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Abstract. In 1976 Fridy presented a series of theorems that chacterize when matrices
preserve the Gibbs’ phenomenon. In this paper we present a multidimensional extension of
the results of Fridy. In particular, we prove necessary and sufficient conditions for a positive
RH-matrix to preserve the double Gibbs’ phenomenon for positive double sequences. Other
related results are also established.
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1. Introduction

In Section 2 we present a definition of the double Gibbs’ phenomenon (Definition 5).
In Section 3 we present a number of lemmas and theorems which lead to a charac-
terization of those doubly infinite positive RH-matrices which preserve the Gibbs’
phenomenon.

2. Definitions, notations, and preliminary results

Definition 1 (see [6]). A double sequence x = [x;] has a Pringsheim limit L
(denoted by P-limx = L) provided that given an € > 0 there exists an N € N such
that |z, — L| < € whenever k,l > N. We shall describe such an x more briefly as
“P-convergent”.

Definition 2 (see [6]). A double sequence x is called definite divergent, if for every
(arbitrarily large) G > 0 there exist two natural numbers ny and ny such that |z, ;| >
G forn>ni,k > no.

The four dimensional matrix A is said to be RH-regular if it maps every bounded
P-convergent sequence into a P-convergent sequence with the same P-limit.
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The assumption of boundedness was made because a double sequence which is P-
convergent is not necessarily bounded. Using this definition Robison and Hamilton,
independently, both presented the following Silverman-Toeplitz type characteriza-
tion of RH-regularity.

Theorem 1. The four dimensional matriz A is RH-reqular if and only if

RHy : P—limapm k1 =0 for each k and [

o0
RH5 : P — lim E Qm,nk,l = 1;
m,n
k,1=0

RH3 : P — lim Z |G n.k,1] = O for each I
" =0

RH, : P —lim Z |G n.k1| = 0 for each k;
g

o0
RHj : g |G k1| @5 P-convergent,
k,1=0

RHg : there exist positive numbers A and B such that Z |G 0] < A.
k,l>B

Definition 3 (see [5]). The double sequence [y] is a double subsequence of the se-
quence [z] provided that there exist two increasing double index sequences {n;} and
{k;} such that if z; = xy, 1, , then y is formed by

%1 %2 Z5 210
R4 Z3 26 —
R9 28 27 —

Definition 4 (see [5]). A number § is called a Pringsheim limit point of the double
sequence [x] provided that there exists a subsequence [y] of [x] that has Pringsheim
limit 8 : P-lim[y] = 5.

Let {xr,;} be a double sequence of real numbers and, for each n, let o, =
sup, {zk, : k,1 > n}. The Pringsheim limit superior of [z] is defined as follows:

1. if @ = 400 for each n, then P-limsup[z] := +o0;
2. if & < oo for some n, then P-limsup[z] := inf, {a, }.

Similarly, let 8, = inf,{zk; : k,1 > n}. Then the Pringsheim limit inferior of [x] is
defined as follows:

1. if 8, = —oo for each n, then P-liminf[z] := —o0;
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2. if B, > —oo for some n, then P-liminf[z] := sup,,{fn}.
We now present a definition of the double Gibbs phenomenon.

Definition 5. Let f be a double real-valued sequence { fi;} which is P-convergent
to a function ¢ at each point of a deleted neighborhood D of the point (xo,yo) =
a. If there exist subsequences { fr,1,} of {fr1} and a double sequence {xy;} with
P—lim; jz; ; = « and either

P —lim fy, 1, (w; ;) > P — limsup ¢(z; ;) (1)
i, : i
or
P —lim fy, 1, (v, 5) < P —liminf ¢(z; ;) (2)
i,] ]

then f is said to possess the double Gibbs phenomenon at .

3. Main results

This presentation shall examine real matrix summability methods that map double
sequences into double sequences. The transformation A that transforms f into
Af(z,y) for each (z,y) € D where (Af)(z,y) = {(Af)mn(®,y) o no is defined by

(Af)m,n(:c,y) = Z am,n,k,lfk?,l(x7y)'

k=1

Observe that if the limit function ¢ has limit «, then (1) and (2) imply that the
Gibbs phenomenon is equivalent to nonuniform P-convergence. This observation
yields the following lemma.

Lemma 1. The double real-valued sequence {fi;} is uniformly P-convergent on D
if and only if [ is uniformly P-convergent on every countable subset of D.

Let {fx,:} be double sequence of real-valued functions and = a double sequence
in D. We can now consider the following four-dimensional matrix of functions:

Fm,n,k,l = f’m,’ﬂ(‘rk,l> - ¢(xk,l)~

Note that each pairwise column of {F,, ,} P-converges to 0 and thus Lemma 3 can
be used to describe the connection between uniformly P-convergence and the double
Gibbs Phenomenon in the following sense.

Lemma 2. The double real-valued sequence {fi;} is uniformly P-convergent on D
if and only if for every double sequence x in D the corresponding four dimension
matriz F has the property that its pairwise column double sequences P-converges
uniformly to 0.

Lemma 3. If f P-converges (point-wise) in a deleted neighborhood D of «, then the
following are equivalent:



10 R.F.PATTERSON AND B. E. RHOADES

1. f displays the double Gibbs phenomenon at a;

2. there is a double number sequence x P-converging to a for which the corre-
sponding functions matriz F' is such that

lim lFm’n’k’l # 0.

m,n,r,

The notation klilm'Fk’l’i’j = A shall mean
AN

P— hrn( sup Fk,l,i,j - /\) =0.

MM g I>mangi,g>man

Let G denote the collection of matrices F' which have 0 as a pairwise Pringsheim
column limit and which violates (1) or (2).

Theorem 2. If A is GP-preserving and {k;}i2, and {l;}52, is any infinite subset
of pairwise column indices, then

P — hm(sup |a/m7n,k7i7lj |) > 0.

mmn g
Proof. Suppose that A has a pairwise column such that

P — hm(Sup |am,n,k¢i,lj |) = 07

m,n- g g
and consider the following:

L (k) = (ki)
RLETZ000, (K, 1) # (kiy 1)

Since {k;} and {l;} are divergent single subsequences, F is in G. Then
(AF)mnij = Qmnk,,1; for all (m,n) and (4, j),

and lim (AF)mn:; =0. (ie. AF isnotin G). Hence A is not GP-preserving. [

m,n,t,jJ

For RH-regular matrices both pairwise columns and rows are P-null double se-
quences. In this case Theorem 2 can be simplified as follows:

Theorem 3. If A is an RH-regqular matriz and (k;, ;) a doubly infinite set of pair-
wise column indices, then

P — hm(sup ‘am,n,kul]‘D >0 (3>

mmn” g s

holds if and only if there exists a positive number € and infinitely many terms
Ak t; Such that |G m ;1] > €.

Corollary 1. If A is RH-reqular and GP-preserving, then

P — lim( sup |ak,1.i.5
TR (k1) > (m,n);(4,5) > (m,n)

) > 0.
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This immediately follows from (3).

This result has an invariant Pringsheim core type flavor, which was suggested
by both Fridy ([2, Theorem 3]) and [5, Theorem 3.2], with a proof that is similar to
Theorem 2, and is therefore omitted.

Theorem 4. If A is GP-preserving and (k;,l;) a doubly infinite set of pairwise
column indices, then

P —limsup | Z Ak ;] > 0. (4)

m,n ..
’ i,j=1

Thus far all lemmas and theorems have provided only sufficient conditions to
ensure that A is GP-preserving. However, note that

Tom,2n + T2m+1,2n+1
A(x)m:n = 2

is an RH-regular transformation that satisfies the conditions that there exists a
positive number e and infinitely many terms Am,n,k;,1; sSuch that |am,n,ki,lj| > € and

P — lim( sup lak,ii;l) >0
I (k1) > (m,n);(i,5) > (m,n)

hold.
Consider the following four dimensional matrix

1, if k=21, =25
Fm,n,k,l = —1, if k= 217 | = 2]
0, otherwise.

Observe that F' € G and (AF)mnk = 0, so that A is not GP-preserving. In
addition, let G* denote the collection of nonnegative matrices £ which have 0 as a
pairwise Pringsheim column limit and fail to satisfy (1) or (2).

To obtain necessary conditions we need to place suitable restriction on A and F'.
The following is a partial converse of Theorem 3.

Theorem 5. If A is an RH-regular nonnegative four dimensional matrix, then A
maps G into GT if and only if there exists a positive number € and infinitely many
terms G n k;,1; Such that |am nk,1,| > €

Proof. If F is in G, then there exists a positive number § and two double Pring-
sheim sequences (m;,n;) and (k;,l;) such that for each pair (i,5), Fn,n, ki1, =
d. By (3) there are infinitely many Pringsheim order terms @, .k, such that
Amn,k;,l; = € > 0. For each ap k1, we have

(AF)m,n,kiJj > am’n,ki’lijunpki’lj > €0.

Thus AF satisfies (3), and, since AF is nonnegative, it is clearly in G*. Note that
the converse clearly follows from Theorem 2. O
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