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ABSTRACT. In this paper we characterize the order relation on the
set of all completely n-positive linear maps on C*-algebras in terms of the
representation associated to each completely n-positive linear map given
by Suen’s construction.

1. INTRODUCTION AND PRELIMINARIES

Completely positive linear maps are an often used tool in operator alge-
bras theory and quantum information theory [1, 3, 5, 7, 10].

In the mathematical framework of quantum information theory, all ad-
missible devices are modelled by the so-called quantum operations (that is,
completely positive linear maps on the algebra of observables (C*-algebra)
of the physical system under consideration). A good analysis of completely
multi-positive maps between C*-algebras involves understanding and solving
certain problems in quantum information theory and understanding the in-
finite dimensional non-commutative structure of topological x-algebras [2, 5,
7, 10]. The theorems on the structure of completely linear maps and Radon-
Nikodym type theorems for completely positive linear maps are an extremely
powerful and veritable tool for problems involving characterization and com-
parison of quantum operations.
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Given a C*-algebra A and a positive integer n, we denote by M, (A) the
C*-algebra of all n X n matrices over A with the algebraic operations and the
topology obtained by regarding it as a direct sum of n? copies of A.

DEFINITION 1.1. A linear map p: A — B between two C*-algebras is
completely positive if the linear maps p™ : M, (A) — M, (B) defined by

P (i) j=1) = [plaip)]} i
are positive for any positive integer n.

DEFINITION 1.2. Let A and B be two C*-algebras. An n X n matriz
[Pij]?,j=1 of linear maps from A to B can be regarded as a linear map p from
M, (A) to M, (B) defined by

n

P([aij]i,j:1) = [pij (aij)mj:r
We say that [Pij]?,j=1 is a completely n-positive linear map from A to B if p
is a completely positive linear map from M, (A) to M, (B).

We shall denote by CP (A, B) the set of all completely positive linear
maps from A to B and by CPZ(A, B) the set of all completely n-positive
linear maps from A to B.

In [9], Suen showed that any completely n-positive linear map from a
C*-algebra A to L(H), the C*-algebra of all bounded linear operators on a
Hilbert space H, is of the form [V*T;;®(-)V]},_,, where ® is a representation
of A on a Hilbert space K, V € L(H, K) and [T};]7;_, is a positive element
in M, (®(A)") (P(A)" denotes the commutant of ®(A) in L(K)).

THEOREM 1.3 ([9, 4]). Let A be a C*-algebra, let H be a Hilbert space

and let p = [pi;];—; be a completely n-positive linear map from A to L(H).
Then there is a representation ®, of A on a Hilbert space H,, V, € L(H, H,)

and a positive element TP = [T}]7;_y in My (®,(A)") with ZTkPk = nidy(g,)
k=1

such that:
i. {¢p(a)Vp§;a e Afe H} spans a dense subspace in H,;
ii. pij(a) = VT ®,(a)V,, for alla € A and for all i,j=1,...,n.

The quadruple (®,, H,,V,,T”) will be called the Suen’s construction as-
sociated with p and it is unique up to unitary equivalence [4, Theorem 2.3].

REMARK 1.4. The triple (®,, H,,V,) is the Stinespring representation
n

associated with p = %Zpkk (see, [4, the proof of Theorem 2.3]).
k=1
In this paper we characterize the order relation on the set of all completely
n-positive linear maps on C*-algebras in terms of the representation associated
to each completely n-positive linear map given by Suen’s construction [9].



COMPLETELY MULTI-POSITIVE LINEAR MAPS 189

We also give sufficient conditions for that a completely n-positive linear map
from a unital C*-algebra A to L(H) to be an extreme point in the set of
all completely n-positive linear maps [p;;]};_; from A to L(H) such that
[pij (1a)]}j=, = T for some T° € M, (L (H)).

2. THE MAIN RESULTS

Let p = [pi;]}' ;=1 be an element in CPY (A, L(H)) and let (®,, H,, V,, T")
be the construction associated to p given by Theorem 1.3.

LEMMA 2.1. Let S = [Sj;]} ;- be a positive element in M, (®,(A)"). The
map ps = [ps,;|itj=1 from M, (A) to M, (L(H)) defined by

ps([aijlij=1) = [V, Sij®p(aij)Vpli =1
is a completely n-positive linear map from A to L(H).

PROOF. It is not difficult to see that pg is an n x n matrix of linear maps
from A to L(H) whose (i,j)-entry is the linear map pg,, from A to L(H)
defined by pg,;(a) =V, Sij®,(a)V, for all a € A and for all 4,5 =1,...,n

To show that pg is a completely n-positive linear map from A to L(H)
it is sufficient to show that I'(ps) € CPx(A, Mp(L(H))), where I' is the
map from CPY (A, B) onto CPux(A, M, (B)) defined by I'([pi]};=1)(a) =
[pij(a)lf ;=1 for all a € A [2, Theorem 1.4]. For this, let m be a positive
integer, a,...,am € A, & = (€)™, ..., &n = (€1,)", € H". Then we have

Z (ps)(af ar)ér, &) V Sij®,(ajak)Vy i j:l(flic)?:lv (fli)?:ﬁ
k,l=1 k,l:l
= Z Z <‘/;*52]@p a; ak)v £k7£l>
ki=1i,j=1
= <SWZ@P ak)foi,Z@p(ak)fo,i>
i,7=1 k=1 k=1

< i1 (O plarn)Vo&i)inr, (O @plar) Vi) i >zo
k=1 k=1

since [S;;]};—; is a positive element in M,,(®,(A)"). From this fact we conclude
that I'(ps) € CPx (A, M, (L(H))) and the lemma is proved. O

REMARK 2.2. It is not difficult to check that:

L. pre = p;

2. pas = apg, for all positive numbers o and for all positive elements .S
in M, (@, (4));

3. psi+8, = Ps, + ps,, for all positive elements S1, .Sy in M, (®,(A));
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4. ps, < ps, if and only if S; < So, where S1, S are positive elements in
My (®,(A)).
Let p,0 € CPL(A,L(H)). We say that p dominates 6, and we write
0 <p,if p—8eCPL(A LH)).
For p € CP" (A, L(H)), we put:

[0,p] = {0 = [05]7j=1 € CPL(A,L(H));0 < p}
and
0,77 = {S = [Si]i'j=1 € Mn(P,(A));0< S <T7}.

THEOREM 2.3. The map S — pg is an affine order isomorphism from
0,7%] to [0, .

PROOF. By Lemma 2.1 and Remark 2.2, the map S — pg from [0, 77]
to [0, p] is well-defined and moreover, it is affine.

To show that the map is injective, let S = [5;]}';_; be an element in
[0,77] such that ps = 0. Then [pg;;]{;—y = 0, that is V75;;®,(a)V, = 0, for
alla € Aand foralli,j=1,...,n.

For each a,b€ A,{,n€ H and i,j =1,...,n, we have

<Sijq)P(a)Vﬂ€7(I)p(b)vp77> = <Vp*q)p(b)*sijq)p(a)vpf,ﬂ>
= (V;®,(b")S;;0u(a)V,E,m)
= (VS 2,(b"a)V,€,m) = 0.

From this fact and taking into account that {®,(a)V,&;a € A, & € H} spans
a dense subspace of H,, we conclude that S;; = 0. Hence S = 0 and the map
S — pg is injective.

It remains to show that the map S — pg from from [0,77] to [0, p] is
surjective.

Let o = [ox]j =, be an element in [0, p|. By [4, the proof of Theorem 2.3]

n
(see also [6]), %O‘kk, %5 + %Reakl, %5 + %Imakl € [0, p], where p = %ijj
j=1

and G = 13 oy;, for all k1 = 1,...,n with k # L. Let (®,, Hy, V,, T?) be
j=1
the Suen’s construction associated with p. By Remark 1.4, (®,,H,,V,) is
the Stinespring representation of A associated with p. Then by [1, Theorem
1.4.6], for each j = 1,...,n, there is a positive element S;; € ®,(A)" such
that
oji(a) =V, Sj®p(a)V,
for all @ € A and for all k,l = 1,...,n with k # [, there are two positive
elements S}, 5%, € ®,(A)" such that
n

50(a) + (Reow)(a) = V7S ®,(a)Vy
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and
n"’ *
0(a) + (Imow)(a) = VS50, (a)V,
for all @ € A.
From these relations, we deduce that oy (a) = V, S ®,(a)V, for alla € A,
where

L+ig
Sp = S} +1S? — TZsjj.
j=1
Clearly S = [Si;]}'j=1 € Mn(®,(A)"). Moreover, S is positive (see, for exam-
ple, [4, the proof of Theorem 2.3]) and o = pg. Since o < p, by Remark 2.2,
S € [0, T?] and the theorem is proved. O

DEFINITION 2.4. Let A be a C*-algebra and let H be a Hilbert space. A
completely n-positive linear map p = [pi;]f ;=4 from A to L(H) is said to be
pure if for every completely n-positive linear map 0 = [0;;]7 ;—, € [0, p], there
is a positive number o such that 8 = ap.

PROPOSITION 2.5. Let p = [pi;]i;—1 be an element in C P (A, L(H)).
Then p is pure if and only if [0,T?] = {aT”;O <a< 1}.

PROOF. First we suppose that p is pure. Let S = [Sij]?,jzl be an element
in [0, T7]. By Theorem 2.3, pgs € [0, p] and since p is pure, there is a positive
number « such that pg = ap. From this fact, Remark 2.2 and Theorem 2.3,
we deduce that S = o1 for some 0 < o < 1.

Conversely, suppose that [0,T°] = {aT”;O <a< 1}. Let 0 = [045]7 ;-1
be an element in [0, p]. By Theorem 2.3, there is S € [0,7”] such that ps = 6
and since S = T for some positive number «, § = ap and the proposition
is proved. O

Let A be a unital C*-algebra, let H be a Hilbert space and p = [p;;]},_; €
CP (A, L(H)). We denote by CP™ (A, L(H),T"), where

7O = diag(V,\,..., V) T?diag(V,, ..., V,),

the set of all completely n-positive linear maps o = [o;]};_; from A to L(H)
such that 0;;(14) = (T°);5, for all 4,5 = 1,...,n. Clearly, CPZ (A, L(H),T")
is a convex set.

PROPOSITION 2.6. Let p = [pi;]i';—, be an element in CPL (A, L(H),T°)
and let Py, be the projection on the closed subspace Hy of H, generated by
{fo;f € H}. If the map S — diag(Pn,, . . ., Pu,)Sdiag(Pu,, - . ., Pu,) from
M, (®,(A)") to M, (L(H,)) is injective then p is an extreme point in
CP" (A, L(H),T°).
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PROOF. Let 0,0 be elements in CP” (A, L(H),T%) and o € (0,1) such
that af + (1 — a)o = p. Since af € [0, p|, by Theorem 2.3 there is a positive
element S in M, (®,(A)’) such that af = ps. Then

<PH0 (Sij — aTi?)PHon‘f’ Vp77> = SV, Vom) —a <T£'Vp§> Vp77>
a(0i;(La)§;m) — o (pij(14)€,m) =0,
forall ¢, € H and for all 7,5 =1,...,n.

From this fact we deduce that Pp,(S;; — ozTZ-’;-)PH0 = 0 for all 4,j =
1,...,n and since the map S — diag(Pu,,...,Pu,)Sdiag(Pu,,. .., Pu,)
from My, (®,(A)") to M,(L(H,)) is injective, S = aT”. Thus we showed
that @ = p and so p is an extreme point in C P2 (A, L(H),T"). 0

By Remark 1.4, (®,,H,,V,) is the Sinespring representation of A associ-
ated to p. If p = [py]} ;= € CPL(A,L(H),T°), then

N 1o Rl .
p(la) = Ezpkk (14) = EZ VTV =V, V),
k=1 k=1
and by [1, Theorem 1.4.6], p is an extreme point in C' P (A, L(H),V,V,) if
and only if the map S — Pp,SPpy, from ®,(A) to L(H,) is injective.

COROLLARY 2.7. Let p = [pi;]{;_; be an element in CP (A, L(H),T°).

n

If p = %Zpkk is an extreme point in CPu(A,L(H),VV,), then p is an
k=1

extreme point in C P (A, L(H),T?).

PROOF. Since p is an extreme point in the set C'Px (A, L(H),V;V,), the
map Sy — P, S0P, from ®,(A) to L(H,) is injective [1, Theorem 1.4.6],
and so the map S — diag(Pr,,- .., Pu,)Sdiag(Pu,, ..., Pm,) is injective.
From this fact and Proposition 2.6, we deduce that p is an extreme point in
CP™(A,L(H),T). O
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