—vanishing for w € {1, w1, wawy, wiwows }.

REMARK 2.4. The behavior of the global intertwining operator at
(3/2,—1/2) in case C for w = wijwewiws is also required in the calculation.
However, we will study that behavior during the calculation of the residual
spectrum at that point in case C.

Now, inside the closure of the positive Weyl chamber, the singular hy-
perplanes of the normalizing factors r(s, 7', w) for w € W(M|) are in fact
the possible singular hyperplanes of the Eisenstein series E(s, g; fs, 7). The
possible singular hyperplanes in each of the three cases are given in Figures 1,
2 and 3 below, where only the real part of aj‘w&c is presented. The Eisenstein
series is a meromorphic function with the (possible) polynomial singularities
along these hyperplanes in a sense of Section V.1.3 of [38].

Finally, we explain how to apply the residue theorem of Section V.1.5
of [38] to decompose the residual part of the space L%M{),w’) for a cuspidal

automorphic representation 7' of M{(A). We choose a path connecting s,
and the origin of a?w(,)’c satisfying the conditions of Section V.1.5 of [38] as
indicated by the dashed line in Figures 1, 2 and 3. It intersects every singular
hyperplane inside the positive Weyl chamber in only one real point and avoids
the intersections of singular hyperplanes.

The residue theorem of Section V.1.5 of [38] and the decomposition of
Section V.3.13 of [38] (see also Section 5 of [22]), show that the integral (2.1)
generating the space L?M{),w’)’ after deforming the line of integration to the
origin, gives

1

7o _\o E(ﬁag;fsaﬂ-/)dﬁ
(2mi)? /Re(g’)=(0,0) -

which generate a part of the continuous spectrum attached to 7/, and the
sum

1
(2.5) E 2_7”/11 Ress E(s, g; fs, 7')ds
S

e(§):§015

g}—)

of the residues of the Eisenstein series along the singular hyperplanes S, where
S0,s is the real point of the intersection of & with the path of deformation.
Next, for every singular hyperplane &, we fix the new coordinate z on
S such that z = 0 corresponds to the orthogonal projection of the origin of
a?w(;,(c on S. Let zp be the new coordinate of the intersection point s, 5. Then,

the integrals in (2.5) become
/ Ress E(z, g; fs, 7' )dz,
Re( ): 0

where Ress E(z, g; fs, ') is the residue along S written in the new variable
z. By the residue theorem in one variable applied to the singular hyperplane
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S, we deform the line of integration from Re(z) = zp to the origin Re(z) =0
as indicated by the dotted lines in Figures 1, 2 and 3. Again, at the origin of
S we obtain a part of the continuous spectrum, while the residues which we
pick up along the way, if square—integrable (and non—zero), generate the part
of the residual spectrum Lfes’( M) inside L%M/m,). Hence, the contribution

0
at a singular point z = ¢ on S is the iterated residue

(2.6) Res,—¢ Ress E(s, g; fs, 7).

The Langlands square—integrability criterion for the automorphic forms ob-
tained as the iterated residues (2.6) is given in the following Lemma. For the
proof see Section 1.4.11 of [38] or page 104 of [30]. Recall that the analytic
properties of the Eisenstein series coincide with the analytic properties of its
constant term.

LEMMA 2.7. Let 7' be a cuspidal automorphic representation of M{(A).
Let the iterated residue

Res,—¢ Ress Eo(s, g; fs, )

of the constant term of the Fisenstein series attached to 7' at a point s =
(s1,82) be equal to

Z Cw : N(§7 ﬁlaw)fé(g%
wEW,CW (M})
where Cy, are nonzero constants. Then, the automorphic forms in the space
LEC&(M(;,W,) obtained as the iterated residue (2.6) are square—integrable if and
only if w(s) = (s}, s) satisfies
sh < 0,
si+sy, < 0,

for allw € W{ such that fs is not in the kernel of the normalized intertwining
operator N (s, 7', w).

By Section V.3.16 of [38] (see also Section 3 of [22]), the constant term of
an automorphic form obtained as the iterated residue (2.6) of the Eisenstein
series equals the same iterated residue of the constant term of the Eisenstein
series. Therefore, by Section 1.3.4 of [38], the constant term map induces
an isomorphism of the space of the automorphic forms obtained as the iter-
ated residue (2.6) and the corresponding residue of the constant term. More
precisely, the following diagram is commutative:

Res,_¢ Resg E(s,9:fs,7)

I(s,7") L2 oo ny

res,

Res.—¢ Ress Eo(s, g; fs, ') \ / the constant term map along P(;

(28) the space of constant terms along Pé.
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Finally, when decomposing the part of the residual spectrum Lf es, M}

attached to the cuspidal automorphic representations 7’ of M{(A), we consider
separately the three cases A, B and C for «’. Hence,
~ T2 2
Lzes,M[g ~ 1% o LE o LE,
where L%, for X = A, B,C, is the Hilbert space direct sum of the resid-
2 2 . .

ual parts Lres,(M(g,w') of the spaces L(Mé,w’) where 7’ is a case X cuspidal
automorphic representation of Mg(A).

Before proceeding to the calculation we collect a few facts repeatedly used
in the sequel. The first is just an elementary fact and we omit the proof here.

LEMMA 2.8. Let L(s) be a meromorphic function on C having only simple
poles, L(0) # 0, and satisfying the functional equation L(s) = e(s)L(1 — s),
where £(s) is an entire non—vanishing function such that €(0)e(1) = 1. Then

L(s)
L(1+ s)e(s)

The following Lemma concerning the images of the normalized intertwin-
ing operators is just a simple consequence of the Langlands classification. It is
a slight generalization of the observation on page 135 of [22] and will be useful
in proving the irreducibility of the spaces of automorphic forms appearing in
the decomposition of the residual spectrum.

| =1, ifs=0 is a simple pole of L(s),
s=0 1, otherwise.

LEMMA 2.9. Let G be a reductive group defined over k, m, an irreducible
representation of M (k,), where M is the Levi factor of a standard parabolic
subgroup P, s € ayc and w € W(M). Let m, be the unique irreducible
subrepresentation of the induced representation 1M (s',7,), where L C M is
the Levi factor of a standard parabolic subgroup, 7, a tempered representation
of L(ky) and s" € aj, . If there are Weyl group elements w’,w” € W(L) such
that

1. Re(w' =1 (s + 8')) is in the positive Weyl chamber of Ar-1(p),co where
s is identified with an element of aj ¢,

2. w'ww' is the longest element of the Weyl group of (G,w'~1(L)),

3. N(w(s+ '), w(ry),w") is injective,

4. the image of N(w'~ (s + &), w' " (1), w’) is I(s,m,),
then the image of the normalized intertwining operator N (s,m,,w) is rre-
ducible.

In the special case of G = G% and the Levi factor w'='(L) = M} at a non—
split place the requirement that Re(w'~' (s + s')) = (s1,s2) is in the positive
Weyl chamber can be replaced by a weaker condition s1 = so > 0. In the split
case of G = SOg, w'™'(L) = GLy, X ... X GLyp, , where ny+...+np =4, if 7,
is square—integrable then the requirement that Re(w'=1(s +5')) = (s1,.. ., sk)
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is in the positive Weyl chamber can be replaced by a weaker condition
$1=2...28,>0, ifng>1,
(2.10) $12...2 81 2|8k >0, ifng=1and sy #0,
S12...2 81> skl =0, ifng=1ands,=0.
PrROOF. The normalized intertwining operator
Nw' s+ s),w (1), w ww)
decomposes into
N(w(s +8'),w(,),w" )N (s + s, 7o, w)N(w' (s + 8),w " (r,), w).

Since the image of N(w'~!(s + &), w'~!(7,),w’) is precisely I(s,m,) and
N(w(s+ s"),w(r,),w”) is injective, the image of
N(§) 77@,'111) = N(§+§I)Tvaw)
I(s,mv)
is isomorphic to the image of N(w'~!(s+s'),w' = (7,), w”ww'). However, the
image of that operator is irreducible because it is the long intertwining oper-
ator of the Langlands classification. In the special cases the weaker condition
on w'~1(s + ') is exactly the condition of the Langlands classification using
the fact that for GL!,(k,) and GL,,(k,) a tempered representation is fully in-
duced from a square—integrable representation of a smaller Levi subgroup.
O

REMARK 2.11. In the following calculation we use the analytic properties
of the various global L—functions attached to cuspidal automorphic represen-
tations. The global Rankin—Selberg L—function L(s,m; X m2) of the cuspidal
automorphic representations 7 and 72 of GL(A) has simple poles at s = 0
and s = 1if m; = 75 and it is entire otherwise. The global principal L—function
L(s,m) of a cuspidal automorphic representation 7 of GL2(A) is entire. The
global Hecke L—function L(s, ut) of a unitary character p of A* /k* has simple
poles at s = 0 and s = 1 if p is trivial and it is entire otherwise. All these
global L—functions are non—vanishing for Re(s) > 1. The local L—function
L(s, pty) of a unitary character p, of a p-adic field k)¢ has simple poles at
s = 2kmy/—1/logq, k € Z, if p, is trivial and it is entire otherwise. It has
no zeroes. Observe that the global Hecke L—function L(s,1) of the trivial
character 1 of A*/k* is nothing else than the Dedekind {—function of the
number field k.

2.2. Case A. In this case, both m; and 7y are cuspidal automorphic repre-
sentations of GLy(A). In Table 2 the normalizing factors for the intertwining
operators A(s, 7', w) appearing in the constant term of the Eisenstein series
attached to 7’ are given. In this case the local lift at non—split places is
consistent with the global lift and hence by (1.2) and (1.16) in the global nor-
malizing factors only the global L-functions and e—factors appear. Therefore,
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using Remark 2.11, the possible singular hyperplanes of the Eisenstein series
are as shown in Figure 1.

7
L w ] r(s, 7, w) |
1 ] 1 |
w L(Sl—s2,ﬂ'1 X%Q)
1 L(14s1—s2,m1 X72)e(s1—82,7T1 XT2)
w L(2521W7r2)
2 L(1+252,wny)e(252,0my)
Wi L(252,wry) L(s1+482,m1 X72)
1%2 L(14252,wnry)e(252,Wry) L(1451452,m1 Xm2)e(s1+52,m1 X72)
L(s1—s2,m1 X72) L(251,wr;)
waw1 T(0Fs1—s2,m1x72)e(51—52,m1 X 72) L(11251,07,)e(251,0m7)
L(Slfsz,ﬂ‘l X?l'g)
w12y L(1ts1—s2,m1 X72)e(51—52,7m1 X72)
L(2s1,wr,) L(s1+482,m1 X72)
L(14251,wry)e(251,wry ) L(1+51452,m1 X72)e(s1+52,m1 X72)
L(252,wnr,)
Wath W2 LI 252,0ng)e(Z52,0mg)
L(81+82,7T1 ><7l'2) L(2$17wﬂ-1)
L(14s1+s2,m1 Xm2)e(s1+52,m1 X72) L(1+251,wxr )e(251,wny)
L(2s2,wry) L(s1+482,m1 X72)
Wiw2 w1 w2 L(14282,wnry)e(252,wny) L(1451452,m1 X72)e(s1+52,m1 X72)
L(2s1,wry) L(s1—82,m1 X72)
L(142s1,wry)e(251,wry) L(1481—52,m1 X72)e(81—82,71 XT2)

TABLE 2. Case A normalizing factors of A(s, 7', w) for w € W (M)

While deforming the line of integration in (2.1) from s, to the origin of
a?w(;,(c inside the positive Weyl chamber as in Figure 1, we cross the singu-
lar hyperplanes. Taking the coordinate systems on those hyperplanes such
that the origin is the orthogonal projection of the origin in a?v[[g,c gives the
points where the possible poles of (2.2) occur. There are three such points
A1(3/2,1/2), A2(1,0) and A5(1/2,1/2) in Figure 1. Points A; and As lie on
the singular hyperplane s; — s3 = 1 and Ajs lies on 25, = 1.

The coordinate system on s; — so = 1 is given by s; = z + 1/2 and
s9 = z—1/2, where z denotes the new coordinate. Then, point A; corresponds
to z = 1 and Ay to z = 1/2. For the singular hyperplane 2s; = 1 the
coordinate system is given by s; = z and s2 = 1/2, where z denotes the new
coordinate. Point A3 corresponds to z = 1/2.

According to the three possible iterated poles of the Eisenstein series the
part L2 of the residual spectrum decomposes into

A=1% ol oL,

where, using the coordinate systems fixed above, L% , L% and L%, are ob-
tained, respectively, as the iterated residues

Res,—1 Ress, —s,=1 E(s, g; fs, ),
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251 =1

FIGURE 1. Case A singular hyperplanes

Resz=1/2 Resslfszzl E(ﬁ; 9; f§7 7T/),
Res,—1/2 Resas,—1 E(s, g5 fs, '),
of the Eisenstein series attached to the case A cuspidal automorphic repre-

sentations 7’ of M{(A). In the following three Theorems the decomposition
of those spaces is given.

THEOREM 2.12. The subspace L1241 of the residual spectrum of G4H(A)

decomposes into
LQAI = @W'.A1(7TI),

where the sum is over all the cuspidal automorphic representations 7’ = wi @}
of My(A) such that ) = 75 and the central character wy = wyy is trivial.

Ay (7') is the irreducible space of automorphic forms spanned by the iter-
ated residue

Resz:l Resslfszzl E(ﬁ; 9; f§7 7T/)

at s = (3/2,1/2) of the Eisenstein series attached ton'. By (2.8), the constant
term map induces an isomorphism of Ay (w') and the image of the normalized
intertwining operator

N((3/2,1/2), 7', wiwawiws).

PROOF. The contribution of the pole at point A; of the sum of the in-
tertwining operators (2.2) is obtained by taking the residue along s; — sy =1
first. Since, the normalized intertwining operators are holomorphic and non—
vanishing in the closure of the positive Weyl chamber, the pole is obtained



42 N. GRBAC

from the normalizing factors of Table 2. The pole along the singular hyper-
plane s; — so = 1 occurs if and only if m; = 75 for the intertwining operators
corresponding to the Weyl group elements w1, wowy, wiwsw and wwawyws.
It is a simple pole. Up to the nonzero constant

RGSS:1 L(S,’/Tl X %2)L(2,7T1 X %2)_15(1,7T1 X %2)_1,

the residues along s; — sy = 1 written in the new variable z defined above are
given in Table 3.

7
| w | Ress; —sp=17(s, 7", w) |
[ w ] L |
L(14+22,wr,)
‘ wawy ‘ L3+ 22,0:)e(1422,027)
L(1+2z,wx,) L(2z,m1 Xm2)
‘ wiwawy ‘ L(2422,wry)e(1422,wr; ) L(A+22,m1 X72)e(22,m1 X72)
L(—14+2z,wnr,)
W12 W2 L(2%,0ry)e(—1422,0my)

L(2z,m1 Xm2) L(142z,wx,)
L(142z,m1 Xm2)e(22,m1 Xm2) L(2422,wxr Je(1422,wxry )

TABLE 3. Residues along s; — so = 1 of case A normalizing factors

For the pole at point A; we must look at the pole of the terms in Table
3 at z = 1. The pole at z = 1 occurs if and only if w,, = 1 for the term
corresponding to wywow;ws and it is simple. Hence, the pole of the Eisenstein
series at point A; occurs if and only if m = my and w,, = wg, is trivial, i.e.
if and only if ) = 75 and wx/ = wxy is trivial. In that case the residue of the
constant term is up to a nonzero constant equal to the normalized intertwining
operator N((3/2,1/2), 7', wiwowiws). The square integrability follows from
Lemma 2.7 because wywawiwe(3/2,1/2) = (=3/2,-1/2).

It remains to prove that the image of that operator is irreducible. Using
Lemma 2.9 we prove the irreducibility of the image of the local operators
N((3/2,1/2), 7, wrwawiws) at every place v. Let w = wywowiwy and s =
(3/2,1/2). At all the places where the representation ) is tempered the
image is irreducible by the Langlands classification since s is in the positive
Weyl chamber and w is the longest Weyl group element for (G5, M{()). Observe
that this is the case for all non—split places.

For a split place where the representation m, = m , ®m2 ,, is non-tempered
at least one of representations 7; , is a complementary series, i.e.

Tiw 2 G200 sy (o] |7 © il - |7
where 0 < r; < 1/2 and p;, is a unitary character of k.¢. Then 7, is a fully
induced representation from a tempered representation of a smaller parabolic
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subgroup. In the notation of Lemma 2.9 the Levi factor L is one of the Levi
factors GL1 X GLl X GLQ, GL2 X GLl X GLl, GL1 X GLl X GL1 X GL1 and

(3/24+r1,3/2 —11,1/2),
s+s = (3/2,1/2+13,1/2 — r3),
(3/2+7"1,3/277"1,1/24’7’2,1/277’2),

where 0 < 7; < 1/2. Let w’ = 1 and in notation of the proof of Proposition

1.12

(1,2)(3),

w’ =4 (1)(2,3),

(1,2)(3,4).
Then w”ww’ is the longest Weyl group element for (SOg, L), s + s’ is in the
positive Weyl chamber and N (w(s), w(m,), w") = N(w(s+s'), w(r,),w”) is an
isomorphism. Hence, by Lemma 2.9, the image of the normalized intertwining
operator N((3/2,1/2),m,,w) is irreducible. O

Before giving the decomposition of L(Q42 we consider the induced represen-

tation Indgi(,lk(’;%) ol of G'(k,) and the corresponding normalized intertwining

operator N (0, o), ws), where o/, is a selfcontragredient irreducible unitary rep-

resentation of GL](k,). We exploit the structure of the group G} (see also

[17]).
The group G as an algebraic group over k can be realized as
(2.13)

ag b a b
G’l{[cg dZ}eGL;:geGL;,L d]eGLz,(adbC)detL(g)l}v

where det, is the determinant over split places and the reduced norm over
non-split places. Hence, G| has the following two subgroups

0
SL'l(l)Hg g]GGL’Q:gESL’l}

@) al] bl ;| a b
SL; —{[d{ dr! €GLy: | o o | €Shay,

where I, equals the 2n x 2n identity matrix at split places and I, equals
the n x n identity matrix at non—split places. The intersection of these
subgroups is {£I}} and the product SLll(l) SLéQ) is a normal subgroup of
G'. Over a local field k, the quotient is finite and isomorphic to kX / (k)2
The following Lemma considers the restriction of representations of G (k) to
SLA () SLS” (k).

Let {v,} be the fixed set of representatives of k. /(kX)%. Abusing the
notation, let «, at split places denote in the same time diagonal matrices

diag(vy,1) € GLa(k,) and diag(v,,1,1,7, ) € SO4(k,),

and
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~

while at non—split places it denotes in the same time the element of GL (k) =
D) corresponding to diag(vyy,1) € GLa(k,) in a matrix representation of D,
as in Section 2 of [16] and the matrix

diag(y, 7, 7)) € G (ko)-
This notation is justified by the fact that the conjugation in the group
SL'l(l)( )SL(Q)( k) by 7. as an element of G} (k,) is actually the conjuga-
tion by 7, as an element of GL}(k,) in SL’l(l)(k@) and SLéQ) (kv). Observe
that {7, } forms in the same time the set of representatives for
G (ko) /S (k) SLE (ko) and  GLY (ky)/SLy (k) Z (ko).

where Z is the center of GL]. These facts concerning the conjugation reduce
the proof of the following Lemma to Lemmas 2.4, 2.5 and 2.8 of [29]. See also
[49].
LEMMA 2.14. Let 7 be an irreducible representation of G(k,). The
restriction of m, to the subgroup SL'l(l)(ky) SLéQ)(ky) decomposes into
/

= @ (ied)
v SL;(I)(kU)SL(;)(kv) ( 11} ’

Yo €LY

2

where o @02, 15 any irreducible subrepresentation of the above restriction,

7” denotes representation O"YU *(g) = 0iv(v g7,) and the sum is over the

subset T’ of the set of all representatives ., such that different o g ® 02 voare
not isomorphic.
Conwversely, for an irreducible representation oy, ® 02, of the subgroup

SL'l(l)( )SL(Q)( ky) there is an irreducible representation m. of G (ky) such
that

/ /
0’1,1} & 020 C v SL/l(l)(kv)SL(Qz)(kU)'

It is unique up to a quadratic character of GY(k,) which is trivial on
SL{Y (k) SLYY (o)

LEMMA 2.15. Let 7] = IndGL(, (k))a;, where ol is a selfcontragredient
irreducible unitary representation of GL’ (ky). Then in the notation of Lemma
2.14 the restriction of m, to the subgroup SL'(l)( )SL(Q)( ky) decomposes into

, SL(2)(k )
"lSLi® (k) SLE) (k) (69% vy ) @Indgr, ) @o

where 7! is a subrepresentation of the restriction of ol from GL|(k,) to

SLll(l)(k:U) and w,: is the central character of o,,. Here I', is the set of the

’
representatives v, such that different 1,° are not isomorphic. Therefore, m,
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is irreducible if we: s trivial and it is the direct sum of two non—isomorphic
irreducible components otherwise.

PROOF. The application of the Mackey theory (similar to Corollary
5.3.4.2 of [52]) to our finite index subgroup case shows that

Gl (k)
(ndGis) ) oh)

where T®) is the maximal split torus in SLé2) and SL/I(I) T?) is isomorphic
to GL, NSL{M SLYY . Since in our matrix realization SL)" is just the SL|
inside the Levi factor GL; and T® is the center of GL), the restriction on
the right hand side decomposes into the finite direct sum

= v

n
SL/® (k) SLE? (k) SLY™ (k)T (k)

~1 SLY (ky) SLE (ko) o
SLY (ko) T (ky))

(@w;erg Tﬁ“> ® Wor,,
where 7 is an irreducible subrepresentation of the restriction of o, to SL'l(l)
(see Lemma 2.14) and w, is the central character of o;,. Hence, we obtain
SLy (ky)

/ ~ s,
T = (@ rer Ty v>®1nd Wy’
YISL® (k) SL? (ko) Tt T (k) Y00

SLE (kv)

as claimed. Now, if w,, is trivial the induced representation Ind.3) (k) @

is irreducible and the restriction of 7] becomes

" SLE (ko)
Dyrer, <Tv ‘ ®IndT(22)(kv; Wo!,

which is the restriction of an irreducible representation of G (k,). If w,: is
SLSY (ky)
T3 (ky)
irreducible representations of SLéQ) which are conjugate by a representative
~s. Denote those representations by 7 and 77. The restriction of 7/, can be
written as

not trivial the induced representation Ind W, 1s the direct sum of two

[@%EM (TLVU ® (T+)7:’>} @ [@%EF; (T{}% ® (T—)m’,ﬂ )

where every square bracket is the restriction of an irreducible representation
of G} (ky). Hence, in this case 7/ is the direct sum of two non-isomorphic
irreducible representations. O

COROLLARY 2.16. In the notation as above, the eigenspaces of the normal-
ized intertwining operator N (0,0l ,ws) acting on the induced representation

7, = Ind5 )

GL (k) ol are irreducible. More precisely,

>t @~

/
7T7J v v o



46 N. GRBAC

where, w'F denotes the irreducible eigenspace corresponding to the eigenvalue
+1, and one of ©F is trivial if and only if W 18 trivial. If v is a split place
and o), is unramified, then the unramified component of  is always 7" .

Consider the induced representation

Gy (kv)

G (ko ~ G (ky
IndC2(kv) (Tr/l,’l)l/®7r/2,v):IndGL'l(kU)XG'l(kU)<7T/17'UV®IndGi('l(k‘)v)71-/2,11)'

GL (kv ) xGL] (k)
According to Lemma 2.15 and its Corollary, it decomposes into the direct sum
of irreducible representations

G (kv) G (ky) Mo
D md%h e (ﬂ'lyvl/®(1ndGL,l(ku)7r'2’v) )
77v6{+1_}

where one of the components is trivial if and only if the central charac-
ter wyy is trivial. The image of the normalized intertwining operator
N((1,0), 7, wiwsw; ) acting on each of the irreducible components is denoted
by I/, where n, € {+,—}. Observe that one of I/ is trivial if and only if

the central character wy; is trivial.
U

THEOREM 2.17. The subspace L2 of the residual spectrum of Gh(A)
decomposes into

2

£, = (60 AP ) (o0 AP1).
The former sum is over all the cuspidal automorphic representations w' =
7w @y of M{(A) such that i = 7wl is selfcontragredient, the central character
Wrt = Wy 18 trivial and the parity condition IL, 7o = —1 holds. The latter sum
is over all the cuspidal automorphic representations © = w1 & wh of M{(A)
such that my = 7y is selfcontragredient and the central character wyr = wyy is
nontrivial.

Both A(Ql)(ﬂ/ ) and A(QQ) (7") are the spaces of automorphic forms spanned
by the iterated residues

Resz=1/2 Resslfszzl E(ﬁ; 9; f§a ,/TI)

at s = (1,0) of the FEisenstein series attached to w'. Agl)(ﬂ") is irreducible

and, by (2.8), the constant term map induces an isomorphism of Aél)(ﬂ/) and
the image of the normalized intertwining operator

N((1,0), 7', wywawy ).

By (2.8), the constant term map induces an isomorphism of A(QQ) (7") and the
sum of the irreducible representations of the form ®,IL" , where n, is one of
the two possible signs at places where wr, , = wr, , is nontrivial, at almost all

places n, = + and the product of all the signs [, n, = 1.
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PROOF. The iterated residue at Ao, as shown in Figure 1, is calculated
first along s; — s = 1. The residues written in the new variable z were
calculated in the proof of the previous Theorem and given in Table 3 up
to a nonzero constant. They appear if and only if m; = m,. The pole at
point A, is actually the pole at z = 1/2. From the analytic properties of
the L—functions involved it follows that the simple pole at z = 1/2 occurs

~

if and only if m; & 75 for the intertwining operators corresponding to the
Weyl group elements wjwow; and wywowiws. Observe that m = mo are
selfcontragredient and hence their central characters are quadratic. Up to the

nonzero constant
Ress—1 L(s,m X m2)L(2,wxr,)
L(2,m x m)e(l,m X ) L(3, wn )e(2, wr,)’

the former residue equals N((1,0), 7", wywaw;). For the latter we distinguish
two cases depending on wy,.

If the quadratic central character wy, is trivial then the Hecke L—function
L(s,wnr,) has the simple pole at s = 0, s = 1 and by Lemma 2.8 the latter
residue, up to the same constant above, equals —N((1,0), 7/, wywowiwe). Af-
ter decomposing according to Proposition 1.4 and acting on ®,, f,, the residue
at As in this case, up to a nonzero constant, equals

®7JN((]-a 0)77(:;; w1w2w1) [®7Jf7j - ®7JN((]-a 0)77(:;; w2)fv] ;

where the intertwining operator N((1,0), 7, ws) is actually the G4 (k,) in-

. Gk . e
tertwining operator for IndGi(, (2))7@ g Since wr, , = wgy, s trivial, the
1 (R ) » v

discussion before the statement of the Theorem implies that this intertwining
operator acts as n,Id,, where 1, € {£1} is uniquely determined at every
place. Therefore, the residue in this case is non—vanishing if [[, 7, = —1 and
it is the image of the normalized intertwining operator N((1,0), 7/, wqwawy).
The irreducibility of that image is obtained at the end of the proof.

If the quadratic central character wy,, is nontrivial then the Hecke L-
function L(s,ws,) is entire and by Lemma 2.8 the latter residue equals
N((1,0),n', wywowiws) up to the same constant above. Again, after decom-
posing according to Proposition 1.4 and acting on ®,, f,, the residue at A,
up to the nonzero constant, equals

®UN((15 0)7 7_(_7/” wlewl) [®va + ®UN((L 0)7 7T7Ij’ w2)fv] .

The discussion before the statement of the Theorem shows that the G} (k)
intertwining operator N((1,0), 7, w2) acts on f, as n,Id, if

Gll ko Mo
fo € (IndGL(/l(kz,) Wé,v) ;

where 7, € {+,—}. Since f, is unramified at almost all places, the operator
acts as the identity at those places, i.e. 7, = +. If the product of the
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corresponding signs [[, 7o = —1, then the residue vanishes. This gives the
last condition of the Theorem.

Since wiwowiwa(1,0) = wiwawi (1,0) = (—1,0), by Lemma 2.7, the au-
tomorphic forms obtained as the residues are square—integrable. It remains
to prove that Aél)(ﬂ" ) and ®, I/ are irreducible. It is enough to prove the
irreducibility of II)* at every place v. But II)" is the image of the normalized
intertwining operator N((1,0), 7}, wiwow;) acting on

Gh (k) Gi(ky) K
A& ) o (mhor @ (Wdgil) m, )7 ).

/ Mo
If 71 , and 75, are tempered then (Indgi(,k(’,;) ) h U) is also tempered and
5 s 1 (Fy ’

the image is irreducible by the Langlands classification since wjwsw; is the
longest Weyl group element for (G4, GL} xG’) and 1 is in the positive Weyl
chamber. Observe that this is the case at all non—split places.
Otherwise, at least one of the representations m; , of GLa(k,) is a com-
plementary series
~ GLa (ks S -
Tri,’u = IndGLfgkv;XGLl(kv) (,U/i,'u| : |T &® Mi,v' : | " ) )
where 0 < r; < 1/2 and u,, are unitary quadratic characters since m; ,
are selfcontragredient. But then, by Lemma 2.15, the induced representa-

tion Ind>0+ (k)

GlLa(k )(7'('271,) is irreducible since wg, , is trivial. Hence, the unique

nontrivial eigenspace (Ind%?éiifé WQW)"“ is fully induced from the Levi fac-
tor GL1(ky) x GL1(ky). In other words, m1 ,v ® (Indz(z‘;((il)) 7r271,)m is fully
induced from a tempered representation of a smaller parabolic subgroup.

In the notation of Lemma 2.9 let w = wjwsw; be the unique nontrivial
Weyl group element for GLs x SO4 C SOg case and s = 1. The Levi factor L
is one of GL1 X GL1 X S()47 GL2 X GL1 X GLl, GL1 X GL1 X GLl X GL1 and

(]. +7"1, 1-— 7"1),
s+s = (1;7’2;77’2);
(1 +T1) 1-—- T1,T2, _7'2)7

where 0 < r; < 1/2. Let w’ = 1 and in the notation of the proof of Proposition

1.12

(1,2),

w’ =< (3,4)we,

(1,2)(3,4)ws.
Then w'~!(s + ') in the first case is in the positive Weyl chamber, while
in the remaining two cases it satisfies the inequalities of Lemma 2.9. The
Weyl group element w”ww’ is the longest element of the Weyl group of
(SOs, L) and the normalized intertwining operator N(w(s + s'), w(r,),w”) =
N(w(s),w(m,),w") is an isomorphism. Therefore, by Lemma 2.9, TI)™ is irre-
ducible. Observe that in the second case if 71, is not square-integrable, it is
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fully induced from a square—integrable representation of GLi(k,) x GL1(k,)
and replacing s + s’ by (1,1, 72, —r2) and w” by (1,2)(3,4)ws the claim still
holds. O

Before giving the decomposition of the space L?43 we give a few facts

. . . GL, (ko) / /
concerning the induced representation IndGL,l(kv) K GL (k) (TFLU ® 7T27v), where

7}, are the irreducible unitary representations with trivial central characters
and the normalized intertwining operator N (0,7} , ® 7 ,,wy), where w; is
the nontrivial Weyl group element of the maximal parabolic subgroup case
GL| x GL| c GL}. By Theorem 4.2 of [6] at split non—archimedean, Theo-
rem B.2.d of [8] at non-split and results of [47] at archimedean places, the
induced representation above is irreducible and hence the normalized operator
N(0,7) , ®mh ,, w1) acts as +1d,. Let n, denote the sign.

THEOREM 2.18. The subspace L?43 of the residual spectrum of G5H(A)
decomposes into

13, = (er AP () & (8047 (1))

The former sum is over all the cuspidal automorphic representations w' =
T ® Ty of My(A) such that the central characters wyi = wqy are trivial,
m ¥ my and the parity condition [[,n, = 1 holds. The latter sum is over
all the cuspidal automorphic representations ™' = ) @ wh of M{(A) such that
the central characters wy; = wqy are trivial, ) 2 7 and the parity condition
[L, 7o = —1 holds.

Aél)(ﬂ") is the irreducible space of automorphic forms spanned by the
iterated residue
Res,—1/2 Resps,—1 E(s, g; fs, ')
at s = (1/2,1/2) of the Fisenstein series attached to 7'. A§2)(7r’) is the
irreducible space of automorphic forms spanned by the iterated residue
Res,—1/2 Resgs,—1(s1 — 1/2)E(s, g; fs, ')

at s = (1/2,1/2) of the Eisenstein series attached to ' multiplied by (s1—1/2).
For both spaces, by (2.8), the constant term map induces an isomorphism with
the image of the normalized intertwining operator

N((1/2, 1/2),7‘(",11}2101102).

PROOF. The first step is to look at the pole of the constant term (2.2)
of the Eisenstein series along the singular hyperplane 2so = 1. From Table
2 the pole along this hyperplane occurs if and only if w,, is trivial for the
intertwining operators corresponding to the Weyl group elements ws, wyws,
wowywy and wywewiwy and it is simple. The residues written in the new
variable z on 2s9 = 1, up to the nonzero constant

Ress=1 L(s,wr,)L(2, Wﬂz)ils(la Wﬂz)ilv
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are given in Table 4.

| w | Resgs,—1 (s, 7', w) |

| W2 | 1 |

‘ W12 ‘ L3 2L,7(erxrir/jf;(r;Xr7172%mxm) ‘

‘ Waw W ‘ L(z+3/2L,7(er>271rg;7(r;:717;,mxm) L(1+2§,(3f;“;§(12)z,wm) ‘
W1WaW1 W2 L(z+1/2,m1 Xm2)

L(2+43/2,m1xm2)e(2+1/2,m1 X72)
L(z—1/2,m Xma) L(2z,wrq)
L(z4+1/2,m1 Xm2)e(2=1/2,m1 Xm2) L(1422,wxr; )e(22,wr;)

TABLE 4. Residues along 2s; = 1 of case A normalizing factors

We are interested in the pole of the four terms in Table 4 at z = 1/2.
Observe that since w;, is trivial, my is selfcontragredient. The conditions
m = 79 and m; X Ty are equivalent and imply that wy, is trivial. Hence,
by the analytic properties of the L—functions involved, in order to have the
pole at z = 1/2 the central character w,, has to be trivial. Assuming that
Wr, = Wx, are trivial we consider the following two cases.

First, let m; % m2. Then the pole at z = 1/2 occurs for the intertwining
operators corresponding to the Weyl group elements wowiwse and wqwowqws
and it is simple. Using the selfcontragredience of 71 and 73, by Lemma 2.8

the residues are, up to the nonzero constant
L(1,m x m2) Ress=1 L(s, wn,)
L(2,m x ma)e(l,m X m2)L(2, wn, )e(l, wr,)’
equal to N((1/2,1/2), 7', wawiws) and N((1/2,1/2), 7', wiwewiws). As
W1 Wo W We = WowiWaw1, We write the residue acting on ®,, f, as

®UN((1/2a 1/2)7 7T7Iﬂ w2w1w2) [®va + ®UN((1/2a 1/2)7 7T7Iﬂ wl)f'u] )

where the intertwining operator N((1/2,1/2), 7., w1) is actually the operator
for the group GL5 (k). By the discussion preceding the statement of the The-
orem, it acts as 7,/d, at every place. The residue is nonzero if [[, 7, =1 as
claimed. Since wowiwowi(1/2,1/2) = wowiwz(1/2,1/2) = (-1/2,—-1/2), the
square integrability follows from Lemma 2.7. Therefore, the iterated residue
of the constant term of the Eisenstein series is, up to a nonzero constant,
equal to the normalized intertwining operator N((1/2,1/2), 7', wowyws).

Next, let m; = my. Then the term corresponding to wjws has the sim-
ple pole, while the terms corresponding to wewiws and wjwswiws have the
double pole at z = 1/2. Hence, in order to find the contribution to the resid-
ual spectrum, we must calculate the coefficient of (z — 1/2)~2 in the Laurent
expansion of Resgs,—1 Eo(s, g; fs, ), i.e.

Resz=1/2 ReSQSQZI(’Z - 1/2)E0(§7 g; f§7 7T/).
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Using Table 4, Remark 2.11 and Lemma 2.8, up to the nonzero constant
Ress—1 L(s,m x m2) Ress—1 L(s,1)
L(2,m x m)e(1,m x ma)L(2,1)e(1,1)’
where 1 is the trivial character of A*/k*, it equals
N((1/2,1/2), 7', wowiws) — N((1/2,1/2), 7', wiwawiws).

As in the previous case, decomposing the normalized intertwining operators
and using the discussion preceding the statement of the Theorem gives

<1 - Hm> N((1/2,1/2), 7', wowiws).

Therefore, if [, n, = —1 we obtain the contribution to the residual spectrum
as claimed. Up to a nonzero constant, the residue equals the intertwining
operator N((1/2,1/2), 7', wawiws). The square—integrability criterion is sat-
isfied as in the previous case.

Otherwise, if [, 7, = 1, the double pole cancels. We are left with the
simple pole at z = 1/2 of the terms corresponding to wiws, wawijws and
wiwawrwy. But wiwa(1/2,1/2) = (—1/2,1/2) and the Langlands square in-
tegrability criterion of Lemma 2.7 fails. Therefore, the only possibility for the
contribution to the residual spectrum is to have a constituent of the induced
representation Indg%(,ﬁg)xGL/l(A) (1/1/27r’1 ® 1/1/27r§) such that the residue at

z = 1/2 of the term corresponding to wyws vanishes. Let f be the automor-
phic form such that

N((l/Q, 1/2),77',w1w2)f =0.

Now, for f as above, we must calculate the residue at z = 1/2 of the sum
of the last two terms in the expression for the constant term of the Eisenstein

series. Since m; = my are selfcontragredient and by the global functional
equation

L(z—1/2,m xm3) =€e(z—1/2,m X m2)L(3/2 — z,m1 X 72),

the last term becomes

L(3/2— z,m X m2) L(2z,wn,)
L(z+3/2,m X ma)e(z+1/2,7m1 x m2) L(1 4 2z,wy, )e(22,wr, )
(2.19) N((z,1/2), 7", wow wowy ).
The third term is
L(z+4+1/2,m X m2) L(2z,wn,)
L(z+3/2,m X ma)e(z 4+ 1/2,m1 x m2) L(1 4 2z, wy, )e(22,wr, )
(2.20) N((z,1/2), 7", wawqws).

Let a_1 be the residue at z = 1/2 of the fraction
L(z4+1/2,m1 x mo)L(z +3/2,m x m3) te(z +1/2,m x my) L.
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Then the residue of
L(3/2 — z,m1 X ma)L(z +3/2,m x m2) te(z +1/2,m x 7)™ "
is —a_1. Let b_1 be the residue at z = 1/2 of the fraction
L(22,wr, ) L(1 4+ 22,wr,) " e(22,wr,) 7L

Let f, be the section of the induced representation I((z,1/2),n") such
that f,,o = f. Then the Taylor expansion around 1/2 of f. equals
(2.21) fe=fipp+(2=1/2)Df. + ...
where Df, is the derivative of f, as a function of z at z =1/2.

The normalized intertwining operators as functions of z have their Taylor
expansions around z = 1/2 as follows

N((Z, 1/2)a 7T/7 w2w1w2) = N((1/27 1/2)a 7T/a w2w1w2)

(2.22) +(2 —1/2)DN((2,1/2), 7', wowwsa) + - - -

N((—1/27—Z),7Tl,w1) N((_1/2a_1/2)a7‘-,7w1)

+(z = 1/2)DN((-1/2,—2), 7", w1) + - --

where DN(+) denotes the derivatives at z = 1/2 of the corresponding normal-
ized intertwining operators. By the discussion preceding the statement of the
Theorem, the normalized intertwining operator N((—1/2,—1/2), 7] ® ), w1)
acts as (][, n,)Id. In this case [[, 7, =1 and N((-1/2,—-1/2),7',wy) is the
identity. Hence, by the decomposition of the intertwining operators

N((Z, 1/2)7 7T/; w1w2w1w2) = N((1/27 1/2)a 7T/a w2w1w2)
(2.23)  +(2—1/2) - [DN((=1/2,—2), 7", w1)N((1/2,1/2), 7', wowiws)

+ DN((2,1/2), 7', wowywa)] + - - -

The constant terms of the Taylor expansions around z = 1/2 of both
intertwining operators applied to f;,, are zero by the assumption on f = f; /9
because

N((1/2,1/2),7r;,w2w1w2)f
= N((=1/2,1/2), waws(m,), w2)N((1/2,1/2), 7, wyws) f = 0.

Therefore, by (2.21) and (2.22), the residue at z = 1/2 of term (2.20) is the
sum of

a,lb,lN((1/2, 1/2),7r’,w2w1w2)sz,
while by (2.21) and (2.23) the residue at z = 1/2 of term (2.19) is the sum of
7a*1b*1DN((71/2a 72)7 ', wl)N((l/Qv 1/2)a ', w2w1w2)f1/2;

—a-1b_1DN((z,1/2),7’, waw1w2) f1/2,
—a_1b_1N((1/2,1/2), 7', wowiwa)Df,.

{ a_1b_1DN((2,1/2), 7', wawiwa) f1 /2,
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After the addition of the above residues, all the terms cancel except
—a_1b_1DN((=1/2,—z), 7", w1)N((1/2,1/2), 7', wowiw3) f1 2

which is zero by the assumption on f;,, as above. Thus, in the case w1 = mo
and [], v = 1 there is no contribution to the residual spectrum.

It remains to prove the irreducibility of the image of the normalized oper-
ator N((1/2,1/2), 7', wewiws). Using Lemma 2.9 we prove the irreducibility
of the image of the local operators N((1/2,1/2),m, wawiws) at every place
v. Since

N(wawrwe(1/2,1/2), wowrwe (), w1) = nyld,y,

it is isomorphic to the image of N((1/2,1/2), 7, wiwawiws). Let w =
wiwawiwz and s = (1/2,1/2). If w}, are both square-integrable, then by
the Langlands classification the image is irreducible since w is the longest
Weyl group element for (G4, M{)). Observe that this is the case at all non—
split places.
Otherwise, at least one of the representations m;, of GLa(k,) is of the
form
Tiw = Indgifglz:;xgm(kv) (Nim| 1" M;,v' : |_7'7') ;
where 0 < r; < 1/2 and p;, = ,u;v if r; #£ 0. Then, 7, is the fully induced
representation from a square—integrable representation 7, of the Levi factor of
a smaller parabolic subgroup. In the notation of Lemma 2.9, L is one of the
Levi factors GL1 X GL1 X GLQ7 GL2 X GL1 X GLl7 GL1 X GL1 X GL1 X GLl
and
(1/247r1,1/2—1r1,1/2),
s+s =14 (1/2,1/241r2,1/2 — 13),
(1/2471,1/2 = 71,1/2479,1/2 = 13),

where 0 < 7; < 1/2. Assume r; > ro. The other case is settled in the same
way. In the notation as in the proof of Proposition 1.12, let

(1)(2,3),
w' = (172)(3)5
(1)(2,3,4).

Then w'~1(s + s') satisfies inequality (2.10) of Lemma 2.9 and N(w'~!(s +
s'),w'"Y(7,),w’) is an isomorphism onto I(s + s, 7,) = I(s, 7). Let

(17 3; 2)7
w" = (172a3)7
(1,4,2)(3).

Then w”ww’ is the longest element of the Weyl group for (SOg,w’'~*(L)) and
N(w(s),w(my,),w”) = N(w(s + s'), w(r,),w”) is an isomorphism. Therefore,
by Lemma 2.9, the image of the normalized operator N((1/2,1/2),n,,w) is
irreducible. O
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REMARK 2.24. This is the only case where the question of the multi-
plicities in the decomposition is left open. Namely, the second part of the
decomposition of L?43 may not be multiplicity one because the iterated pole
of the Eisenstein series is not simple. In order to find the multiplicities we
should decompose the scalar product of the pseudo—Eisenstein series.

2.3. Case B. In this case one of the global lifts m; and 79 is a residual and the
other is a cuspidal automorphic representation of GL2(A). In the calculation
we assume that 7 is residual. The other case is the same. So, 7] = x71 © det’
is one—dimensional and its global lift is 73 = x1 o det. By our definition at
non-split places, the local lift of x1, o det] is the Steinberg representation
Sty , of GLa(k,) which is not the local component of m; at v.

The local normalizing factors, obtained in the previous Section, at the
split places are given by (1.9) and the maximal parabolic subgroup cases by
(1.13) and (1.11), while at the non—split places they are given using the local
lifts by (1.16) and the maximal parabolic cases by (1.18) and (1.17). Since
the central characters of xi, o det, and St,, , are both equal to Xiv and
T is cuspidal automorphic, the products over all places of the local Hecke
L—functions and e—factors appearing in the local normalizing factors for the
maximal parabolic case GL}] C G give just the global Hecke L—functions and
e—factors of the central characters x? and wi,.

The local Rankin—Selberg L-function and e—factor appearing in the local
normalizing factor at a non-split place v are L(s, St,, , X7, ) and €(s, Sty, , X
To,u, ¥y). If mo, is a supercuspidal representation of GLa(ky), by Theorem
(3.1) and Sections 8 and 9 of [20],

L(s, Sty,, X T2,0) = L(s + 1/2, X1,072,0),

8(5, X1,0 X %2,71; wv)

L(1/2 - s, Xi,})ﬂgyv)
L(s —1/2,x1,0720)
By Section (3.1) of [18] the principal L—function of a supercuspidal repre-

sentation of GLo(k,) at a non—archimedean place v is identically equal to 1.
Therefore, we can write these local L-functions and e—factors as

= E(S + 1/2a Xl,’u%Q,vv %)E(S - 1/27 Xl,v%Q,v; %)

L(s, StXl,v X o) = L(s+1/2, Xl,v%lv)L(s - 1/27X1,v%2,v)a

E(SaXl,v X %Q,U;'va) = 5(3 + 1/27X1,v%2,v;¢v)5(5 - 1/25X1,®%2705¢U)5

to be consistent with the local normalizing factors at split places (1.13).

If not supercuspidal, 7s , is a square—integrable representation of GLa (k)
because it is the local lift of the supercuspidal representation 73, of GL (ky)-
Hence, 73, = Sty,, for a unitary character x2, of k. Again, by Theorem
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(3.1), Sections 8 and 9 of [20] and Section (3.1) of [18]
L(s,Sty,, X o) = L(s+1,x1,0X2,0)L(5, X1,0X2,0)
= L(S + 1/2a XI,U%Q,’U)L(S - 1/27X1,v%2,v>a
5(57 St)a,v X %2,1)7 w'u)
= 5(5 + ]-a Xl,ng_ﬂlm 1/%)5(57 Xl,vXQ_ﬂl;v 1/%)25(8 - ]-a Xl,ng_ﬂlm 1/%)
) L(*S, Xir})XQ,v) L(]- -5, XiiXQ,v)
L(Sa Xl,vxgj;) L(S - 1; Xl,ini)
= E(S + 1/25 Xl,'u%Q,'m wq;)E(S - 1/27 Xl,vﬁ:Q,U; 1/}1;)7
which is consistent with the local normalizing factors at split places (1.13).
Therefore, in the global normalizing factor, obtained as the product over
all places of these local principal L—functions and e—factors for GLs, the global
principal L—function and e—factor of the cuspidal automorphic representation
of GLa(A) appear. All the global normalizing factors in this case are given
in Table 5. The analytic properties of the L—functions involved are given in

Remark 1.12 and show that the singular hyperplanes of the constant term of
the Eisenstein series in (2.1) are as given in Figure 2.

| w | r(s, 7, w) |
L1 | 1 |
| w | L(s1—s2—1/2,x172) |
! L(s1—s2+3/2,x172)e(s1—52—1/2,x172)e(s1—52+1/2,x172)
w L(2s2,wr5)
2 L(1+2s3,wry)e(282,wny)
wiw L(2s2,wny) L(s1+s2—1/2,x1732)
T2 | T(+255,9ny)e(252,9ny) L(s1+52+3/2,x1m2)e(51+52—1/2,x1m9)e(s1F52+1/2,x172)
Wow L(s1—s2—=1/2,x172) L(2s1,X3)
21 L(s1—5213/2,x172)e(s1 —s52—1/2,x172)e(51—s52+1/2,x172) L(1+251,x2)e(251,x2)
L(s1—s2—1/2,x172)
wW1Ww2wW = = —
121 L(s1—s2+3/2,x172)e(s1—s2—1/2,x172)e(s1—s2+1/2,x172)
L(2s1,x7) L(si+s2—1/2,x172)
L(1+2s1,x3)e(2s1,x3) L(s1+s2+3/2,x1m2)e(s1+s2—1/2,x172)e(s1+s2+1/2,x172)
L(2s2,wr5)
Waw1w2 L(19252,0n9)2(25,0mg)
L(si+s2—1/2,x172) L(2s1,x3)
L(s1+s2+3/2,x172)e(s1+52—1/2,x1m2)e(s1+s2F1/2,x172) L(1+2s1,x3)e(251.x3)
L(2s2,wnry) L(si+s2—1/2,x172)
W1w2W1 W2 L(1+2s2,wry)e(252,wry) L(s1+s2+3/2,x17m2)e(s1+s2—1/2,x172)e(s1+52+1/2,x172)
L(2s1,x3) L(s1—s2—1/2,x172)
L(1+2s1,x3)e(2s1,x3) L(s1—s2+3/2,x172)e(s1—s2—1/2,x172)e(s1 —s2+1/2,x172)

TABLE 5. Case B normalizing factors of A(s, 7/, w) for w € W (M)

While deforming the line of integration in (2.1) from s, to the origin of
a?w(g,tc inside the positive Weyl chamber as in Figure 2, we cross the singular
hyperplanes. Taking the coordinate systems on those hyperplanes gives the
points where the possible poles of (2.2) occur. In this case there is just one
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So
281 =1

s > 8 >0

-8
"

v

FI1GURE 2. Case B singular hyperplanes

such point B(1/2,1/2) in Figure 2. It lies on the singular hyperplane 2s5 = 1.
For 2s5 = 1 the coordinate system is given by s; = z and s3 = 1/2, where z
is the new coordinate. Point B corresponds to z = 1/2. Then, the space L%
is obtained as the iterated residue

Resz=1/2 R68252:1 E(§7 g; fga ,/Tl)ﬂ

of the Eisenstein series attached to the case B cuspidal automorphic repre-
sentations 7' of M{(A).

Before giving the decomposition of the case B contribution L% to the
residual spectrum, we introduce some notation. Consider the local GL,—
intertwining operator N (0, (x1,v o det),) ® 75 ,, w1) acting on the induced rep-

resentation IndgiifgzzngL,l(kv) ((x1,0 0 dety) ® 75 ) . By Theorem 4.2 of [6]
at split non—archimedean, Theorem B.2.d of [8] at non-split and results of
[47] at archimedean places, the induced representation is irreducible. Hence,
the normalized operator acts as +1d,. Denote the sign by 7,. Abusing the

notation the sign of N (0,7} , ® (x2,0 © det,), w;) will also be denoted by ,.

THEOREM 2.25. The subspace L% of the residual spectrum of G5(A) de-
composes into

L3 = (@,T/B“)(vr’)) @ (@W/B(Q)(ﬂ’)) :

The former sum is over all the cuspidal automorphic representations w =2
(x1odet’)@7h of M{(A) such that x1 is a quadratic character, mh is not one—
dimensional, the central character of wh is trivial, L(1/2, x172) is nonzero and
the parity condition [], 1, = 1 holds. The latter sum is over all the cuspidal
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automorphic representations ™' = ) @ (x2 o det’) of M{(A) such that x2 is a
quadratic character, w, is not one-dimensional, the central character of 7} is
trivial, L(1/2, xom1) is nonzero and the parity condition [[, n, = 1 holds.

Both BN (7' and BP)(1') are the irreducible spaces of automorphic forms
spanned by the iterated residues

Res,—1/2 Resgs,—1 E(s, g5 fs, ')

at s = (1/2,1/2) of the Eisenstein series attached to 7. For both spaces, by
(2.8), the constant term map induces an isomorphism with the image of the
normalized intertwining operator

N((1/2, 1/2),77'/,11}2101102).

PROOF. In the proof we obtain the spaces of automorphic forms B (7).
As mentioned at the beginning of this Subsection, spaces B(®)(7’) are obtained
in completely the same way.

We must first look at the pole of the constant term of the Eisenstein series
along 2s, = 1. From Table 5, the pole along 2s; = 1 occurs if and only if
wn, is trivial. Then it is simple and occurs for the terms corresponding to wa,
wiwe, wowiwe and wywswiws. The residues of those terms along 2so = 1 in
the new variable z are given in Table 6 up to the nonzero constant

Ress—1 L(s,1)L(2, 1)_15(1, 1)_1,

where 1 is the trivial character of A*/k*. Observe that 7o is selfcontragre-
dient since wy, is trivial.

7
| w | Resgg,—17(s, 7', w) |
[ ws | 1 |
L(z,x172) ‘
‘ wiw2 ‘ L(z+2,x1m2)e(z,xam2)e(2+1,x172)
L(Z1X17T2) L(221Xf)
W2 W1 W2 L(z+2,x1m2)e(z,xam2)e(2+1,x1m2) L(1+22,x%)e(22,x3)
L(z,x172)
W1W2W1 W2 L(z+2,x1m2)e(z,x1m2)e(2+1,x172)
L(2z,x7) L(z—1,x1m2)
L(1422z,x3)e(22,x3) L(z+1,xam2)e(z—1,x1m2)e(z,x172)

TABLE 6. Residues along 2s, = 1 of case B normalizing factors

Now, we look at the possible pole at z = 1/2 of the terms in Table
6. By the analytic properties of the L—functions involved, only the terms
corresponding to wowiwe and wjwewiwe have the simple pole at z = 1/2 if
X1 is a quadratic character. Up to the nonzero constant

Reso—1 L(s,1)L(2,1) " *e(1,1) 7 L(5/2, x1m2) e (1/2, xam2) " *e(3/2, x1m2) 1,
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the residues are equal to L(1/2, x1m2)N((1/2,1/2), 7', wewiws) and
L(1/2, xam2)L(—1/2, x1m2)
L(3/2, xam2)e(=1/2, x1m2)e(1/2, xam2)
Both residues are zero unless L(1/2,x1m2) # 0. Using the global functional
equation

N((1/27 1/2)a 7Tl; w1w2w1w2)-

L(—-1/2,x1m2) = e(—1/2, xam2)L(3/2, x172)
and e(1/2,x1m2) = 1 since xi1me is selfcontragredient and L(1/2, x1m2) #
0. The latter residue simplifies to L(1/2, x1m2)N((1/2,1/2), 7", wywawiws).
Hence, decomposing the normalized intertwining operators as in Proposition
1.4 and using the discussion preceding the Theorem, the residue at B equals

L(1/2, x172) (1 +]1] m) N((1/2,1/2), 7, wowyws).

Therefore, it is nonzero if L(1/2,x17m2) # 0 and the parity condition from
the statement of the Theorem holds. Lemma 2.7 is satisfied and the residue
equals the normalized intertwining operator N((1/2,1/2), 7, wowqws).

It remains to prove the irreducibility of the image of that operator.
Using Lemma 2.9 we prove that the image of the local intertwining op-
erator N((1/2,1/2), 7, wewiwe) is irreducible at every place v. Since
N(wawiwz(1/2,1/2), wowywe(n)),w1) = nylId,, that image is isomorphic
to the image of N((1/2,1/2), 7], wiwowiws). Let w = wijwawiwe and
s = (1/2,1/2). For a non-split place the image is irreducible since ) is
a supercuspidal representation of M{(k,) and w is the longest element of the
Weyl group.

At a split place x1,, o det, is the unique irreducible subrepresentation of

GL2(ky) —1/2 1/2
IndGLf(ku)xGLl(ku) (Xl,v| A7 @ xal - 1Y )

and o, is either tempered or a complementary series
~ GL2 (ky X .

2,0 = IndGLigkv;xGLl(kU) (M2,v| ) |7 ® :u2m| ’ | 7) )
where 0 < r < 1/2 and ps, is a unitary character of k). Hence, 7, is
the unique irreducible subrepresentation of the induced representation from
a tempered representation 7, of a smaller parabolic subgroup L(k,). In
the notation of Lemma 2.9, L is one of the Levi factors GL; x GL; x GLo,
GL1 X GL1 X GL1 X GL1 and
! (Oa ]-7 1/2)a
+s5 =
= (0,1,1/24r,1/2 —1r).

In the notation of the proof of Proposition 1.12, let

! (172a3)7
w { (1,2,3,4).

¥
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Then, w'~%(

S is in the positive Weyl chamber and N(w'~!(s +
8),w' = (), 0’

+
) is surjective onto I (s, m,) because it can be decomposed into

s
18

Ind(XI,v| : | & 7T2,7JV1/2 X Xl,v) i Ind(XI,v| : | ® Xl,v ® T2 vV1/2)
— Ind((x1. 0 dety )2 @ m 1/,

where the first arrow is an isomorphism and the second one is surjective
by the Langlands classification. Here Ind denotes the induction from the
corresponding standard parabolic subgroup to SOg(k,). Let

w,,:{ (1)(2,3),
(1)(2,4)(3)-

Then w”ww' is the longest element of the Weyl group of (SOg,w'~1(L)) and
N(w(s + ¢'),w(r,),w”) is an isomorphism. Therefore, by Lemma 2.9, the
image of N((1/2,1/2), m,,w) is irreducible. O

2.4. Case C. In this case both, m; and mg, are residual automorphic repre-
sentations of GLa(A). This means that m} = y; o det’ and 7, = x3 o det are
one—dimensional, and their global lifts are m; = 1 o det and w3 = 2 o det.
Observe that by our definition the local lift of x;, o det. at a non-split place
v is the Steinberg representation St,, , of GLy(k,) which is not the local
component at v of the global lift.

The local normalizing factors, obtained in the previous Section, at the
split places are given by (1.9) and in the maximal parabolic cases by (1.10)
and (1.11). At the non-split places they are given using the local lifts by
(1.16) and in the maximal parabolic cases by (1.18) and (1.17). As in case B,
since the central characters of x;, o det, and St,, , are both equal to X%’U,
the local Hecke L—functions and e—factors appearing in the maximal parabolic
case GL] C G are at all places those of the central character X?,v' Hence, in
the global normalizing factor just the global Hecke L—functions and e-factors
of x? appear.

The local Rankin—Selberg L—function and e—factor appearing in the lo-
cal normalizing factor at a non-split place v are L(s, Sty, , x St 71) and

(s, Sty , X St ). By Theorem (3.1) and Sections 8 and 9 of [20] they
are equal to ,

L(s, Sty , x St 1) = L(s + 1, X1,0Xz,0) L (8, X1,0X2,0);

e(s, Sty , X Sty —1,9n)
= 5(5 + ]-a XI,UX2_7'[1;7 1/%)5(57 Xl,vXQ_ﬂln 1/%)25(8 - ]-a XI,UX2_7'[1;7 1/%)
) L(]- - S, Xl_j;XQ,v)L(fsa X1_,711X2,v)
L(S - ]-7 Xl,vXQi}j)L(Sa Xl,vXQii;)
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Observe that the local L—functions appearing in the local normalizing factors
at non-split places are not the same as in (1.10) at split places. Therefore, the
global normalizing factor r(s, x) for the maximal parabolic case GL] x GL] C
GLj is of the form

L(s,xv)L(s — 1, xy)

DQD L(s 4 2,Xx0)L(s + 1, x0)e(s + 1, Xv, Y0)e(s, Xv, hv)?e(s = 1, X0, o)

I ( L(s + 1, xv)L(s; xv)

L(s+2,x0)L(s + 1, x0)e(s + 1, Xu, ¥0)e(S, Xuv, ¥n)?e(s — 1, Xu, ¥y)
. L(57XU)L(S — 17Xv) )
L(=s,xv L1 = s,x0 ")

L(s,x)L(s — 1,x)
 L(s+2,x)L(s+1,x)e(s +1,x)e(s, x)2e(s — 1, x)
. H L(s+1,x0)L(s, xv)
L(1—=s,x0 )L(=s,x0 ")’

vESD

vESD

where s = s1 £ 52 and x = X1X2i1' As before, Sp denotes the finite set of the
non—archimedean places where D is non—split.

/
[ w ] r(s, 7, w) |
L1 ] 1 |
—T
wy r(s1 — 82, X1X2 )
L(252,X§)
w2 L{14 252 x3)=(252.x2)
L(2s2,x3)
wiwz L0595 ooz PL T 52, X1X2)
_ 1 L(2s1,x3)
w2t r(s1 — 52, X1X0 ) 20795, D (2o
1 L(2s1,x7)
W1 W2W1 (81 — 82, X1X2 )L(1+2sl,x?)€(2s1,xf)7“(51 + 82, x1X2)
L(2s2,X3) L(2s1,X7)
Wwawiw2 L(1+252,X§)6(252,X§)T(81 + s2, X1X2) L(1+2s1,x2)=(2s51,Xx%)
L(2s2,x3)
W1 WaW W2 L(1+282,X%)5(2527X%)r(sl + s2, X1X2)
L(2817X?) —1
L(1+251,X?)8(251,X$)r(sl 52, X1X2 )

TABLE 7. Case C normalizing factors of A(s, 7', w) for w € W (M)

Therefore, the global normalizing factors in this case are given in Table
7. All the normalizing factors are expressed using the local and global Hecke
L—functions. Their properties are given in Remark 2.11 and imply that the
singular hyperplanes in this case are as shown in Figure 3.

While deforming the line of integration in (2.1) from s, to the origin of
a?w(;,(c inside the positive Weyl chamber as in Figure 3, we cross the singular
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hyperplanes. Taking the coordinate systems on those hyperplanes gives the
points where the possible iterated poles of (2.2) occur. Also we consider
the exceptional point (3/2, —1/2) in Theorem 2.3. There are five such points
C1(5/2,1/2),C2(2,0), C3(3/2,—1/2),C4(3/2,1/2) and C5(1/2,1/2) in Figure
3. Points C1, Cs and Cjs lie on the singular hyperplane s; — so = 2, while
points Cy and C5 lie on 259 = 1.

82

Ficure 3. Case C singular hyperplanes

The coordinate system on s1 —ss = 2 is given by s1 = z+1 and s9 = 2 —1,
where z is the new variable. Points Cq, Cy and C3 have z = 3/2, z = 1 and
z = 1/2, respectively. For 2s5 = 1 the coordinate system is given by s; = 2z
and sg = 1/2, where z is the new coordinate. Points Cy and Cj correspond
toz=3/2and z = 1/2.

According to the four possible iterated poles, the case C contribution L2
to the residual spectrum decomposes into

L2 LE oLy @ LE ®LE, &L,

where, using the coordinate systems fixed above, Lg, , LZ, , L, , L, and L7,
are obtained as the corresponding iterated residues of the Eisenstein series
E(s,g; fs, ") attached to the case C cuspidal automorphic representations 7’
of M{(A). In the following four Theorems those spaces are decomposed.
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THEOREM 2.26. The subspace Lg, of the residual spectrum of G4(A) de-

composes into
L%ﬁ = @W/Cl(ﬁl)v

where the sum is over all the one—dimensional cuspidal automorphic repre-
sentations ' =2 (y o det’) @ (x o det’) of M{(A) such that x* is trivial.

Ci1(n") is the irreducible space of automorphic forms spanned by the iter-
ated residue

Resz=3/2 Ressl*SQZQ E(ﬁ; 9; f§a ,/T/)

at s = (5/2,1/2) of the Eisenstein series attached ton'. By (2.8), the constant
term map induces an isomorphism of C1(n') and the image of the normalized
intertwining operator

N((5/2a 1/2)7 7T/7 ’LU1U}2w1U}2).

PRrROOF. As in the previous cases, for the contribution at C7 to the resid-
ual spectrum we first look at the pole along s; — so = 2. jFrom Table 7, the
pole along the singular hyperplane s; — so = 2 occurs if and only if x1 = xa2,
for the intertwining operators corresponding to the Weyl group elements wy,
wowy, wiwewy and wiwswiwse and it is simple. In the rest of the proof let
X = X1 = X2- Then Table 8 contains the residues along s; — so = 2, up to the
nonzero constant

Ress—1 L(s,1)L(2 L(2,1,)L(3,1,)
L(3,1)L(4,1)e(1,1)e(2,1)%(3,1) HL s 1,)L(=1,1,)’

written in the new variable z.

| w | Ress, —s,=2 (s, ', w) |

L w | 1 |
L(224+2,x%)

‘ w2t ‘ L1370 1957) ‘
Wi wowy L(224+2,x%)

L(2z+3, X2)6(2z+2 X2)
L(2z—1,x )L(2z x°)
L(22+1,x2)L(2242,x2)e(22—1,x2)e(22,x2)2%e(22+1,x3)
H L(QZ,XU)L(QZJ,-LX%)
YESD I(—2z,x5°)L(1—22,x5 ")
L(22—-2,x°) L(22+2,x7)
L(22—1,x%)e(22—2,x?) L(2z+3,x?)e(22+2,x?)
L(2z—1,x*)L(2z,x°)
L(22+1,x?)L(22+2,x?)e(22—1,x?)e(22,x?)?e(22+1,x7)
H L(QZ,X%)L(QZJ,-LX%)
YESD I(—22,x52)L(1—22,x5°)

w1W2W1 W2

TABLE 8. Residues along s; — s3 = 2 of case C normalizing factors

For the pole at C; we must look at the poles of the terms in Table 8 at
z = 3/2. The pole may occur only if x is a quadratic character. Then, all the
L—functions in Table 8 are the Hecke L—function of the trivial character and
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only the term corresponding to the Weyl group element wjwsw;ws has the
simple pole at z = 3/2. Hence, the iterated residue at C4, up to the nonzero
constant, equals N((5/2,1/2), 7', wiwewiws). Since wiwawiwe(5/2,1/2) =
(—=5/2,—1/2), Lemma 2.7 is satisfied.

It remains to prove the irreducibility of that image. Using Lemma 2.9 we
prove the irreducibility of the image of N((5/2,1/2), ), wiwewiws) at every
place v. Let w = wywowiwy and s = (5/2,1/2). At a non-split place the
image is irreducible by the Langlands classification since 7 is supercuspidal,
s is in the positive Weyl chamber and w is the longest element of the Weyl
group.

For a split place, x;,., o det, is the unique irreducible subrepresentation of
the induced representation

IndgffE:ngGm(kU) (:“i,v| . |—1/2 ® iy - |1/2> .
Hence, 7, is the unique irreducible subrepresentation induced from a tempered
representation of GLj (k, ) x GL1 (k) x GL1 (ky) x GL1 (ky) and, in the notation
of Lemma 2.9, s + s = (2,3,0,1). Let w’ of Lemma 2.9 be the Weyl group
element corresponding, in the notation of the proof of Proposition 1.12, to
w' = (1,2)(3,4). Then w'~!(s + s') is in the positive Weyl chamber and
N(w'=(s + &), w' = (r,),w’) is surjective onto I(s,m,). Since ww’ is the
longest Weyl group element, let w” = 1. Then, by Lemma 2.9, the image of
N((5/2,1/2),m,,w) is irreducible. O

Before decomposing L2C2 we consider the induced representation

G (ky) /
IndGi,l(kU) (Xv o detv)
where y, is a quadratic character. It is irreducible by Lemma 2.15 since
the central character x?2 is trivial. Therefore, the normalized intertwining
operator N (0, x, o det,, ws) acts as +1d,. Denote the sign by 7,,.

THEOREM 2.27. The subspace Lg,, of the residual spectrum of G4(A) de-

composes into
Léz = @W/CQ('/TI),

where the sum is over all the one—dimensional cuspidal automorphic repre-
sentations ' = (x o det’) @ (x o det’) of M{(A) such that x is a quadratic
character and the parity condition [], n, = —1 holds.

Co(7') is the irreducible space of automorphic forms spanned by the iter-
ated residue

Res,—1 Resg, —s,—2 (s, g; fs, )
at s = (2,0) of the Fisenstein series attached to 7'. By (2.8), the constant
term map induces an isomorphism of Co(n') and the image of the normalized
intertwining operator
N((2,0), 7", wywawr).
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PROOF. For the contribution at Cy to the residual spectrum the pole
along s1 — sy = 2 was already considered in the proof of the previous Theorem.
It is simple, occurs only if x = x1 = x2 and the residues are given in Table 8.

Now, we must look at the pole at z = 1 of the terms in the Table 8. The
pole may occur only if x is a quadratic character. Then, the terms corre-
sponding to wywew; and wywewiwy have the simple pole and the residues,
up to the nonzero constant

L(4,1) Res,—1 L(s,1)L(2,1) L(2,1,)L(3,1,)
L(5,1)e(4,1) L(3, 1)L(4, 1)e(1, 1)e(2, 1)22(3, 1) ULID L(—2,1,)L(-1,1,)’

are equal to
N((2,0), (x odet’) ® (x odet’), wywawr)
and
—N((2,0), (x odet’) @ (x odet’), wiwawiwy).
The sign in the latter comes from the fraction L(2z—2,1)L(2z—1,1)"e(2z—
2,1)~! which is equal to —1 at z = 1 by Lemma 2.8. According to Proposition
1.4, up to a nonzero constant, the residue at C5 can be written acting on ®,, f,
as
®UN((25 0)7 7_[_7/” wlw?wl) [®va - ®UN((2’ 0)7 7_[_7/” ’IUQ)f@] :

But the normalized intertwining operator N((2,0), 7, ,ws) is the G(ky)-
intertwining operator N (0, x, o det.,ws). By the discussion preceding the
statement of the Theorem it acts as n,Id,. Therefore the expression in the
brackets is non-vanishing if [], 7, = —1 and the residue is the normalized in-
tertwining operator N((2,0), 7", wiwqwy). It is square-integrable by Lemma
2.7 since wywawiwsz(2,0) = wywew1(2,0) = (—2,0).

It remains to prove that the image of N((2,0), 7', wjwow1) is irreducible.
Using Lemma 2.9 we prove that the image of the local normalized intertwining
operators N ((2,0), 7, wywawy ) is irreducible at every place v. At a non—split

place y, odet, is supercuspidal and by the discussion preceding the statement
of the Theorem the G/ (k,) induced representation Indg;lq(,lk(’;f)v) (xv o dety,) is
irreducible and tempered. The Weyl group element wjwsw; is actually the
longest Weyl group element for the GL} xG} C G case and 2 is in the
positive Weyl chamber. Hence, by the Langlands classification the image of
N((2,0), 7, wrwaw) is irreducible.

At a split place m, is the unique irreducible subrepresentation of the
induced representation

Ind R 2 (| V2 @ 2 @l [T @l - Y2,

where T' = GL; x GL; x GL; x GL;. Since N((2,0),m,,w2) acts as n,Id,,
it is an isomorphism and hence the image of N((2,0), 7, wiwaw;) is the
same as the image of N((2,0), 7, wiwewiws). Let w = wiwawiwy and s =
(2,0). In the notation of Lemma 2.9, the Levi factor L = T, representation



ON THE RESIDUAL SPECTRUM 65

To = Xv ® Xo ® Xo ® Xo is supercuspidal and s + s' = (3/2,5/2,—1/2,1/2).
Let w’ be the Weyl group element corresponding to the permutation w’ =
(1,2)(3,4) and w” = 1. Then w'~!(s+s') satisfies inequality (2.10) of Lemma
2.9, w”ww'’ is the longest Weyl group element for (SOg,T') and the image of
N(w' = (s+8'), 7y, w’) is precisely I((2,0),7,). Therefore, by Lemma 2.9, the
image of N((2,0),m,,w) is irreducible. O

Before describing L2C3 we need the composition series of the induced rep-
resentation

1 =Tndg {0, (Oco det)y1/2)

At a split place let T'(k,) be the maximal split torus of SO4(k,), Pi(k,) and
Py (k,) the two maximal parabolic subgroups with Levi factors L;(k,) and
Lo (k) isomorphic to GLa(k,), where Pj(k,) is the one with the property
that the minimal parabolic subgroup defined over k of G (k,) is an inner
form of Pj(k,). Then, the local component at a split place v of the induced
representation above is the induced representation

SO4(ky _
I, = IndLl(“k(f)) ((xv o det,)v 1/2) .

The composition series for the local induced representations are considered in
the following Lemma.

LEMMA 2.28. The local induced representation

I, = mdg;g’@(;i) ((xv ° det;)y—1/2>

is at most of length two. It is irreducible if and only if X2 is nontrivial.
At a split place v, if X2 is trivial, then the subrepresentation is isomorphic
to the Langlands quotient, denoted X,, of the standard module

SO4(ky
Ind3 3 0 (ol | @ x0)

while the quotient is isomorphic to the Langlands quotient, denoted Y, of the

standard module
Ind3 24 (Stxul/lp) .

At a non-split place v, if X2 is trivial, the subrepresentation is isomorphic
to the Langlands quotient, denoted X,, of

G (K
Indc;i(;(kl) ((Xw ° det;)’/l/Q) ;
while the quotient, denoted Y,, is square—integrable.

PRrOOF. The first part of the Lemma follows from Lemma 2.15. For v
non-split, the composition series is obvious because y, odet., is supercuspidal.
If v is split we look at the composition series of the induced representation

SO4(ky _
Vo = Tnd3 o (ol 17 @)
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By induction in stages, inducing to Ly (k,) = GL2(k,) shows that both

1, = ndy O (o dety)v172)

and

Jy =38 (St v12)

are subquotients of V,,. Both representations I, and J, are of length two by
Lemma 2.15. Thus V,, is of length four. On the other hand, first inducing to
Lo (k,) = GLg(k,) shows that

1 = ndy 0 (o dety)v172)

and

v La(ky
are also subquotients of V,,, both of length two.

Observe that the exponents of V,, satisfy the conditions for the open neg-
ative Weyl chamber. Thus, V,, contains the unique irreducible subrepresenta-
tion which is the Langlands quotient X, of the first standard module in the
Lemma. Since I,, and I/ are subrepresentations of V,,, they both contain X,
as a subrepresentation.

It remains to determine the quotient of I,. Observe that the exponents
of J, and J/ are in the negative open Weyl chamber. Hence, J, and J)
have the corresponding Langlands quotients as subrepresentations. Then, the
quotients of J, and J/ are isomorphic since the length of V,, is four. This also
shows that the composition series of V,, is multiplicity free. Now, the quotient
of I, is precisely the irreducible subquotient of V,, which does not appear as
a subquotient of J, and that is the Langlands quotient Y, of J/ as claimed.

Ty = nd0 ) (St 071?)

O

Next, we study the poles at s = —1/2 of the local normalized intertwining
operators N (s, x o det, ws) acting on the induced representation I, decom-
posed in the previous Lemma. This is precisely the point excluded in Theorem
2.3.

LEMMA 2.29. If 2 is nontrivial, then the local normalized intertwining
operator
N (s, xo o det,, ws)
is holomorphic and non—vanishing at s = —1/2. Moreover, it is an isomor-
phism.
If X2 is trivial, then the local normalized intertwining operator
N (s, xo o det,, ws)
has a pole at s = —1/2. Moreover, the operator

N(—1/2, Xo o det), wy) = 1im/2 (s +1/2) N(s, xy o det., wa)
s——1
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is holomorphic and nmon—vanishing. In the notation of the previous Lemma
2.28, its kernel is X, and its image is isomorphic to Y,. Thus, N(s,xy o
det],ws) at s = —1/2 restricted to the subrepresentation X, of I, does not
have a pole.

PROOF. If x2 is nontrivial, the claim on the holomorphy and non—
vanishing is already proved in Lemma 1.12 for a split place and Lemma 1.22
for a non—split place. Then, the operator is an isomorphism since it acts on
an irreducible representation.

First, let v be a non-split place and x? trivial. The normalized intertwin-
ing operator N(1/2, x, odet,,ws) is the operator of the Langlands classifica-
tion. Hence, it is holomorphic, its kernel is isomorphic to Y, and its image is
X,. Since

N(s,xy o det, wa)N(—s,x, o det, , wy) = Id,
the normalized operator N (s, x, o det,,ws) has a pole at s = —1/2 because
otherwise the composition would have nontrivial kernel. The pole is simple by
Lemma 2.15 since the corresponding pole for SLy(k,) is simple. Furthermore,
after cancelling the pole we have

N(—=1/2, xy o det), wa)N(1/2, x, o det! ws) = 0,

and the holomorphic and non—vanishing operator N (—1/2, xy odet] , ws) acts
on length two representation. Thus, its kernel is the image of N(1/2,x, o
det, ,wo) which is X,, while its image is the kernel of N(1/2,, o det., ws)
which is isomorphic to Y,,.

Finally, let v be a split place and x? trivial. We use the notation of the
proof of the previous Lemma 2.28. Consider the operator

N((*l,O),XW & me2);

acting on the induced representation V,. It is just the Lo(k,) = GLa(ky)
normalized operator. Hence, it has a simple pole at (—1,0). After cancelling
the pole, the kernel is I/, and the image is isomorphic to J. Now N(—1/2, x,0
det,, ws) is its restriction to I, and thus it has at most simple pole. After
cancelling the pole, the operator N (—1/2, x,odet] , w) has kernel isomorphic
to the intersection of I/ and I, which is X, and the image is isomorphic to
the mutual subquotient of J! and I, which is Y;,.

_ The last claim follows directly from the fact that X, is the kernel of
N(=1/2,x odet!, ws). O

COROLLARY 2.30. Let the notation be as above. If X2 is nontrivial, then
the image, which we denote W', of the normalized intertwining operator

N((3/2,-1/2), (xv o det,) @ (xv 0 det, ), wiwawiws)

is isomorphic to the Langlands quotient of the standard module

SOsg (kv
IndT(,ff) "ol P @xol | ® X0l | ®x0)
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at split places, and the Langlands quotient of the standard module
G (ko :
1A cary oy (0 © det, 0?2 @ (o o det] )u'/2)
at non—split places.
If X2 is trivial, then the image of

N((3/2,1/2),(xv 0 det;) ® (xv 0 det;), wrwawy )N (—=1/2, x» © det;, wa),

which we denote W/ is isomorphic to the Langlands quotient of the standard
module
8Os (kv) 2
IndGLj(kv)XGLl(kU)XLg(kI,) Ocol - 1* @ xol - [ ® Sty,)
at split places, and the Langlands quotient of the standard module

Gl (ky
mdG2 ) e (o det) )2 @ v,)

at non—split places.
Furthermore, if X2 is trivial, then the image of

N((3/2,1/2), (xv o dety,) @ (xo o dety,), wiwaws ),
which we denote W, is non—trivial and contains W, as a subrepresentation.

PROOF. The proof applies the idea of Lemma 2.9 with w” = 1 and w’
chosen appropriately. The choice of w’ is based on Lemma 2.29. O

Let S be the finite set of places containing the set of archimedean places
S0, the set of non—split places Sp, and the set of all non—archimedean split
places where x, is ramified. In other words, places v ¢ S are precisely non—
archimedean split unramified places. For x? nontrivial let S; be the (possibly
empty) set of places where x?2 is trivial.

THEOREM 2.31. The subspace LQC3 of the residual spectrum of G4(A) de-
composes into

12, = (2:0"()) @ (0.

The former sum is over all one—dimensional cuspidal automorphic represen-
tations ™ = (y o det’) ® (x o det’) of M}(A) such that x? is trivial. The
latter sum is over all one—dimensional cuspidal automorphic representations
7' = (xyodet') ® (yodet') of M{(A) such that x? is nontrivial, but there is at
least one split place v & Sp such that x?2 is trivial.

The spaces Cél)(ﬂl) and C§2)(7r') are the spaces of automorphic forms gen-
erated by the residues

1111’}2(2 - 1/2)n ResslfsQZQ E(§7 g; va 7'(/)
z—1 B

at s = (3/2,—1/2) of the Fisenstein series attached to ', where n is the order
of the pole at z = 1/2.
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If X2 is trivial, then by (2.8) the constant term map induces an isomor-
phism. of Cél)(ﬂ'l) and

OV [(RuevW,) @ (Qugv W),

where the sum is over all finite sets of places V' such that |V| = |Sp|, and W,
W, are the images of the intertwining operators defined in Corollary 2.30.
If x* is nontrivial, then by (2.8) the constant term map induces an iso-

morphism of C§2)(7r’) and
OV [(Boev 1)) ® (Bvesi v Wo) @ (Bugs, W))]

where the sum is over all finite sets of places V' contained in the set S1 of
places where x? is trivial and such that |V| = |SpNSi|+1, and W/, W, W/
are the images of the intertwining operators defined in Corollary 2.30.

ProOOF. The standard intertwining operators having nontrivial residues
along s; — s2 = 2 correspond to the Weyl group elements w1, wowy, wiwswy
and wywswiwse. The first three normalized intertwining operators are holo-
morphic and non-vanishing at C3 by Theorem 2.3. The residues along
s1 — s2 = 2 of their normalizing factors, given in Table 8, are holomorphic
at C3 as well, i.e. at z = 1/2 in the new variable z on $; — s3 = 2 defined
at the beginning of this Section 2.4. Recall that z is given by s1 = 2z 4+ 1
and s = z — 1. Hence, the possible pole at z = 1/2 of the Eisenstein se-
ries coincides with the pole of the residue along s; — s3 = 2 of the standard
intertwining operator

R6551752:2 A((Sla 52)7 7T/a ’UJ),
where w = wjwowws, ™ = y odet’ ® y odet’ and Y is a unitary character of
A* kX
The difficulty in studying the analytic properties of that operator is due

to the maximal parabolic case intertwining operator A(z — 1,y o det’, wy) as
we will see in a moment. Let us decompose

A((s1,82), 7", w) = A((s1,—s2), wa(n"), wywaw ) A(s2, x o det’, w)
= 7n((slv *52)7 U}Q(ﬂl)a w11U2w1)

N((s1,—52), wa ("), wiwawy ) A(sz, x o det’, ws),
according to the reduced decomposition of the Weyl group element. Along
the singular hyperplane s; — so = 2 the intertwining operator corresponding
to the Weyl group element wjwsw; has a simple pole coming from the nor-
malizing factor. Therefore, up to the same non—zero constant as in the proof
of Theorem 2.26, the residue Ress, —s,—2 A((s1, 82), 7', w) written in the new
variable z equals

L(22 —1,x*)L(22,x*)
L2241, x2)L(22 + 2,x?)e(2z — 1,x?)e(22, x?)%e(22 + 1, x?)
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I L(2z,x3)L(22 + 1,x3) L(2242,x%)
ves, L(=22, o 2)L(1 —22,xu %) | L(2z2 4 3,x%)e(22 + 2,x?)

(2.32) N((z+ 1,1 — 2),we (), wywowy ) A(z — 1, x o det’, wo).

At z = 1/2 the normalized intertwining operator in (2.32) is holomorphic and
non—vanishing. The scalar factor does not have a pole at z = 1/2. Indeed, if
x? is trivial, the simple poles of the two L—functions L(2z—1,1) and L(2z,1)
are cancelled with the poles of the local L-functions L(1 — 2z,1,,) for v € Sp
since |Sp| > 2. Hence, if x? is trivial the scalar factor in (2.32) has a zero
of order [Sp| —2 > 0 at z = 1/2. If x? is nontrivial, then only the local
L-functions L(1 — 22,x2) for v € Sp may have a pole at z = 1/2. Indeed
they have a simple pole if x2 is trivial, i.e. v € S;. Hence, the order of a zero
at z = 1/2 of the scalar factor in (2.32) equals |S; N Sp| > 0.

It remains to study the poles at z = 1/2 of A(z — 1,y o det’,ws). The
order of the pole depends on the decomposable section f, = fé‘ used

51 —S82 =2
to form the Eisenstein series. Let

fz = (®v€sz,7j) ® (®7J€Tf§,v) € I((Z + ]_,Z - 1),’/T/),

where 7' is a finite set of places containing S, and f7, is the normalized
unramified vector in I((z+ 1,z — 1), 7’) for v ¢ T. Normalizing the standard
intertwining operator acting on f, gives

L(2z,x?)
Az —1,x 0 det’,wp) f. = |
(2 =1, xodet’, wz)f L(142z,x%)e(22, x)
(2.33) [(@uerN(z = 1,x0 0 detl, ws)f20) ® (S0grf2, ) |,

where fg,ﬂ is again normalized unramified vector in the appropriate induced
representation. For v ¢ T this is justified by the fact that the unramified vec-
tor f7 /2,0 is in the subrepresentation X, and by Lemma 2.29 the normalized
intertwining operator at z = 1/2 does not have a pole there.

Consider first the case 2 is trivial. Then, the global normalizing factor
in (2.33) has a simple zero at z = 1/2. The order of the pole at z = 1/2 of
(2.33) depends on the order of the pole of the local normalized intertwining
operators

N(z—1,xpodet,, ws)fsu
for the places v € T'. Since x?2 is trivial for all v, Lemma 2.29 shows that the
pole occurs if and only if f, , is not in

G (ky
IndGi(/l(ki)xca(kv) <(Xv o det,)1*/? © Xv) '

Let To(f.) be the set of such places. Then, the order of the pole at z = 1/2
of (2.33) equals |Ty(f,)| — 1. Looking back at the initial residue (2.32) acting
on f,, the order of the pole at z = 1/2 equals |To(f.)| — |Sp| + 1. Observe
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that T always contains Sp and S and hence |T'| > |Sp| + 1. Therefore, for
any 1" we can vary the local components f., at v € T in such a way that the
number of places in Tp(f,) remains always greater than |Sp| which assures
that the Eisenstein series has a pole at z = 1/2. In other words, for any
finite set of places V' in T such that |V| = |Sp|, we can choose any f, , at
v € T\ V, while at every v € V we can choose only those f,, which give a
pole of the local intertwining operator, i.e. f., is not in the above induced
representation involving X,,.

Since the Langlands square—integrability criterion of Lemma 2.7 is satis-
fied, cancelling the pole of the Eisenstein series, for a fixed V' C T such that
|V| = |Sp| we obtain the space of square—integrable automorphic forms which
is isomorphic to

(®UEVW7$) ® (®v€T\VWv) ® <®0€Tf1/2,v):| )

where W, and W, are the images, described in Corollary 2.30, of the local

~0
intertwining operators after cancelling the pole where required, and fl /2,0 18
the normalized unramified vector of the appropriate induced representation.
Recall that for v € T\ V we are allowed to vary f, , without restriction giving
W, as the image at those places.

Since the calculation holds for any finite set T of places containing S and
all V. C T such that |V| = |Sp| the space of automorphic forms obtained as
residues in this case is precisely as claimed in the Theorem.

Next, we consider the case when x? is nontrivial. Then, the global nor-
malizing factor in (2.33) is a non—zero constant at z = 1/2. By Lemma 2.29,
the local normalized intertwining operators in (2.33) do not have a pole at
z = 1/2 if X2 is nontrivial, i.e. v ¢ S1. If x2 is trivial, i.e. v € S, the pole
depends on the sections f,,. Namely, the simple pole occurs at z = 1/2 if
and only if f;/9, is not in the subrepresentation

Gh(ky
G 1 1) ((Xv o det,)1*/? @ X”) '

Let To(f.) € T N Sy be the set of such places. Now, looking back at (2.32),
the order of the pole of the Eisenstein series attached to f, equals |To(f.)| —
|S1 N Sp|. Thus if the set of places T' contains at least one place v € S\ Sp,
we can vary the local components in such a way that the Eisenstein series has
a pole.

Proceeding as in the previous case, for any V' C T N Sy such that |[V| =
|Sp N Si| + 1, cancelling the pole of the Eisenstein series we obtain the space
of square—integrable automorphic forms isomorphic to

Ind

(@vev W) @ (®verns\vWe) ® (Quer\s, W) @ <®ngf1/2,U)] ;
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where W/, W, and W}/ are the images, described in Corollary 2.30, of the local

intertwining operators after cancelling the pole where required, and f, /5, is
the normalized unramified vector of the appropriate induced representation.

This holds for any finite set of places T' containing S and at least one place
of S1\ Sp, and any V C S; NT such that |V| = |Sp NSi|+ 1. Observe that
the space is nontrivial if and only if such T exists, i.e. S\ Sp is nonempty.
Varying T' shows that the obtained space of automorphic forms is as stated
in the Theorem. O

COROLLARY 2.34. The image W, (defined in Corollary 2.29) of the nor-
malized intertwining operator

N((3/27 1/2)a (Xﬂ © detflu) Y (Xﬂ © detflu)a w1w2w1)7
where X2 is trivial, is semisimple.

PRroOF. This is a consequence of the fact that W, is the local component
at v of an automorphic representation belonging to the residual spectrum.
0

THEOREM 2.35. The subspace LQC4 of the residual spectrum of G4(A) is
trivial, i.e. there is no contribution to the residual spectrum at point Cy.

PROOF. For the contribution at Cy, first we look at the pole along the
singular hyperplane 2so = 1. From Table 7, the pole along 2s5 = 1 occurs if
and only if x3 is trivial for the intertwining operators corresponding to the
Weyl group elements ws, wiws, wowwe and wywew;we and it is simple. The
residues along 2ss = 1, up to the nonzero constant

Res,—1 L(s,1)L(2,1)'e(1,1) 71,

written in the new variable z are given in Table 9.

The terms in Table 9 may have the simple pole at z = 3/2 only if x1x2
is trivial i.e. x = x1 = X2 is a quadratic character. But then, the terms
corresponding to wywy and wowiws have the simple pole at z = 3/2 and the
term corresponding to wywowyws has the simple pole at z = 3/2 only if |Sp| =
2. Since wnw2(3/2,1/2) = (—1/2,3/2) does not satisfy the Langlands square
integrability criterion of Lemma 2.7, the contribution from the corresponding
term should be zero. In other words, if f = ®, f, is an automorphic form in

Gh(A
IndGi(’l(l)%)xGL’l(A) ((X odet')v*/? @ (x o det')yl/Q)

then, in order to get a square—integrable residue, it should satisfy

N((3/2,1/2), 7, wiws) f = 0.
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| w | R68252:1 T(ﬁv 7T/7 'LU) |

[ we | 1 |
L(z—1/2,x1x2) L(+1/2,x1x2)
L(2+3/2,x1x2)L(2+5/2,x1x2)e(2—1/2,x1 x2)e(2+1/2,x1Xx2)?e(2+3/2,Xx1X2)
11 L(z+1/2,x1,0x2.0) L(24+3/2,X1,0X2.0
VESD L(=2=1/2,x1 v Xz.5) L(1/2=2, X1 LX5 1)
L(z—1/2,x1x2)L(+1/2,x1x2)
L(z+3/2,x1XQ)L(z+5/2,X1Xg)e(z71/2,)<1XQ)E(z+1/2,X1X2)25(z+§/27xlx2)

11 L(z4+1/2,x1,0x2,0) L(24+3/2,X1,0X2,0) | L(22,x7)
VESD L(—2—1/2,x7 L xa 5)L(1/2—2x7 x5 5)  L(22+1.x3)e(22,x7)
L(z—1/2,x1x2)L(+1/2,x1x2)
L(+3/2,x1x2) L(4+5/2,x1x2)e(2 = 1/2,x1 x2)e(2+1/2,x1X2)e(2+3/2:x1X2)
11 L(z4+1/2,x1,0X2,0) L(24+3/2,X1,0X2,0) | L(2z,x7)
VESD L(—2—1/2,X7 v X2.5)L(1/2—2,XT X5 ») L(2z+1,x3)e(22,x3)
L(2—3/2,x1x2)L(2—1/2,x1x2)
L(z+1/2,x1x2) L(24+3/2,x1x2)e(2—3/2,x1x2)e(2—1/2,x1x2)%e(2+1/2,x1x2)
I1 L(z—1/2,x1,0X2.0)L(z+1/2,x1,0X2,v)
VESD L(=2+41/2X7 yX5.) L(3/2= 2 X1 X2 1)

W W1 W2

W1W2wW1 W2

TABLE 9. Residues along 2s = 1 of case C normalizing factors

But then L204 is trivial because the residues of the other two terms in Table
9 that may have the simple poles are up to a constants equal to
N((3/2,1/2), 7', wowiws) f
= N((-1/2,3/2), 7" ,w2)N((3/2,1/2), 7", wiws) f = 0,

N((3/27 1/2)a 7T/; w1w2w1w2)f
= N((=1/2,3/2), 7", wiw2)N((3/2,1/2), 7', wiws) f = 0.
O

Before giving the decomposition of LQC5 we introduce some notation. Con-
sider the local normalized GL5 (k, )-intertwining operator N (0, (x1,, o det;) ®
(x2.0 o det), w1) acting on the induced representation

GLY (kv
IndGL?Ekv;xGL’l(kv) ((x1,0 0 det,) ® (x2,0 0 dety)) -

By Theorem 4.2 of [6] at split non—archimedean, Theorem B.2.d of [8] at non—
split and results of [47] at archimedean places, this induced representation is
irreducible. Hence, the normalized operator acts as £1d,,. Denote the sign by
My. The following Lemma describes the image of the normalized intertwining
operator N ((1/2,1/2), (x1., o det]) ® (xa2., o det] ), wawiws), where X1, and
X2,v are quadratic characters of k.

LEMMA 2.36. Let 7, 2 (x1,, o det;) ® (x2,, o det,) be a representation of
M (ky), where x1,, and x2,, are quadratic characters of k)X. The image of the
normalized intertwining operator N((1/2,1/2), 7wl wawiws) is irreducible at
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all non—split places and the split places where x1,, = X2,4, while it is the direct
sum of two irreducible representations at the split places where X1, # X2,0-

PROOF. In the proof we apply Lemma 2.9 and use its notation. Since the
normalized intertwining operator N(wowiwz(1/2,1/2), wawiws(n),w1) =
nwld,, the image of N((1/2,1/2),n,, wawiws) is isomorphic to the image of
N((1/2,1/2), 7], wiwowiws). Let w = wywawiws and s = (1/2,1/2). For a
non—split place the image is irreducible by the Langlands classification since
m. is supercuspidal and w is the longest Weyl group element.

Let v be a split place. As in the proof of Theorem 2.26, 7, is the unique
irreducible subrepresentation of the induced representation from the torus
T = GL; x GL; x GL; x GL; and, in the notation of Lemma 2.9, L = T and

s+s =1(0,1,0,1),

To = X1,0 @ X1,0 @ X2,0 ® X2,0-
For w’ of Lemma 2.9 we take the Weyl group element corresponding, in the
notation as in the proof of Proposition 1.12, to the permutation

w' = (1,4,3)(2).
Then
w'Hs+5') =(1,1,0,0),
wl_l(Tv) =X2,0 ®© X1,0 @ X1,0 @ X2,0-

Writing w’ = (1)(2)(3,4) o (1,3,2)(4) o (1)(2,3)(4) shows that the normal-

ized intertwining operator N(w'~1(s + s'),w'~!(7,),w’) is surjective onto
Indi%i%ii%x GLa (ky) (M) since it decomposes into

SOsg (kv
IndT(]if) ) (X2,v| : | & Xl,v| : | & X1,v & X2,v) -

SOs (kv

IndGLi((kv))XGLQ(kU)xGLl(kU) <X27v| 1@ (10 detu)V1/2 ® Xz,@) -
SOs (kv

IndGLSQ((k‘v))XGL1(kU)XGL1(ku) ((Xl,'u 9 detv)yl/Q X X2,’U| . | ® X2,’U> —

SOg (ko
IndGLi((k1,))><GL2(ku) ((Xl,v o det@)yl/Q &® (XQ,U o det@)yl/Q) ,

where the first and the third arrows are surjective and the second is an iso-
morphism.

Now, for w” of Lemma 2.9 we take the Weyl group element such that
w”ww’ is the longest Weyl group element. Thus, w” = (1,2,3)(4). We claim
that the restriction of the normalized intertwining operator

N(w(s+ ), w(r,),w”)
acting on the induced representation

SOg (ke — _
IndT(]:U() ) (X1,711| . | & X1,v ® X2,v| ‘ | ! & X2,7J)
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to the subrepresentation

SOg (ks - _
IndGLz((kv))xGLz(kv) ((X1,U odet,)r 2 @ (x2,0 © dety, )V 1/2)

is injective. In other words, its kernel does not intersect that subrepre-
sentation. If x1., # X2, it is an isomorphism since it is the product
of two GLa(k,) normalized intertwining operators both acting on an irre-
ducible induced representation. Otherwise, if x1,, = X2,0 = Xv, then writing
w” =(1,2)(3)(4) o (1)(2,3)(4), it decomposes into

SOs (ke _ _
IndT(zjv() )(Xv|'| 1®Xv®)(v|'| 1®xv)—>

Sos(kv)

IndT(kU) (Xv| ) |71 ® Xol - |71 & Xv ®Xu) —

SOs (kv _ _
Ind5 e (xol - |71 @ xol - [71 @ X0 ® x0)
where the second arrow is just the isomorphism interchanging the first two
characters. Hence, the kernel of N(w(s + s'), w(7,),w”) is isomorphic to
SO0s(kv) -1 —~1/2
Indeyr (6) % GLa (k) < GLa (k) (Xv| T e St v P e Xv) )

where, at archimedean places, abusing the non—archimedean notation, we
denote by St,, the unique irreducible subrepresentation of

GL2(ky) 1/2 -1/2
IndGLf(kv)xGLl(ku) (le ’ | / ®Xv| : | / ) .

By the Langlands classification, the kernel contains the unique irreducible
subrepresentation, namely the Langlands quotient. If the kernel intersected

SOs (ko _ _
IndGLi((kv))XGL2(ku) ((XLU odet,)v 12 @ (xa., o det, v 1/2) ,

then the intersection would contain that Langlands quotient as a subrepre-
sentation. However, such subrepresentation is isomorphic to a quotient of

SOsg (ks
md3o ) e ((xl,v o det )2 © (o 0 det@)y1/2>

and, by the surjectivity of the normalized intertwining operator corresponding
to w’, it is a quotient of the induced representation

SOg (ks
IndT(liv() ) (XU| : | ®X7J| : | X Xv ®Xv) .

By the induction in stages, we first induce the last two characters to SOy (k).
This induced representation is irreducible, by Lemma 2.15 since x, is a qua-
dratic character, and it is tempered. Denote it by o,. Then,

SOg (ks
IndT(kgu() ) (XW| ! | ®XU| : | & Xv ®Xv)

1 1508 (ku)
= IndGLi(kU)XGLl(kU)xSO4(kv) ol [ ® Xo| - [® 0w)
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and by the Langlands classification, this induced representation has the unique
irreducible Langlands quotient which is not isomorphic to the Langlands quo-
tient in the kernel. This shows our claim and thus injectivity for x1., = Xx2,u-

Therefore, as in the proof of Lemma 2.9, by the surjectivity and injectivity
proved above, the image of N(w'~!(s+ '), w' ™ (1), w”ww’) is isomorphic to
the image of N(s, 7], w). Recall that here s = (1/2,1/2). However, although
w”ww' is the longest Weyl group element, w'~!(s+s’) does not satisfy inequal-
ities (2.10) of Lemma 2.9 and we can not apply the Langlands classification
directly. Nevertheless, we can describe the image. By the induction in stages,
as in the proof of the injectivity above,

SOsg (ks
Ind;p ™) (2l © X1l © X1 © X2,0)

[ass

SOg(kv) S04 (kv)
IndGLj(kv)xGLl(kv)><SO4(kv)<X2ﬂJ| 1 © X1 ® IHdGL‘i(kv)XGLl(hv)(X1,v®><2,v)).

By Lemma 2.15, the SO4(k,) induced representation is irreducible and tem-
pered if x1, = X2, and it is the direct sum of two irreducible tempered
representations if x; , # X2, In any case, writing the longest Weyl group el-
ement as the product of the longest element for GL; x GL; x SO4 C SOg and
the longest one for GL; x GL; C SOy4 allows the application of the Langlands
classification for each tempered component of the SO4(k,) induced represen-
tation which proves the Lemma. O

THEOREM 2.37. The subspace LQC5 of the residual spectrum of G5(A) de-

composes into
12 (eect) 8 (o000

The former sum is over all the one—dimensional cuspidal automorphic rep-
resentations ™' = (x1 o det’) ® (x2 o det’) of M{(A) such that x1 # X2 are
both quadratic characters, xi1,, # X2,0 for all v € Sp and the parity condition
[I, 70 = 1 holds. The latter sum is over all the one-dimensional cuspidal
automorphic representations ' = (1 odet’) ® (x2 o det’) of Mj(A) such that
X1 = X2 @8 a quadratic character, the cardinality |Sp| = 2 and the parity
condition [], n, = —1 holds.

Both Cél)(ﬂ'l) and CéQ)(TI‘I) are the spaces of automorphic forms spanned
by the iterated residues

ReSz=1/2 Resas,=1 E(s, ¢; Jss 7T/)

at s = (1/2,1/2) of the Fisenstein series attached to n’'. The space CéQ)(’/T/)
is @rreducible and, by (2.8), the constant term map induces an isomorphism
with the image of the normalized intertwining operator

N((1/2,1/2),7TL,’LU2’LU1U}2).
By (2.8), the constant term map induces an isomorphism of Cél)(ﬂ/) and

the sum of the irreducible spaces of the form ®,11.,, where II) is one of at
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most two components of the image of the mormalized intertwining operator
N((1/2,1/2), 7, wawiwe) and it is the unramified one at almost all places.

PROOF. For the contribution to the residual spectrum at C5 we look first
at the pole along the singular hyperplane 2so = 1. It was already considered
in the proof of the previous Theorem. The simple pole along 2s5 = 1 occurs
only if x2 is a quadratic character. The residues written in the new variable
z are given in Table 9. We must look at their poles at z = 1/2.

First assume that x1 # X2, i.e. x1x2 is nontrivial. Only the terms
corresponding to wowiwe and wiwswiwe may have the simple poles at z =
1/2if x1 is a quadratic character. The residues are, up to the nonzero constant

Ress=1 L(s,1) L(0, x1x2)L(1, x1x2)
L(2,1)e(1,1) L(2,x1x2)L(3, x1x2)e(0, x1x2)e(1, x1x2)%e(2, x1X2)

. H L(l, Xl,'UXQ,U)L(27 Xl,UXQ,U)
L(flaX1mX2m)

)

vESD
equal to
H L(Oa Xl,vX2,v)71N((]-/2; 1/2)7 7T/7 'LUQ'(Ul’UJQ),
vESD
and
L(—1,xax2)L(0, x1x2)
L(1, x1x2) L(2, x1x2)e(—1, x1x2)e(0, x1x2)2e(1, x1X2)
. H L(Oa Xl,vX2,7J)71N((]-/2; 1/2)7 7T/7 w1w2w1w2)~

vESD

By the global functional equation
L(—=1,x1x2) = e(—1, xax2) L(2, x1x2),
L(0, x1x2) = (0, xax2) L(1, x1x2),
e(0, x1x2)e(L xaxe) =1,
and hence the latter residue equals

H L(Oa Xl,'UX2,'U)71N((]-/27 1/2)a 7T/; w1w2w1w2)~

vESD

Using the decomposition of the intertwining operators of Proposition 1.4, the
residue at C5 applied to f = ®, f, can be written as

H L(0, x1,0x2,0) ™"

vESD

* Qo N((1/2a 1/2)777-7/15 w2w1w2)(®v fv + ®0N((1/27 1/2)a ﬂiﬂwl)ﬂ;)-
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The normalized intertwining operator N((1/2,1/2),w! wy) is actually the lo-
cal intertwining operator considered before the statement of the Theorem.
Hence, it acts as 1, Id, and the residue at C5 equals

IT 200, x1.0x2.0) <1+Hm> ((1/2,1/2), 7', wawiw2).

vESDP

It is non-vanishing if and only if x1,., # X2, for all v € Sp and [[, 7, = 1.
Then, it equals the normalized operator N((1/2,1/2), 7', wowiws). Since
wwawrwz(1/2,1/2) = wewywe(1/2,1/2) = (=1/2,—1/2), Lemma 2.7 is sat-
isfied.

Assume now that y1 = xo, i.e. x1x2 is trivial. Then x; is a quadratic
character. Consider the terms in Table 9. The term corresponding to wjws
has the zero of order |Sp| —2 at z = 1/2. Since |Sp| > 2 it does not have the
pole at z = 1/2. The terms corresponding to wewywe and w;wowiwy have
the zero or pole of order |Sp| — 3 at z = 1/2. If |Sp| > 4 these two terms
do not have the pole at z = 1/2 and there is no contribution to the residual
spectrum. Hence, let |Sp| = 2. Then terms corresponding to wewiwy and
wiwowiwy have the simple pole at z = 1/2. The residues are, up to the
nonzero constant

Ress=1 L(s,1) Ress=o L(s,1) Ress=1 L(s,1)
L(2,1)e(1, 1) L(2,1)L(3,1)£(0, 1)e(1,1)%2(2, 1)

L(1,1,)L(2,1,)
H L(—1,1,) Ress=o L(s, 1,)

veSp
equal to N((1/2,1/2), 7', wewiws) and
L(-1,1) L(s,1)
L(2,1)e(—1,1)(0,1)e(1,1) L(s+ 1,1)e(s, 1) ls=0

HL51’U

veESP

((1/27 1/2)5 T‘Ja w1w2w1w2)-

By the global functional equation we have L(—1,1) = ¢(—1,1)L(2,1) and
€(0,1)e(1,1) = 1 and Lemma 2.8

L(s,1)L(s +1,1)"e(s,1) 7} _y = —1

and

H L(Sa lv)L(*S, 1v)71|s:0 = (71)‘SD\ - 1.

vESD

Hence, the latter residue is equal to —N((1/2,1/2), 7', wiwawiws). As in
the previous case, decomposing the intertwining operators and the discussion
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preceding the statement of the Theorem give for the residue

1= ) N((1/2,1/2), 7', wawyws,).

Therefore, the residue is nonzero if [], 17, = —1 as claimed. Lemma 2.7 is

satisfied as above and the residue equals the normalized intertwining operator
N((1/2, 1/2)7 7'("7 wgwlwg).

In both cases, the image of the normalized intertwining operator

N((1/2a 1/2)7 7T/7 w2w1w2)

is described locally at every place in Lemma 2.36, thus finishing the proof.
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