GLASNIK MATEMATICKI
Vol. 44(64)(2009), 141 — 153

AN IDEAL-BASED ZERO-DIVISOR GRAPH OF A
COMMUTATIVE SEMIRING

SHAHABADDIN EBRAHIMI ATANI
University of Guilan, Iran

ABSTRACT. There is a natural graph associated to the zero-divisors of
a commutative semiring with non-zero identity. In this article we essentially
study zero-divisor graphs with respect to primal and non-primal ideals
of a commutative semiring R and investigate the interplay between the
semiring-theoretic properties of R and the graph-theoretic properties of
T';(R) for some ideal I of R. We also show that the zero-divisor graph
with respect to primal ideals commutes by the semiring of fractions of R.

1. INTRODUCTION

Throughout all semirings are assumed to be commutative semirings with
non-zero identity. The zero-divisor graph of a semiring is the (simple) graph
whose vertex set is the set of non-zero zero-divisors, and an edge is drawn
between two distinct vertices if their product is zero. This definition is the
same as that introduced by D. F. Anderson and P. S. Livingston in [1]. Let
I be an ideal of a commutative semiring R. We define an undirected graph
I';(R) with vertices V(I'(R)) ={x € R— 1 : zy € I forsomey € R— I},
where distinct vertices x and y are adjacent if and only if zy € I [6]. This
definition is the same as that introduced by S. P. Redmond in [13]. The
zero-divisor graph with respect to ideals of a commutative semiring has been
studied in [6]. So, if I = 0 then I';(R) = I'(R), and I is a non-zero prime
ideal if and only if I';(R) = 0 [6, Lemma 2.1]. If I is a Q-deal of R, then the
graphs I';(R) and I'(R/I) are different graphs [6, Theorem 2.4]. Hence the
graph T';7(R) is worthy of study.

For the sake of completeness, we state some definitions and notations used
throughout. By a commutative semiring, we mean a commutative semigroup
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(R, ) and a commutative monoid (R, +,0) in which 0 is the additive identity
and -0 = 0-r = 0 for all » € R, both are connected by ring-like distributivity.
In this paper, all semirings considered will be assumed to be commutative
semirings with non-zero identity. A subset I of a semiring R will be called
an ideal if a,b € I and r € R implies a + b € I and ra € I. A subtractive
ideal (= k-ideal) K is an ideal such that if z,2 +y € K then y € K (so
{0} is a k-ideal of R). The k-closure cl(K) of K is defined by cl(K) = {a €
R :a+c=dforsome c,d € K} is an ideal of R satisfying K C cl(K) and
cl(cl(K)) = cl(K). So an ideal K of R is a k-ideal if and only if K = cl(K).
A prime ideal of R is a proper ideal P of R in which z € P or y € P whenever
zy € P. If I is an ideal of R, then the radical of I, denoted by v/I, is the set
of all x € R for which z™ € I for some positive integer n. This is an ideal of
R, contains I, and is the intersection of all the prime ideals of R that contain
I ([2]). An ideal I of R is called a radical ideal if I = v/I. A semiring R is
called reduced if it contains no non-zero nilpotent elements.

Let R be a commutative semiring. We recall from [4] (also see [8]), that
an element a € R is called prime to an ideal I of R if ra € I (where r € R)
implies that r € I. Denote by p(I) the set of elements of R that are not prime
to I. A proper ideal I of R is said to be primal if p(I) forms an ideal (so 0 is
not necessarily primal); this ideal is always a prime ideal, called the adjoint
ideal P of I. In this case we also say that I is a P-primal ideal of R.

Let R be a commutative semiring with non-zero identity. We use the
notation A* to refer to the non-zero elements of A. For two distinct vertices
a and b in a graph T, the distance between a and b, denoted d(a,b), is the
length of the shortest path connecting a and b, if such a path exists; oth-
erwise, d(a,b) = co. The diameter of a graph I' is diam(T") = sup{d(a,b) :
a and b are distinct vertices of I'}. We will use use the notation diam(I'(R))
to denote the diameter of the graph of Z*(R). A graph is said to be con-
nected if there exists a path between any two distinct vertices, and a graph is
complete if it is connected with diameter at most one. The grith of a graph
T, denoted gr(T"), is the length of the shortest cycle in T', provided I" contains
a cycle, otherwise, gr(I') = co. We will use the notation gr(I'(R)) to denote
the grith of the graph of Z*(R).

Let R be a given semiring, and let S be the set of all multiplicatively
cancelable elements of R (so 1 € S). Clearly, the set S is multiplicatively
closed. Define a relation ~ on R x S as follows: for (a,s),(b,t) € R x S, we
write (a, s) ~ (b,t) if and only if ad = be. Then ~ is an equivalence relation
on Rx S. For (a,s) € Rx S, denote the equivalence class of ~ which contains
(a, s) by a/s, and denote the set of all equivalence classes of ~ by Rg. Then
Rg can be given the structure of a commutative semiring under operations
for which a/s + b/t = (ta + sb)/st, (a/s)(b/t) = (ab)/st for all a,b € R
and s,t € S. This new semiring Rg is called the semiring of fractions of R
with respect to S; its zero element is 0/1, its multiplicative identity element
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is 1/1 and each element of S has a multiplicative inverse in Rg (see [12]).
Throughout this paper we shall assume unless otherwise stated, that S is the
set of all multiplicatively cancelable elements of a semiring R. Now suppose
that I is an ideal of a semiring R. The ideal generated by I in Rg, that is,
the set of all finite sums sya1 + ..., sp,a, where a; € Rg and s; € I, is called
the extention of I to Rg, and it is denoted by I Rg. Again, if J is an ideal of
Rgs then by the contraction of J in R we mean JN R ={r € R:r/1 € J},
which is clearly an ideal of R.

Let R be a semiring, X a non-empty subset of R and I an ideal of R. Set
XRs ={a/s:a€ X,s € S} C Rs. We say that a zero-divisor graph with
respect to I commutes with semiring of fractions of R with respect to S if
I';/(R)Rs =T 1re(Rs).

The main goal in this paper is to generalize some of the results in the
paper listed as [7], from commutative ring theory to commutative semiring
theory. We shortly summarize the content of the paper. Let R be a semiring.
In section 2, it is shown that (Theorem 2.5) if I and J are primal ideals of
R, then I = J if and only if I';(R) = T';(R). It is proved that (Theorem 2.8)
if I is a primal @-ideal of a Noetherian semiring R, then diam(I'(R/I)) < 2.
It is shown that (Theorem 2.12) if I is a radical Q-ideal of a semiring R,
then diam(I'(R/I)) = diam(I'(R)). In commutative ring theory, one of the
essential questions is whether a zero-divisor graph with respect to an ideal
commutes with localization, and this case, what are the relations between
the diameters (resp. girths) of such graphs. In [7], they give a condition
giving an affirmative answer to these questions. Here, we show that the
zero-divisor graph with respect to primal ideals commutes by the semiring
of fractions of R with respect to S, diam(I';(R)) = diam(I';ry(Rs)) and
gr(T';(R)) = gr(T'rrs (Rs)) (see Proposition 2.15, Theorem 2.16 and Theorem
2.17). In section 3, It is proved that if I is a radical Q-ideal of a semiring
R, then V(I'1(R)) UI = Upenmin, (1) £ (Theorem 3.6). Also, it is shown that
(Theorem 3.13) if I is a Q-ideal of a semiring R which is not a primal ideal
of R with I # /I, then diam(I';(R)) = 3.

2. PRIMAL IDEALS

In this section, we will investigate the ideal-based zero-divisor graph with
respect to primal ideals of a semiring. The class of primal ideals is a large
class. For example, all primary ideals and irreducible ideals are primal [4].
Therefore, the structure of zero-divisor graphs with respect to primal ideals
is worthy of study. We begin with the key lemma of this article.

LEMMA 2.1. Let I be a proper ideal of a semiring R. Then I C p(I) and
V(T1(R)) =p(I) —I. In particular, V(T'1(R)) UI = p(I).

PROOF. Let € I. Since xlr € R with 1z ¢ I, we must have z is not
prime to I. Therefore, I C p(I). Let a € T'7(R). Then a ¢ I and ab € I for
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some b ¢ I, so a is not prime to I; hence I';(R) C p(I) — I. For the reverse
inclusion, assume that ¢ € p(I) — I. Then there is an element d € R — I such
that c¢d € I; hence ¢ € T';(R), so we have equality. O

LEMMA 2.2. Let I and P be ideals of a semiring R with I C P. Then I
is a P-primal ideal of R if and only if V(T'j(R)) =P — 1.

Proor. By Lemma 2.1, it suffices to show that P is exactly the set of
elements of R that are not prime to I. First, suppose that p € P. We may
assume that p € P — I. Then there is an element ¢ € R — I such that pg € I,
so p is not prime to I. Next, suppose that r is not prime to I. We may assume
that » ¢ I. Then there exists s ¢ I such that rs € I; hence r € I';(R) C P.
Thus [ is a P-primal ideal of R. O

THEOREM 2.3. Let I be an ideal of a semiring R. Then I is a primal
ideal of R if and only if V(I'1(R)) U I is an (prime) ideal of R.

ProOOF. This follows from Lemma 2.2. O

THEOREM 2.4. Let R be a semiring. Then 0 is a primal ideal of R if and
only if Z(R) is an (prime) ideal of R.

PROOF. It is easy to see that p(0) = Z(R). Now the assertion follows
from the definition. O

THEOREM 2.5. Let I and J be P-primal ideals of a semiring R. Then
T;(R)=Ty(R) if and only if I = J.

Proor. By Lemma 2.1, we must have I C P and J C P. Now the result
follows from Lemma 2.2. O

LEMMA 2.6. IfI is a P-primal k-ideal of a semiring R, then P is a k-ideal
of R.

PROOF. Let a,a + b € P; we show that b € P. There are elements
r,s € R— I such that ra € I and s(a+b) = sa+ sb € I, so rsb € I since I is
a k-ideal. If rs € I, then a is prime to I, which is a contradiction. Therefore,
rsb € I with rs ¢ I gives that b € P. O

An ideal T of a semiring R is called a partitioning ideal (= Q-ideal) if
there exists a subset @ of R such that R=U{¢+1:q € Q} and if ¢1,¢2 € Q,
then (qg1 + I) N (g2 + I) # 0 if and only if ¢; = g2. Let I be a Q-ideal of a
semiring R and let R/T ={q+1:q € Q}. Then R/I forms a semiring under
the binary operations @ and © defined as follows: (¢1 +1)® (g2 +1) = g3 +1,
where g3 € @ is the unique element such that ¢; + g2 + 1 C g3 + I, and
(1 +1)© (g2 + 1) = qsa+ I, where g4 € @ is the unique element such that
q1g2+1 C g4+ 1. This semiring R/ is called the quotient semiring of R by I.
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By definition of @-ideal, there exists a unique gy € @ such that 0+1 C go+ 1.
Then ¢ + I is the zero element of R/I. Clearly, if R is commutative, then so
is R/I (see [9]).

THEOREM 2.7. Assume that I is a P-primal Q-ideal of a semiring R and
let qo be the unique element in @ such that qo + I is the zero in R/I. Then
V(I(R/I)) U{qo + I} is a prime k-ideal of R/I.

PROOF. Suppose that I is a P-primal ideal of R. It follows from Lemma
2.6 and [5, Proposition 2.2 and Theorem 2.5] that P/I is a prime k-ideal
of R/I. Tt is enough to show that I'(R/I)U {qo + I} = P/I. Let ¢+ I €
D(R/T)U{qo+ I}, where g € Q. If g+1 = go+1, then we are done. So we may
assume that ¢ + I # qo + I. Then there is an element qo + 1 # 1 + I € R/I
such that (¢+1)©(q1+1) = qo+1I, where ¢1 € Q and g1+ C go+1 =1, so
q1q € I with ¢1 ¢ I by [6, Lemma 2.3] and the fact that I is a k-ideal. Then
g € PNQ since I is a P-primal ideal; hence ¢ + I € P/I by [5, Proposition
2.2]. Therefore, I'(R/I)U{qo+ I} C P/I. For the other containment, suppose
that g+ I € P/I, where ¢ € QN P. We may assume that go+ I # ¢+ 1. Then
g ¢ I and there is a an element s € R — I such that ¢gs € I since I is primal.
There exist q; € @ and a € I such that s = g1 + a; so ¢gs = qq1 + aq. Hence
qq1 € I since I is a k-ideal. There exists the unique element g3 of Q) with
g+ (@+I) =g+ and g1+ I C g2+ 1. Then qq1 + ¢ = g2 +d for some
¢,d € I; 80 g2 € I. Hence g3 = ¢ by [6, Lemma 2.3]. Thus ¢+ I € T'(R/I),
and so we have equality. O

THEOREM 2.8. Let I be a P-primal Q-ideal of a Noetherian semiring R.
Then diam(T'(R/I)) < 2.

PROOF. Let gy be the unique element in @) such that gg + I is the zero
in R/I. By Theorem 2.7, I'(R/I) U {qo + I} = P/I is a prime ideal of
R/I. Tt follows from [6, Lemma 3.6 (ii)] that P/I is the union of all the
associated primes of R/I; hence P/I € Ass(R/I). It follows from [6, Lemma
3.5 (ii) and Remark 4.6 (7)] that P/I = (0 : p) for some p € I'(R/I); hence
diam(T'(R/T)) < 2. O

Recall some definition in [3]. For a graph G, the set of vertices adjacent
to vertex z in G is denoted by N(x). Let a, b be vertices of G, we define a ~ b
if N(a) = N(b). Clearly, ~ is an equivalence relation on the vertex set of G,
and G/ ~ is also a graph in a natural way with [z] and [y] adjacent in G/ ~
if and only if x and y are adjacent in G. Then by [3, Lemma 2.1], we have
the following lemma:;:

LEMMA 2.9. Let R be a semiring. Then diam(I';(R)) = diam(T';(R)/ ~).
In particular, T1(R) is connected if and only if T1(R))/ ~ is connected. More-
over, gr(l'r(R) = gr(T'1(R)/ ~).
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LEMMA 2.10. Let I be a proper radical Q-ideal of a semiring R and let
r=q+a y=qg+be R—1, where q1,¢2 € Q and a,b € I. Then x is
adjacent to y in T';(R) if and only if ¢1 + I is adjacent to go + I in T'(R/I).

PRrROOF. This follows from [6, Theorem 2.4]. O

PRrOPOSITION 2.11. Let I be a radical Q-ideal of a semiring R. Then the
graph T'r(R)/ ~ is isomorphic to T'(R/I)/ ~.

PRrROOF. Define the map ¢ : I';(R)/ ~— I'(R/I)/ ~ by ¥([z]) = [¢ + 1],
where x = g+a (¢ € Q, a € I) is a vertex of I';(R). By Lemma 2.10, it is
routine to check that v is a graph isomorphism. O

THEOREM 2.12. If I is a proper radical Q-ideal of a semiring R, then
diam(T';(R)) = diam(I'(R/I))

PRrROOF. This follows from Lemma 2.9 and Proposition 2.11. O

THEOREM 2.13. Let I be a primal radical Q-ideal of a Noetherian semiring
R. Then diam(T';(R)) < 2.

ProoOF. This follows from Theorem 2.8 and Theorem 2.12. O

LEMMA 2.14. Let I be a P-primal ideal of a semiring R with PNS = (.
Then the following hold:

(i) If a/s € IRg, then a € I.

(i) IRs is a PRg-primal ideal of Rg.

PROOF. (i) Suppose that a/s € IRg, but a ¢ I. Then there are elements
a’ € I and t € S such that a/s = o'/t by [4, Lemma 2.3 (i)], so ta = sa’ € I.
It follows that ¢ is not prime to I; hence t € P NS, which is a contradiction.
Therefore, a € I.

(ii) By [4, Lemma 2.3 (iv)], we must have PRg is a prime ideal of Rg.
It is enough to show that PRg is exactly the set of elements of Rg that are
not prime to IRg. Let r/s € PRg. Then r is not prime to I, so there exists
c € R—1I with rc € I. Since PNS = 0, we get sc ¢ I; hence (sc)/1 ¢ IRg by
(1). Since (r/s)(sc)/1 € IRg, we must have r/s is not prime to IRg. Next,
suppose that r/s is not prime to IRg. Then there exists d/t ¢ IRg with
(r/s)(d/t) € IRg; hence rd € I by (i). Since d ¢ I, it follows that r is not
prime to I. Thus r € P, and hence r/s € PRg, as required. O

ProPOSITION 2.15. Let I be a P-primal ideal of a semiring R with PNS =
@. Then F[(R)RS = FIRS (RS)

PRrROOF. By Lemma 2.2 and Lemma 2.14, we must have I'rg (Rg) =
PRs —IRg. It suffices to show that (P —I)Rs = PRs — IRg. First, suppose
that a/s € PRg — IRs. Then a/s ¢ IRg (so a ¢ I) and (a/s)(b/t) =
ab/st € IRg for some b/t ¢ IRg (so b ¢ I), so ab € I by Lemma 2.14
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(i); hence a is not prime to I. It follows that a/s € (P — I)Rg. Thus
PRs — IRs C (P — I)Rs. Next, assume that a/s € (P — I)Rg. Then
a € P — I implies that ab € I for some b ¢ I by Lemma 2.2, so by Lemma
2.14 (i), b/1 ¢ IRs. Now (a/s)(b/1) = ab/s € IRg gives that a/s is not prime
to IRg, so a/s € PRs — I Rg; hence we have equality. O

THEOREM 2.16. Let I be a P-primal ideal of a semiring R with PNS = ().
Then diam(T';(R)) = diam(T';r4 (Rs)).

PROOF. Suppose that diam(I';(R)) = 1. For every distinct vertices
a/s,b/tof I'1rs(Rg)), Proposition 2.15 gives that a and b are distinct elements
of I';(R), so ab € I; hence (a/s)(b/t) € IRg. Thus diam(I';rs(Rs)) = 1. If
diam(T';r,(Rs)) = 1, then for every distinct vertices a,b of T'j(R) = P — I,
we must have the distinct vertices a/1,b/1 € (P — I)Rs = T'jr,(Rs) by
Proposition 2.15 (since if a/1 = b/1, then a = b, which is a contradiction),
so (a/1)(b/1) € IRs. It follows from Lemma 3.14 (i) that ab € I. Thus
diam(T';(R)) = 1.

Now assume that diam(T';(R)) = 2. Let a/s,b/t € T'igrs(Rs). If
(a/s)(b/t) ¢ IRg, then ab ¢ I, so there exists ¢ € I';(R) such that ac € I and
bc € I, so ¢/1 € T'1r,(Rs) by Proposition 2.15. As (a/s)(¢/1) € IRg and
(¢/1)(b/t) € IRs, we must have diam(I'rrsRs)) = 2. Conversely, assume
that diam(I'rrs(Rs)) = 2. Let a,b € T'r(R) with a # b. If ab ¢ I, then
ab/1 ¢ IRg by Lemma 2.14 (i), so there is an element ¢/s of I'rg, (Rg) with
(a/1)(c/s) € IRs and (¢/s)(b/1) € IRg. In this case, by Proposition 2.15,
we must have ¢ € I'f(R). Moreover, Lemma 2.14 (i) gives ac € I and ¢b € I;
hence diam(I'7(R)) = 2. Since, in general, the diameter of every zero-divisor
graph with respect to an ideal of a commutative semiring is at most 3 (see [6,
Lemma 2.1]), we have proved the result. O

THEOREM 2.17. Let I be a P-primal Q-ideal of a semiring R with PNS =
0. Then gr(T'r(R)) = gr(T'1rs(Rs)).

PRrROOF. First, assume that gr(I';(R)) = oo. If gr(I'srs(Rs)) = n, then
there is a cycle ai/s1 — as/s2 — ... — an/sn in T'jrs(Rs). In this case,
a; —az — ... — ap, forms a cycle in I'y(R) by Lemma 2.14 (i), which is a con-
tradiction. So gr(T'rrs(Rs)) = co. If gr(T'1ry (Rs)) = oo, then since T';(R) is
a subgraph of I'1g, (Rg), we must have gr(I';(R)) = co. By [6, Theorem 3.3],
the girth of every ideal-based zero-divisor graph of a commutative semiring,
when finite, is either 3 or 4. Assume that gr(I';gr(Rs)) = 3. So there ex-
ist distinct vertices a/s,b/t,c/uin I'trgs(Rs) such that (a/s)(b/t), (b/t)(c/u)
and (c/u)(a/s) are elements of IRg, so Proposition 2.15 gives that a,b and
¢ are distinct vertices of I';(R); hence ab,be,ca € I by Lemma 2.14 (i). It
follows that gr(I';(R)) = 3. Conversely, assume that gr(I';(R)) = 3. Since
the canonical homomorphism R — Rg is injective, we can assume that R is
a sub-semiring of Rg, so in this case, I';(R) is a subgraph of I'1r,(Rg) (for
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if a € T(R), then a/1 € T';(R))Rs = I'trs(Rs) by Proposition 2.15; hence
gr(Trrs(Rg)) < gr(T';(R)) = 3. Since the girth of a graph is at least 3, we
must have gr(T'rrs (Rs)) = 3. Now it is clear that gr(I'rrg(Rg)) = 4 if and
only if gr(I';(R)) = 4. O

3. NON-PRIMAL IDEALS

Let I be a k-ideal of a semiring R. A prime k-ideal P of R is said to be
minimal prime k-ideal of I if J is a prime k-ideal in R such that I ; JCP,
then J = P. Denote by Ming(I) the set of minimal prime k-ideals of R
containing I (note that Ming(0) = Ming(R)). Now we study the diameter of
I';(R), where I is not a primal ideal.

The proof of the following remark is completely straightforward.

REMARK 3.1. Let R be a commutative semiring with non-zero identity.
We denote by Tr the set of all k-ideals of R and denote by Spec,(R) the set
of all prime k-ideals of R. Then:

(i) Let I be a k-ideal of R, T a multiplicatively closed subset of R such
that INT =0 andset A={Jerp:IC Jand JNT =0}. Then I € A
and the set A of k-ideals of R (partially ordered by inclusion) has at least one
maximal element, and any such maximal element of A is a prime k-ideal of
R.

(ii) Assume that I is a k-ideal of R and let Vary(I) = {P € Specy(R) :
I C P} (since each proper k-deal of R is contained in a maximal k-ideal of R,
we must have Vary,(I) # (). Then by using (i), VI = Npevary(n) -

(iii) Let I be a proper k-ideal of R. Since an intersection of a family of
k-ideals of R is k-ideal by [5, Lemma 2.12]), then Vary(I) has at least one
minimal member with respect to inclusion (by partially ordering Varg(I) by
reverse inclusion and using Zorn’s Lemma). Therefore, Miny (1) # ().

(iv) Let P, I be k-ideals of R with P prime and I C P. Then the non-
empty set A = {P’ € Spec,(R) : I C P’ C P} has a minimal element P; with
respect to inclusion (by partially ordering A by reverse inclusion and using
Zorn’s Lemma), where P; € Ming(I).

(v) If I is a proper k-ideal of R, then VT = Npeming (1) L (using (i) and
(iv)). In particular, if R is reduced, then Ming(0) = 0.

Compare the first two results with [10, Theorem 2.1 and Corollary 2.3].

PROPOSITION 3.2. Let I C P be k-ideals of a semiring R, where P is a
prime k-ideal. Then the following conditions are equivalent:

(i) P € Ming(I).

(ii) R — P is a multiplicatively closed set which is mazimal with respect
to the property (R — P)N I =1{.
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(i1i) For each x € P, there is a y ¢ P and non-negative integer n such
that yz" € I.

PROOF. (i) — (it): Let T be a multiplicatively closed set which is maxi-
mal with respect to the property TNI =0 and R — P CT. If J is a k-ideal
containing I that is maximal with respect to the property J NT = (), then J
is prime k-ideal of R by Remark 3.1 (i). As JN (R — P) = 0, we must have
P=J. ThusT=R—- P.

(ii) — (iii): Assume that 0 # x € Pand let T = {yz' : y € R— P,i =
0,1,2,...}. Then T is a multiplicatively closed set with R— P ; T,soTNI # (.
So there is an element y € R — P and a positive integer n such that yz™ € I.

(49i) — (i): Suppose that I & J C P, where J is a prime k-ideal; we
show that P = J. Otherwise, there is an element x € P such that « ¢ J. So
there exist y ¢ P and a positive integer n such that yz™ € I C J, which is a
contradiction. O

PROPOSITION 3.3. Let I be a finitely generated k-ideal of a reduced semir-
ing R. Then I is contained in a minimal prime k-ideal of R if and only if
Ann(I) # 0. In particular, Z(R) = Upening (o) £

ProoFr. Let I = {(a1,as9,...,a,). If I C P for some minimal prime k-ideal
P of R, then by Proposition 3.2, there exist b; ¢ P and non-negative integers
s; such that b;a;’ = (b;a;)® = b;a; = 0; hence b;a; = 0 for ¢ = 1,...,n since
R is reduced. Then 0 # b1by...b, € Ann(I). Conversely, if Ann(I) # 0, then
Ann(I) ¢ P for some minimal prime k-ideal of R (otherwise, Ann(I) = 0 by
Remark 3.1 (v)). Let € I. By assumption, there is an element » € R — P
such that rx = 0 € P; hence x € P. Thus I C P. 0

PROPOSITION 3.4. Let I be a Q-ideal of a semiring R. Then I is a radical
ideal of R if and only if R/I is a reduced semiring.

PROOF. Assume that I = /T and let ¢y be the unique element in Q such
that qo + I is the zero in R/I. Let ¢+ I € R/I be such that (¢+I)" = qo + [
for some n. Then we must have ¢" +1 C gy + I. Since I is a k-ideal and
go € I by [6, Lemma 2.3 (i)], we must have ¢ € I; hence ¢+ I = ¢qo + I.
Conversely, assume that R/I is a reduced semiring. It suffices to show that
\/TQI. Let x =¢q1 +a € \/Tforsomeql € @@ and a € I. Then there is a
positive integer m such that 2™ = ¢7* + b € I for some b € I. There exists
the unique element g2 € @ such that ¢ +1 C g2+ I,s0¢"+b=q2+cel
for some ¢ € I; hence g2 € I. It then follows from [6, Lemma 2.3 (ii)] that
g2 = qo. Therefore, (g1 + I)™ = qo + I; hence g1 + I = qo + I since R/I is
reduced; thus x = ¢; + a € I, as required. O

LEMMA 3.5. Let R be a semiring, I a Q-ideal of R and P a k-ideal of R
with I C P. Then P/I € Ming(R/I) if and only if P € Ming(I).
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Proor. If P/I € Ming(R/I), then P is a prime k-ideal of R by [5,
Theorem 2.5]. Suppose that I ; J C P, where J is a prime k-ideal. Then
J/I is a prime k-ideal of R/I by [5, Theorem 2.5 and Proposition 2.2]; hence
J/I = P/I by minimality of P/I. It follows from [5, Lemma 2.13] that P = J.
The other implication is similar. O

THEOREM 3.6. Let I be a radical Q-ideal of a semiring R. Then
V(I1(R)) VT =Upemingn P-

PROOF. By Lemma 2.1, it suffices to show that p(I) = Upecpin, (1) -
Let ¢ = ¢1 + a € p(I), where ¢1 € @ and a € I. We may assume that
x ¢ I (soq ¢1I since I is a k-ideal), so © € T';(R). Then zy € I for some
y=qo+be R—1I, where o € Q — I and b € I. Since [ is a k-ideal and
xy € I, we must have q1g> € I. Let gg be the unique element in @ such that
go + I is the zero in R/I. Let (g1 + 1) ® (q2 + I) = g3 + I, where g3 € Q is
the unique element such that q1qo + 1 C g3+ I, so q1q2 + ¢ = g3 + d for some
e,d€I,s0q3 € @NI;hence g3 +1 = qo+ I by [6, Lemma 2.3]. Therefore,
(0 :gyr qu +1I) # 0; hence q1 + I € L for some minimal prime k-ideal L of
R/I by Proposition 3.3. Then by [5, Theorem 2.3 and Theorem 2.5], L = P/I
with g1 € Q N P for some prime k-ideal P of R; hence € P € Ming(I) by
Lemma 3.5. Thus, p(I) € Upenin, (1) - For the other containment, assume
that © € P for some minimal prime k-ideal of I. If z € I, then = € p(I) by
Lemma 2.1. So we may assume that x ¢ I. By Proposition 3.2, there exist
y ¢ P and a positive integer n such that yz™ € I, but yz"~! ¢ I. This implies
that = € T';(R), so we have equality. O

Let I be an ideal of a semiring R. An ideal J of R is called prime to [ if
(I:gJ)=1

PROPOSITION 3.7. Let I be an ideal of a semiring R. Then the following
hold:

(i) If there are nonadjacent elements a,b € T't(R) such that the ideal
J = {a,b) is prime to I, then diam(I';(R)) = 3.

(i) I is not primal if and only if there are elements a and b of T';r(R)
such that the ideal J = (a,b) is prime to I.

PROOF. (i) Since a and b are nonadjacent, we must have d(a,b) # 1.
If d(a,b) = 2, then there is an element ¢ € R — I such that ac,cb € I, so
c € (I:J) =1, which is a contradiction. Thus d(a,b) # 2. Now the assertion
follows from [6, Lemma 2.1].

(ii) Suppose that I is not primal. Then by Lemma 2.1, V(I';(R))U I =
p(I) is not an ideal of R, so there exist a,b € p(I) with a+b ¢ p(I). If a,b € I,
then a +b € I C p(I) by Lemma 2.1, which is a contradiction. So suppose
that a € I but b ¢ I. Then b € I';(R) and bc € I for some ¢ € R — I, so
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(a + b)c € I; hence a + b is not prime I, which is a contradiction. Similarly,
for a ¢ I and b € I, we get a contradiction. Thus, we must have a,b € R — I,
so a,b € T'1(R). Since the inclusion I C (I : J) is clear, we will prove the
reverse inclusion. If r € (I : J), then r(a+b) € I, so r € I since a+b is prime
to I. Thus J is prime to I. The other implication is clear. O

We shall require the following theorem, and its proof is a slight modifica-
tion of those in [11, Theorem 2.1 and Lemma 2.3].

THEOREM 3.8. (i) Let R be a reduced semiring. If |Ming(0)]
there are non-zero elements a,b € Z(R) such that (0 : {(a,b)) =
diam(I'(R)) = 3.

(i) Let I be a k-ideal of a non-reduced semiring R. If Ann(I) # 0 and ¢
is a nilpotent element of R, then (0: qR+1I) # 0. In particular, if a € Z(R)
and q 1is nilpotent, then a +q € Z(R) and (0: {(a,q)) # 0.

3 and

>
0, Then

THEOREM 3.9. Let I be a radical Q-ideal of a semiring R and suppose
that I is not a primal ideal of R and |Ming(I)| > 3. Then diam(T';(R)) = 3.

ProoOF. By Proposition 3.7 (ii), there exist t = ¢1 +a,y = ¢2+b € T';(R)
such that (I : (z,y)) = I, where q1,q2 € Q@ — I and a,b € I. Let gy be the
unique element in @ such that go + I is the zero in R/I. Let g3+ 1 € (0 :
(i +1,q2+1)). Then (1 +1)© (g3 +1I) = qo+ 1, where qig3+1 C qo+ 1, so
q193+a = qo+e for some e € I. Since ¢y € I and [ is a k-ideal, we must have
q1q3 € I. Similarly, gags € I. Therefore, g3z, g3y € I, 80 g3 € I = (I : (z,y));
hence g3 = ¢o by [6, Lemma 2. 3]. Then the ideal (¢1 + I,q2 + I) of R/I
has no non-zero annihilator. As R/I is a reduced semiring by Proposition
3.4 and |Ming(R/I)| > 3 by Lemma 3.5, it follows from Theorem 3.8 (i) that
diam(T'(R/I)) = 3. Now the assertion follows from Theorem 2.12. O

THEOREM 3.10. Assume that I is a radical Q-ideal of a semiring R and I
is not a primal ideal of R. Then diam(T';(R)) < 2 if and only if |Ming (I)] = 2.

PRrROOF. First, assume that diam(I';(R)) < 2. By Theorem 2.3, p(I) is
not an ideal of R, so there exist a,b € p(I) such that a + b ¢ p(I). If there is
an element 7 of (I : {(a,b)) with r ¢ I, then a+b € T';(R) C p(I), which is a
contradiction, so we must have (a,b) is prime to I. Therefore, by Proposition
3.4 and Theorem 3.6, I has at least two minimal prime k-ideals. If I has
more than two minimal prime k-ideals, then diam(I';(R)) = 3 by Theorem
3.9; hence I must have exactly two minimal prime k-ideals. Next, assume
that [Ming(I)| = 2. If P, and P are the only minimal prime k-ideals of I,
then p(I) = P U Py by Theorem 3.6 and we may assume a € P, — P, and
be P, — Py. Clearly, ab € P, N P, = 1. Consider two distinct vertices  and
y in I'y(R). If xy € I, then d(z,y) = 1. On the other hand, if zy ¢ I, then
either (z,y) C Py or (z,y) C Py since p(I) = P U P,. If (x,y) C P, then
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x —b—y is a path in T';(R); hence d(x,y) = 2. A similar argument shows
that if (z,y) C Py, then d(z,y) = 2. Tt follows that diam(T';(R)) < 2. O

ProproOSITION 3.11. Let I be a Q-ideal of a semiring R which is not a
radical ideal, and let J be a k-ideal of R which is not prime to I. If x € VI,
then the ideal Rx + J is not prime to I.

PROOF. Since every @-ideal is k-ideal, we must have I + J is a k-ideal of
Rand (I+J)/I={q+1:q€QnN(I+J)}is ak-ideal of R/I by [5, Lemma
2.12 and Proposition 2.2]. By assumption, there exist r = ¢1 +a € (I : J)
such that r ¢ I, where ¢1 € Q and a € I (so g1 ¢ I). Let go be the unique
element in @ such that go + I is the zero in R/I. Let ¢ +1 € (I + J)/I,
where ¢ = c+de (I+J)NQ for some ¢ € I and d € J. There exists the
unique element g2 € @ such that g1¢' +1 C g2 + I, so q1¢' + e = qo + f for
some e, f € I. Since rJ C I, we must have ¢1J C I, so q1q' € I; hence ¢ € I.
Therefore, go = go by [6, Lemma 2.3]. Thus (¢1 + 1) ® (¢ + 1) = qo + 1.
It follows that (0 :g/; (I + J)/I) # 0. By Proposition 3.4, R' = R/I is
a non-reduced semiring. If z = g3 +t € VI (where g3 € Q, t € I), then
(g3 +t)" = ¢ +u € I for some u € I; hence ¢f € I since I is a k-ideal.
Therefore, (g3 +1)™ = qo+ I, so g3+ I is a nilpotent element of R’. It follows
from Theorem 3.8 (ii) that there exists a non-zero element ¢+ 1 (so ¢ ¢ I) in
the annihilator of the ideal R/(x + I) + (I + J)/I of R’. Tt suffices to show
that g € (I : Re+ J). Let ra +b € Rx+ J, where r € R and b € J. There
are elements q4,q5 € @Q and s1,ss € I such that r = g4 + s1, b = ¢5 + s2, so
we have

(3.1) q(re +b) = q(qa + s1)(gz + 1) + q(g5 + 52) = qqaq3 + qq5 + w,

where w € I. Since (¢+1)®[(g3+1)©(qa+1)® (g5 +1)] = qo+ I, there exist
the unique elements gg, g7 € @ such that gsqu+1 Cqgs+1, gs+q5+1 C qgr+1
and qq7 + I C go + I. An inspection will show that ggsqs + qg5 € I. Now the
assertion follows from (3.1). O

PrOPOSITION 3.12. Assume that I is not a radical Q-ideal of a semiring
R. Ifx € VI and a € T1(R), then a +x € T1(R) and the ideal (a,z) is not
prime to I.

PROOF. It is easy to see that the k-closure cl(Ra) of Ra is a k-ideal of
R. Then by Proposition 3.11, there is an element u € (I : Rz + cl(Ra)) with
ué¢I. As (I:Rx+cl(Ra)) C (I: Rx+ Ra), we must have (a,x) is not prime
to 1. 0

THEOREM 3.13. Let I be a Q-ideal of a semiring R which is not a radical
ideal and suppose that I is not a primal ideal of R. Then diam(I';(R)) = 3.

PRrROOF. By Proposition 3.7 (ii), there are elements a,b € I';(R) such that
the ideal (a,b) is prime to I, so d(a,b) # 2. By Proposition 3.12, neither a
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nor b can be elements of v/I. If ab ¢ I, then d(a,b) # 1, so d(a,b) = 3; hence
diam(T';(R)) = 3. So we can assume that ab € I. Then (I : {(a? b)) =

(1: <a2aab7 b2>) =(I: <a7b>2) = :(a, b)) =1.

Therefore, there is an element z € v/T such that z ¢ (I : (a®,b?)). Without
loss of generality we may assume that zb® ¢ I. By assumption and Proposition
3.12, we must have a + bz € T';(R). Since (I : (a + bz,b)) = (I : (a,b)) =1,
we get d(a + bz,b) # 2. But (a + bz)b = ab+ b?z ¢ I, so d(a + bz,b) # 1.
Thus d(a + bz,b) = 3 and diam(I';(R)) = 3. O
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