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All perfect polynomials with up to four prime factors over Fj
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Abstract. A perfect polynomial over the field Fy is a monic polynomial A € F4[z] that
equals the sum of all its monic divisors. If ged(A,z* + ) = 1, then we say that A is odd
over F4. In this paper, we characterize odd perfect polynomials over F4, with four prime
divisors. There follows a classification of all perfect polynomials over F4 with up to four
prime divisors.
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1. Introduction

We denote, as usual, by IN (resp. IN*) the set of nonnegative (resp. positive)
integers. We consider the finite field 4 of 4 elements, which is a quadratic extension
of the binary field Fy = {0,1}. We write Fy = {0, 1, a, « 4 1}, for some « in a fixed
algebraic closure of Fy. One has: & = o? = o+ 1.

For a polynomial A € Fy[z], let

o(A)= > d

d monic, d|A

be the sum of all monic divisors of A. Let us also call w(A) the number of distinct
prime (irreducible) monic polynomials that divide A. Observe that o is multiplica-
tive, a fact that will be used many times without more reference in the rest of the
paper. A perfect polynomial A is a monic polynomial such that o(A) = A.

The notion of a perfect polynomial over Fy was introduced by Canaday [2], the
first doctoral student of Leonard Carlitz. He studied mainly the case when
ged(A, 22 + 2) # 1. We call these polynomials even over Fy. He claims (see [8] for
a complete proof ) that there are exactly 5 even perfect polynomials over Fo, with
four irreducible factors:

Ci(z) = 2*(x+ D)(@® +x+ 1)} (2 + 2+ 1), Co(z) = Ci(x + 1),
Cs(z) =zt (z+ 1)@ + 23 + 22 + 24+ )2 + 25 + 1),
Cyx) =23+ 1)@+ 22 + 1) (2® + 2+ 1), Cs(x) = Cy(x +1);
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leaving the case of the odd ones open. In other words, Canaday’s claim implies that:
There is no odd perfect polynomial over Fy. (0)

In his own words [2, p. 721]: “It seems plausible that none of this exist but
this is not proved.” Some work has been done on this. The assertion (¢) is true if
w(A) =1 (trivial), w(A) = 2 (see [2, Theorem 17]), and w(A) € {3,4} (see [6], [7]).

The next interesting case is to consider the problem over the finite field F4, with
four elements:

Now, working over Fy, we may define an even (resp. odd) polynomial as a poly-
nomial A such that ged(A,z* + x) # 1 (resp. ged(A,z* + 2) = 1). The analogue
over Fy of the assertion (o) is false: there exist odd perfect polynomials A over
Fy, with w(A) = 2 (see [4]). Gallardo and Rahavandrainy [4, 5], characterize the
even perfect polynomials A such that w(A) € {2,3,4}. Furthermore, Gallardo and
Rahavandrainy [5] prove that there is no odd perfect polynomial with 3 prime fac-
tors. Odd perfect polynomials that we have found, including our main result below,
confirm [5, Conjecture 2].

Observe that from a result [10, p. 140] of Hall, there is an infinity of pairs
P, P+1 of irreducible polynomials over Fy (since 4 = card(F,) > 3), so that we have
an infinity of odd perfect polynomials A € Fy[z] with w(A) € {2,4}.

The object of this paper is to characterize all odd perfect polynomials over Fy
with w(A) = 4. Our main result is:

Theorem 1. Let A = P°QYR°S? € Fyz] be an odd polynomial, where P,Q, R, S
are distinct irreducible polynomials, and a,b,c,d € IN*. Then A is perfect over Fy if
and only if, up to rearranging P,Q, R, S:
either: )
(i).{Q—PJrl, R=P>+P?4+1, S=P3+P+1,
"la=3,b=6, c=d=1,

or

(ii):{Q_P+1’ S=R+1,

a=b=2"—-1, ¢c=d=2™—1, for some m,n € IN*.

So that either A is a product of two coprime perfect polynomials with two prime
divisors each, or A belongs to a family that, at first sight, might be eventually finite.

Indeed, we learned recently by Paul Pollack that this family is actually infinite.
Observe that this disproves our conjecture [5, Conjecture 3]. For completeness we
repeat here this conjecture:

Conjecture 1. Let k = 2m > 0 be an even integer, and assume that there exists
some integer j € {1,...,k} for which the positive integer h; is even. Then there are
finitely many perfect polynomials A over Fy of the form

k
A= HPi’“.
=1

We give here below essentially his proof of the infinity of the family.

In order to do that, observe that Serret [13] and Dickson [3] proved a general
result (see [12, Lemma 1] for this, and see all the papers for related results) from
which we get as a special case:
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Lemma 1. Let P € Fylz] be a prime polynomial of degree d. Let I be an odd prime.
Suppose that P has a root a € Fya which is not an I-th power. Then the substitution
z — 2" leaves P prime for every k =1,2,3,....

Precisely we prove.

Lemma 2. There ezists an infinity of prime polynomials P € F4[x] such that P+1,
P34+ P+1, and P? + P2+ 1 are also all prime.

Proof. Let a be a root of 22 + z 4+ 1 in Fy, and let

P(z) = 225 + 25" +a

Then P(x), P(z)+1, P(z)® + P(x) +1, and P(x)? + P(z)? +1 are all irreducible
over [Fy, for each k£ > 0.

To see this, let Py(z) := 22 + x + o. With a computer algebra system, one can
check that the hypothesis of the Serret-Dickson’s Lemma 2 hold with [ = 5, for each
of the polynomials f = Py, Py + 1, P$ + Py + 1, and P§ + P + 1. So replacing = by
z%" should preserve irreducibility of each of these. This proves the result. O

Moreover, see some examples of perfect polynomials at the end of the paper.

Thus, with [4, 5] and the present work, we have completely classified all perfect
polynomials A over Fy with w(A) < 4. According to the fact that a polynomial A(z)
is perfect over Fy if and only if for any a € Fy, A(z + a) is perfect, any such perfect
polynomial can be obtained from the following list:

(a) 0, 1 and (224 2)*" (2> + z + 1)>" " for some n,m € IN.

(b) (@t +2)2" 1, (2* + )32 1, for some n € IN.

(¢) (224 ax)*?" (2?2 +ax+a+1)>2"~1  fora € {a,a}, and for some n € IN.
)

(d) (P? 4 P)?"~!, where P € Fyfz], P and P + 1 are both prime, and n € IN.
Observe that (e.g.) when P = 2% + x + «, we get a perfect polynomial over
F4 without roots in F4. L.e., we have more non-trivial odd perfect polynomials
over . For more on this see also [9].

(e) 23(x+1)%(z3+22+1) (23 +2+1), called a “sporadic” even perfect polynomial.
This polynomial is also even perfect over Fs.

(f) (@2 4+ 2 +b)>""HQ(Q + 1)) ! where b € Fy, n,m € IN, Q € Fy[z], Q and
@ + 1 are both prime of degree > 1.

(2) (P(P+1))>""1Q(Q + 1))*"~! where P,Q € Fy[z], P,Q,P +1,Q + 1 are all
prime of degree > 1, n,m € IN.

(h) P3(P+1)5(P3 + P2+ 1)(P® + P+ 1), where P, P+ 1, P>+ P2+ 1 and
P34+ P41 are all irreducible over F,;. Note that if P = z, then we obtain the
sporadic polynomial in (e).

It is easy to see from direct computations that our conditions are sufficient. It
remains to prove that they are also necessary.
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2. Preliminary

2.1. Some facts
By using the multiplicativity of o, we obviously obtain

Lemma 3. Let A = A1 As € Falx] such that ged(Aq, As) = 1. If A and Ay are both
perfect, then As is also perfect.

Canaday [2] proved the following two results over Fy. The generalization below
was observed first in [5, Lemma 2.1, Lemma 2.2].

Lemma 4 (see [2], Lemma 5). Let F be a perfect field of characteristic 2. Let
P,Q € Flx] and n,m € IN such that P is irreducible and Q is nonconstant.
If o(P?") =1+ -+ P?" =Q™, then m € {0, 1}.

Lemma 5 (see [2], Lemma 6). Let F be a perfect field of characteristic 2. Let
P,Q € Flx] and n,m € IN such that P is irreducible, m > 1.
If o(P?") =1+ -+ P?" = Q™C for some C € Flx], then:

deg(P) > (m —1)deg(Q) if m is odd,
deg(P) > mdeg(Q) if m is even.

We also need the lemmas:

Lemma 6 (see [6], Lemma 2.3 or [5], Lemma 2.5). Let A € Fy[z] be a perfect
polynomial. Then the number of monic prime divisors of A, of minimal degree, is
even.

Lemma 7. For any even integer h > 2, for any nonconstant polynomial U € F4[z],
the polynomials 1 +U and V =1+ U 4 --- + U" are coprime.

Proof. It follows by Bezout’s theorem, since:
1=V 1+(1+U0) U U3 ... 4 U).
O

Lemma 8. If P € Fy[z] is nonconstant and h = 2°u — 1 € IN such that e > 1 and
u odd, then:

C(P") =1+ Pt o PP = (14 P) M1 4 Pt PUT)
In particular, 1 + P divides o(P").

1 4+ phtl 14+ Pv 2¢
Proof. It follows from the fact: o(P") = —1’—+P = ( j_-l- P) . O

Lemma 9. Let A = P*Q"R°S? be a perfect polynomial over Fy, such that P,Q, R, S
are prime and deg(P) = deg(Q) < deg(R) < deg(S).
If a is odd, then 1+ P € {Q, R, S}.
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Proof. In this case, 1 + P divides 0(A) = A, since it divides o(P?), by Lemma 8.
So, by minimality of deg(1 + P) = deg(P), we must have: 1+ P € {Q, R, S}. O

Lemma 10 (see [5], Lemma 2.4). For any integer h > 2, for any nonconstant
polynomial U € Fy[x], the polynomial 1+ U + --- + U" is reducible over Fy.

Lemma 11 (see [5], Lemma 2.6). If 1+z+---+a" = UV, with h even, U,V € Fy7]
irreducible, then h + 1 is a prime number and deg(U) = deg(V).

Lemma 12. Let h,a,b,c € IN and let P, U, V, W be four prime polynomials over
Fy4, such that:

14+ P+ -+ P =UWWe adeg(U) < bdeg(V) < cdeg(W).
Then; 2h + 1 is prime, ged(a,b,c) = 1 and
adeg(U) + bdeg(V) = cdeg(W) = hdeg(P).

Proof. For any positive integer n, put: f,(r) = o(x" 1) =14z + -+ 2" L If
we consider cyclotomic polynomials ®;(z), I € IN*, we obtain:

f@) = ] ®aa):

dln, d>2

Then, it is easy to observe the following facts: (see also [11, p. 82])
(i)- if m | n, then fi(z) | fu(),
(ii)- if p is an odd prime, then f,(z) has 2m irreducible factors of degree L

-1
some divisor m of pT’

1
, for

Ip? ()
fp(l")
p’—p

—p ..
, for some divisor m of ,

fo2(2)
fp(z)

has 2m irreducible

(iii)- if p is an odd prime, then ged ( , fp(m)) = 1land

2

factors of degree

(iv)- if p1,po are odénprimes, then ged(fp, (z), fp.(2)) = 1.

The degree assertions in (ii) and (iii) come from observing that any irreducible
polynomial in Fa[x] of degree 2n splits into the product of two irreducible polyno-
mials in Fy4[z], each of degree n.

Parts (ii) and (iii) imply that 2h + 1 is square-free, because otherwise the poly-
nomial 14+ P+ --- + P?" = f5,, .1 (P) would have at least four prime factors, which
contradicts the hypothesis of the lemma.

Similarly, parts (ii) and (iv) imply that 2k 4 1 is prime.
Thus, we may assume: faon41(x) = Py Pa, with Py, Py € Fy[] irreducible, each of
degree h. It follows that:

L+ P+ -+ P = fon1(P) = Pi(P)P2(P), with deg(Pi(P)) = deg(P2(P)).
By considering degrees, the only possibility is:

Py(P) =UV?’, Py(P)=W¢".
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So,
adeg(U) + bdeg(V) = deg(P1(P)) = deg(P2(P)) = cdeg(W).
To finish the proof, observe that Lemma 4 implies: ged(a, b, c) = 1. O

Lemma 13 (see [4], Lemma 2.3). If 1+ P+---+P" =1+ (1+P)+---+(1+P)",
with even h € IN* and P € Fy[z] irreducible, then h = 2¢ —2 for some integer e > 2.

Proof. We put: h + 2 = 2°v, where v is odd. We obtain:
(1+ P =14+ P2 =1+ P)"2 = ((1+P)")*,

so that: 1+ PY = (1+ P)".
If v > 3, then:
1+ P°=(1+P)" =1+ P"+ P+ P?U,

where U has degree v —3 > 0. So, 1 + PU = 0. It is impossible. We conclude that
v=1and h =2°—2. We must have e > 2 since h > 1. O

Lemma 14 (see [4], Proposition 3.10). Let Py, P» € Fy[z] be two irreducible poly-
nomials, and let h,k € IN. Then P! P¥ is perfect over Fy if and only if:

Po=P +1and h=k=2"—1, for somen € IN.

2.2. Strategy of the proof
Let A = P*Q"R¢S? be an odd perfect polynomial over Fy with w(A4) = 4. We set:

b= deg(P)7q = deg(Q)7T = deg(R),s = deg(S), D, ¢, 7,8 > 2.

We distinguish three main cases according to possible configurations of degrees as
come from Lemma 6, namely:

Case I: p=q=1r=s.
Case2: p=q<r=s.
Case 3: p=q<r<s.

Computations are simple and short enough to enable us to treat every possible case
in its own section of the paper.

Each section contains several subsections whose length (always short) depends
on the parity of exponents a,b,c,d. By using the multiplicativity of o, we obtain
some systems of four equations in four unknowns P, @, R, S to consider. The proof
consists (essentially) of using repeatedly Lemma 5, of checking that the exponents
of prime divisors are the same in both A and o(A), and of checking that the degrees
are the same on both sides of each equation of the system. Differentiation relative
to x is used when necessary. We always obtain a contradiction which is more or less
(reasonably) immediate.
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We may write the general system to resolve as:

(E1): 1+ P+ -+ P =Q"R1S%N,
() 4 (B2):1 +Q+ - +Q"=P2R=S5%,
(E3): 1+ R+ + R¢ = P®Q%S8%,
(B4): 14+ S+ -+ 89 = PpuQbsRes,

in which a,b,c,d > 0 are positive numbers while the exponents on the right-hand
side are non-negative numbers so that some of them may be zero.

We see below that we get part (i) of our theorem in Section Case 2.2, and part
(ii) in Case 1.3 and Case 2.3.

3. Case l: p=q=r=s.

In this case, integers a, b, c and d play symmetric roles, so we have only to consider
three subcases:
- Case 1.1 : a is even and at least one of b, ¢, d is even,
- Case 1.2 : a is even and b, ¢,d are all odd,
- Case 1.3 : a,b, c,d are all odd.
We need the following lemma:

Lemma 15. If the polynomial A = P*Q°R°S? is perfect over Fy, where a is even,
thena=2 and P+a,P+a+1€{Q,R,S}.

Proof. We consider the first equation (E1) of the system (x). Since a is even, by
Lemma 5, we have: by, c1,dy € {0,1}.
Since 2p < ap = (b1 + ¢1 + d1)p < 3p, we must obtain: a = by + ¢; + dy = 2. Thus:

o(PY)=14+P+P>=(P+a)(P+a+1l).

So, this complete our proof. O

3.1. Case 1.1

According to Lemma 15, we may assume: Q = P+a, R=P+a+1=Q+ 1. So,
by considering equation (E1), we see that P(0) must be equal to 1.

It suffices to consider the case where b is even. Still by Lemma 15, we have b = 2.
Thus, we must have: S =Q +a+ 1= P+ 1. It is impossible since S is irreducible,
S # z and P(0) = 1.

3.2. Case 1.2

According to Lemma 15, we may assume: Q@ = P+«a, R=P+a+1=Q+ 1.
Thus, as above we get P(0) = 1.
If b, ¢, d are all odd, then by Lemma 8, 1 +@Q, 1+ R and 1+ S divide o(Q%), o(R°)
and o(S?) respectively. Thus, they belong to {P,Q, R,S}. Since 1 + Q = R, we
must have: 1+ S = P. It follows that S(0) = P(0)+1 = 0. It is impossible because
S is irreducible and deg(S) > 2.
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3.3. Case 1.3

In this case, 1 + P, 1+ Q, 1+ R and 1 + S divide o(P?), ¢(Q%), o(R°) and o(S%)
respectively. Thus, they belong to {P,Q, R, S}. We may suppose:

P=Q+1, R=S5+1.
We put:
a=2Mu—1, b= —1, c=2w—1, d=27t — 1,
h,k,l,m,u,v,w,t € IN* and u,v,w,t odd.

We claim that u =v=w=t=1.
If one of these odd integers (say u) is greater than 1, then since:

O’(Pa) =14..-4+P%= (1+P)2h_1 (1+._.+Pu—1)2h’
P and Q =1+ P do not divide 1 + --- + P*~! (by Lemma 7),

by Lemmas 5 and 10 we must have:
144+ P "=RS.

Thus, by considering degrees, u —1 =2 and P+ «, P+ a+1 € {R,S}. Therefore,
P, P+1, P+ «aand P+ a+ 1 are all irreducible. It is impossible because P(0) €
{1,a,a+ 1}, and p > 2.
So,u=v=w=t=1landa=2"—1,b=2F—-1, ¢c=2"—1, d=2" —1. It follows
that:

PYQ RS = A= o(A) = 0(PY)o(Q%)o(R%)o(S?) = Q*P*S°R.

Hence a = b and ¢ = d. We obtain part (ii) of our theorem in the case: p =g =1r = s.

4. Case 2: p=q<r=s.

The integers a and b (resp. ¢ and d) play symmetric roles. Observe that:
either (ged(14+ R,S)=1) or (S=1+ R).

We need the following lemmas.

Lemma 16. Any even e € {a,b,c,d} satisfies: e > 4.

Proof. We may suppose that e € {a, c}.
-If e =a and if a = 2, then o(P*) = (P4 «)(P + a+1) and equation (E1) implies:

P+a, P+a+1€{Q,R,S}.

It is impossible by considering degrees.
- If e = ¢ and if ¢ = 2, then a similar argument gives the contradiction: R + «,
R+a+1€{R,S}. O
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Lemma 17. If a and b are both even, then:
o(P%) = o(Q% = RS, and ¢ and d are both odd.
Proof. In this case, by Lemmata 5 and 12, we have:
cg=co=dy=dy=1,b;y =ay =0,

and thus:
o(P*) = RS = o(Q").
If ¢ is even, then ¢4y = ¢ — ¢; — co = ¢ — 2 is even. Moreover, d3 < 1 by Lemma 5.
So, we obtain: 2 < d=d; +ds + dz < 3.
By Lemma 16, we must have d = 3, and hence equation (E4) implies:
(1+8)P=1+85+8%+5%=0(5%) = PQ"R.

-If 14+ 5 = R, then ¢4 = 3, which contradicts the fact: c4 is even.
- If ged(1 + S, R) = 1, then R does not divide 1 + 5. So, ¢ —2 = ¢4 = 0 and thus
c = 2. It is impossible, by Lemma 16. O

Lemma 18. If e is an odd number satisfying e € {c,d} then e = 2! — 1, for some
l e IN".

Proof. We may assume that e = c¢. Put: ¢ = 2'w — 1, where w is odd. Consider
equation (E3) of the system (x). We have, by Lemma 8:

1+R+-+R =(1+R> " (1+R+---+R"1).
- If ged(1+ R, S) = 1, then S does not divide 1 + R. So,
14+ R = PYQ*, for some y,z € IN.

If y =0, then R = @* + 1. Since R is irreducible, we must have z = 1 and thus
R =@ + 1. It is impossible because ¢ < r. So, y > 1.
Analogously, we must have z > 1.
It follows that P and @ are the only divisors of 1 + R. So, by Lemma 7, we have:
1+R+---+RY =97 forsome jecIN,

and by Lemmas 4 and 10:

w—1=35=0, and ¢ =2' — 1.
-If14+ R=S, then:

1+R+ - +R =8""1+R+--+R"1H?.

If w > 3, then:

14+ R+ + R = PPQ,
where f = v = 1, by Lemmas 12 and 4. It is impossible by considering degrees.

Thus, w = 1 and we are done. O

We have now to consider three subcases:
- Case 2.1 : a,b are both even,
- Case 2.2 : @ is odd and b is even,
- Case 2.3 : a,b are both odd.
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4.1. Case 2.1

In this case, by Lemma 17:

1+P+ -4+ P'=RS=1+Q+ -+ Q"
c and d are both odd.

By Lemma 18, we may put:
c=2—1,d=2"—1, where ,m > 1,
and thus, by Lemma 8:
o(RY) = (14 R)¢, o(S%) = (1+5)%

-If ged(1+ R,S) =1, then ds = 0 and d = 2. It is impossible since d is odd.
-If 1+ R =S, then by considering exponents of S, we have:

24 1=14+14+2" -1)=dy +dy +ds =d=2"—1.

Analogously we get: 2™ +1 =c =2 — 1.
Thus, 2! +2 = 2™ and 2™ 4 2 = 2. It is impossible.

4.2. Case 2.2

We put: a = 2"u — 1, b = 2¥v, where u, v are both odd. Consider equations (E1)
and (E2), we have by Lemmata 8 and 9:

o(P)=(1+P)¥ P A+P+--+P" " =@ 1+ P+ 4P
The polynomials Q and P = 1+ Q do not divide o(Q%) because b is even. So:
o(Q%) = RYS?, for some vy, z € IN.
By Lemmas 12 and 4, y = z = 1, so that:
1+ (1+P)+-+(1+P)=0(Q" =RS.
Moreover, if u > 3, then a similar argument gives:
1+ P+---+ P = RS,
and hence: ¢ =d; =2", co =dy = 1.

So,
1+P+---4+P'=RS=14(1+P)+---+(1+P)°

It follows by Lemma 13 that:
u—1=5b=2°—2, for some e > 2.

In fact, e > 3 since by Lemma 16 b > 4.
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4.2.1. Case ¢ odd and ged(1+ R,S) =1
In this case, S does not divide 1 + R, and thus R does not divide 1 + S. So,

d3 = C4 = 0.
By Lemma 18 we must have:
c=2'—1,d=2"—1 for some [, m € IN*,

so that:
o(R%) = (1+ R)%, o(5%) = (14 85)4.

Two subcases arise:
Subcase: u = 1:
The integer bs + by must be odd since

b=1b1 +bs+bs=2" —1+0b3+by
is even. In particular, bs # by. We are going to prove that:
c=d=1, min{b3ab4} =1, and (bg,b4) € {(172)v (2’ 1)}

c=d=1:
Since a = 2" — 1, Lemma 8 implies: o(P?) = (1 + P)* = Q% and hence:

01:d1:0, blia:2h71.

The identity o(Q%) = RS gives: c; = dy = 1.

Thus: d=di1+do+d3s=0+14+0=1,andc=c1+co+c4,=04+14+0=1.
min{b3, b4} =1:

We obtain: 1+ R = o(R°) = P®2Q%, 1+ S = o(5%) = P1Q".

It is easy to see that ag, b3, aq, by > 1, by irreducibility of R and S and by considering
degrees.

If min{bs, by} > 2, then Q? divides ged(1 + R,1+ S), so it divides
(1+R)+R(1+S) = 1+ RS, while by equation (E2), Q? does not divide o(Q%)+1 =
RS + 1. So, we get a contradiction.

Similarly we obtain: min{as,as} = 1.

(b37b4) € {(17 2)7 (2’ 1)}':

Equations (E2), (E3) and (E4) give:

Q¥ = QM =14 (1+Q)o(Q") =1+ PRS = 1+ P(PQ% + 1)(P“Q" +1).

By considering exponents and degrees, we have:

b
(a3 +b3)p = (as +ba)p=7= 5 p,
(2" — 1) + b3 + by = .

We may suppose that bs = 1 (bs and by are playing a symmetric role). Thus:

b
by is even, a3 + 1 = 5 = 2k_1v, by + ol = p = 92ky.
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It follows that:

QkaJrl =1 +P(PG3Q+ 1)(Pa4Qb4 4 1)
=1+ P+ QP®t! 4 puaQby(pustliQ + P)
— Q + Qpaa-H + Pa4+1Qb4(Pa3Q + 1).

So,

(1+P2k710) +Pa4+1Qb471(Pa3Q+1)

—(1+P)¥ A+ P+ 4 P )2 putlhi-l(pesQ 4 1)
_ Q2k—1(1 + P4 Jerfl) +Pa4+1Qb471(Pa3Q+ 1)

=7 UMY,

Q2kv

2k—1

where ) does not divide UV'.
-If by — 1 > 2F~1 then Q must divide U. It is impossible.
-If by — 1 < 2~1 then Q must divide V. It is impossible.
Thus: by — 1 = 2*~1 and hence
k=1, (bs,b4) = (1,2).
To finish the subcase u = 1, we have just seen that:
k=1,a=2"—1,20=b=0b; +bs+by=(2" —1)+1+2=2" 12

We may write:

Q¥ =Q¥ =QY U+ QNI =QU+V)
b
a3+1:a4+2:1}:§:2h_1+123becausevisodd.

Since Q = 1 4+ P, we obtain:

(14 P)> = (1+P)(1+P+-~~+P”*2+P2”*2(1+P)2
(1+P)1+P+---+P"2)+ P 2(14 P?)
1 +P'U—1 +P21}—2 +P2U.

Thus: (1+P)" =1+ P 4 Pl 4 P?, which implies that v = 3, and:
h=2 a=3b=6c=d=1, R, Sc{P*+P>+1,P +P+1}.

We obtain part (i) of our theorem.

Subcase: u > 3:

In this case, we have seen that:

61:d1:2h, ngdgzlandd3:C4ZO.

Hence:
d:d1+d2+d3:2h+1261+62+C4ZC,
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and by Lemma 18,
2" £ 1=d=2m—1, for some m € IN*,

So,
h=1 m=2 c=d=3,
az +as =a=2u—1.

Furthermore, since o(P*~!) = RS = 0(Q"), and Q = 1+ P, by Lemma 13 we
obtain:
b=wu—1=2°—2, for some integer e > 2.

Since o(R®) = o(R?) = (1 + R)3, equation (E3) implies that 3 divides as.
Analogously, equation (E4) implies that 3 also divides a4. So, 3 divides a3 + a4 =
2u — 1. Thus, 3 divides u + 1 = 2°. It is impossible.

4.2.2. Case codd and 1+ R= S5

We know that ¢ = 2! — 1, and o(R¢) = (1 + R)¢ = S°. Hence, d = dy + dy + d3 =
2" +1+ 2 — 1 is even. Thus, ¢y = 0 since R = 1 + S does not divide o(5¢). So,
a4 = by =1 by Lemma 12.

Thus, by considering degrees in equation (E4), we obtain:

2p = (a4 + by)p = dr > 2r > 2p,
which is impossible.

4.2.3. Case c and d even

We recall that: a = 2"u—1, b = 2Fv, where u, v are both odd. We need the following
result:

Lemma 19. If ¢ and d are both even, then ¢4 = ds =1 and u > 3.

Proof. Observe that:
c1 €4{0,2"}, ¢o =1, and ¢4 € {0,1} by Lemma 5,

so ¢4 = 1 because ¢ = ¢1 + ¢2 + ¢4 is even.
Analogously, we have ds = 1.
If u =1, then o(P*) = Q% hence ¢; = dy = 0. It follows that:

c=c1+c+eu=0+1+1=2.
It is impossible by Lemma 16. O
Since by Lemma 19 u > 3 and since @ = 1 + P, system (x) implies:
1+ P+ +P"1=RS=1+(1+P)+---+ (14 P)°,

14 Rt = (14 R)SP®Q",
1+ 84 = (14 S)RP*Qb4.
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So,
u—1=0b=2°—2, for some e > 2, by Lemma 13,
b

r=g5p=02""-1p,
c=ci+cot+ce=2"+1+1=2"+2,
d:d1+d2—|—d3=2h+1—|—1:2h—|—2,
az+ag=a=2"(2°-1)—1 (odd),

(a3 +b3)p = (as + bs)p = (c — 1)1,

az+bg =as+by = (2" +1)(2°7 - 1) (0odd),
a3 — by =aq4 — b3 = (2h_1)2e—1.

If a3 is even, then by differentiating (E3) relative to x, we obtain:
R'R° = ((1+ R)SQ")' P*.
Thus, P* must divide R'.
By considering degrees, we have:
(2" —1)2¢71p = (a3 — by)p < azp < r = (271 = 1)p.
So,
(2" —1)2¢ 1 < 2071,

It is impossible since h > 1.
If as is odd, then a4 must be even. By differentiating (E4) relative to x, we also
obtain the same contradiction.

4.3. Case 2.3

Lemma 9 gives: Q = P + 1, by considering degrees. Put: a = 2"u — 1, b= 2Fv — 1,
where u, v are both odd. Then, by Lemmata 8, 12 and 4, equations (E1) and (E2)
become:

1+ P-4 P =Q¥ ' (14 P+ -+ P 1)2" =Q¥"~1 (RS)"?",
1+Q++Q =P 1 1+Q+ - +Q 1) = P! (RS)==2",
where €1,e5 € {0,1}.

so that ¢; = dy € {0,2"} and c; = dy € {0,2%}.

We also use

Lemma 20. i)- If ¢ is even, then d3 =1 and d = 2™ — 1 for some m € IN*.
i1)- If ¢ is even and ged(1 + R, S) =1, then ¢4 =0 and u, v > 3.

Proof. i): In equation (E3), by Lemma 5, ds € {0,1} . If d3 = 0, then a3 = b3 = 1,
by Lemmata 12 and 4. It is impossible by considering degrees. Thus ds = 1.
It follows that d = d; 4+ d2 + d3 must be odd, and by Lemma 18:

d=2"—1, meIN*.

ii): Since R does not divide 1 + 5, equation (E4) implies that ¢s = 0.
~Ifu=1,thenc=ci+co+cs =e2F, d=dy+dy +d3 =e2F +1 =2" —1,
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where ¢ € {0,1}. It follows that: either (=0, m=1)or (e=1, k=1, m=2),
and hence ¢ € {0,2}, which is impossible by Lemma 16.

-Ifv =1, then ¢ = ¢; = 2", d = 2" +1 = 2™ — 1. Similarly we obtain
c €40,2}. O

4.3.1. Case c even and ged(1+ R, S) =1
By Lemma 20, u,v >3, ds =1, ¢4 =0, ¢ =d; = 2" and ¢ = do = 2*. Thus:
om —1=d=d +dy+d3=2"+2"+1.
We conclude that:
(h,k) € {2,1),(1,2)}, m=3and c=c¢; +ca+c4 =2" +2" 4+ 0=6.
Since:
1+P+---+P"'=RS=14+Q+ -+ Q" withQ=1+P,
by Lemma 13 we get: 2r = (u — 1)p, u—1=v —1=2° — 2, for some e > 2.

It follows that:
r= (2" = 1)p.

Equation (E3) implies:
(R*+R*+1)(R*+R+1)=1+R+ -+ R° = o(R°) = SP™Q".
Moreover, ged(R3 + R? + 1, R®* + R+ 1) = 1 by Bezout theorem, since
(R+1D)(RP+R*+1)+R(R*+R+1)=1.
So, by considering degrees, we must have one the following possibilities:

SP% =R3+ R2+1, Q" =R3+ R+1,
5P =R+ R+1, Q% = R*+ R*+1,
SQ% =R*+ R*+1, P =R*+ R+1,
SQ% =R*+R+1, P =R*+ R?+1.

—_— N —

(1
(2
(3
(4

- Case (1) implies: asp = 2r, so that: az = 2(2°7! — 1) is even. Thus, by differenti-
ating, we have:
5'P* = R*R/.

It follows that R must divide either S’ or P. It contradicts the fact that
deg(R) = deg(S) > deg(P).
- Case (3) gives a similar contradiction.
- Case (2) implies: bgp = 3r, so that: bz = 3(2°"! — 1) is odd. By differentiating, we
obtain:

Q/Qb;;—l _ RQR/,
which is impossible, as above, since deg(R) > deg(Q).
- Case (4) has not accured yet, for the same reason.
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4.3.2. Case cevenand R=1+ 5
By Lemma 20, d = 2™ — 1, for some m € IN*. Equation (EF4) implies:
ca=d=2"—1, ay = by = 0.
Thus:
c=c1+cat+cs=¢e12" 46528 +2" — 1, whereeq, g5 € {0,1}.

It is impossible since c is even.

4.3.3. Case c,d odd
We may put, by Lemma 18:

c=2'—1,d=2"—1, I,m e IN*,

so that: o(R¢) = (1+ R)¢, o(S?%) = (1+ S)<.
- If ged(1 + R, S) = 1, then ds = 0 and hence:

d=dy +dy+ds =e; 2" + &9 2%, where ), g5 € {0,1},

which is impossible since d is odd.

-If 14+ R =S, then o(R®) = S¢ and o(5%) = R%. Tt follows that ¢ < d and d < c.
Hence ¢ = d, and R°S? is perfect. Therefore, P*Q" is also perfect by Lemma 3. By
Lemma 14, we obtain part (ii) of our theorem in the case: p=¢ <r =s.

Now we treat the last case:

5. Case 3: p=q<r<s.

Integers a and b play symmetric roles. We need the following lemma.

Lemma 21. If the polynomial A = P*QYR¢S? is perfect over Fy, then a+b is even.

Proof. We consider equations (E1) and (E2) of the system ().
- If a is even, then by Lemma 4, we have: by,c1,d; € {0,1}. Since ¢ # r # s and
according to Lemmata 10 and 12, we have:

14+ P+ 4 P*=QRS.

If b is odd, then by Lemma 9 1+ @ = P. Therefore, Q = 1+ P does not divide
1+P+---+ P*=QRS. It is impossible. So, b is even.

- If a is odd, then by the same argument, b must be odd (a and b play symmetric
roles).

We are done. O

We have to consider two subcases:
- Case 3.1 : a,b are both even,
- Case 3.2 : a,b are both odd.



ALL PERFECT POLYNOMIALS WITH UP TO FOUR PRIME FACTORS OVER Fjy 63

5.1. Case 3.1

We consider the system (x). In this case, as in the proof of Lemma 21, we must

have:
(E1):1+P+---+ P*=QRS,
(B2):14+Q+---+ Q"= PRS.

So, a = b and:
1+ P** = (14 P)QRS, 1+ Q*"' = (14 Q)PRS.
Thus,
(P+Q)(P*+ P 1Q+---+ PQ ' + Q%) = P! + Q*™! = (P + Q)RS.

Therefore,
P"4+ P*7'Q+---+ PQ ' + Q"= RS.

By considering degrees, we obtain: ap = r + s, while by equation (F1), (a — 1)p =
r+s. We get a contradiction.

5.2. Case 3.2

In this case we put: a = 2"u — 1, b= 2%y — 1, h, k,u,v € IN*, u,v odd.

By Lemma 9 we must have: Q = P + 1.

If w > 3, then by Lemmas 5 and 10: 1+ P+ ---+ P*"! = RS.

It follows by Lemma 12 that » = s. It contradicts the fact: r < s.

We conclude that v = 1. Analogously, we get v = 1.

Therefore, o(P?%) = Q%, o(Q%) = P’ and hence a < b < a. It follows that P*Q®
is perfect. Thus, R°S? is also perfect by Lemma 3. It is impossible by Lemma 14,
since S # R + 1.

6. Examples

We give here some perfect polynomials of the form P*Q°R¢S? such that: a,b,c,d €
IN and p,q,7, s € {2,4,6}.

According to part (ii) of Theorem 1, we need to know all irreducible polynomials P
over Fy, such that P + 1 is also irreducible and deg(P) € {2,4}.

There exist two (resp. twelve) such polynomials of degrees 2 (resp. 4). Observe also
that there is no such polynomial of degree 3. We recall that & = a+ 1.

Degree 2: P =z?>+z+4+a, P, =P, +1.

Degree 4:
Ri=z*+23+2+a Ry=z2*+23+22+a
Rs=z'4+224+ar’+az+a Rr=zx'+2*+ar*+az+a
Ry=z*4+azx’+az+a R11:x4—|—6¢x2—|—dx—|—6¢,
and:

Ro; = Ro;—1 + 1, for 1 <i <6.
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6.1. Case: p=q=r=s

There exist exactly 15 families of odd perfect polynomials over F, of the form:
P2QPRS? where a,b,c,dc Nand p=q=1r=5=4:

Aij = (Ri(Ri + 1))2%71 (Rj(R; + 1))2%717

i,j €{1,3,5,7,9,11}, i < j, ns,n; € IN.

6.2. Case: p=qgq<r=s

- There exist exactly 6 families of odd perfect polynomials over F4 of the form:
PQPR°S? where a,b,c,dc Nand p=q=2, r =5 = 4:

2" -1 2mi—1
B, = (Pi(P+1)) (Ri(Ri+1))" , ie{1,3,5,7,9,11}, n,n; € N,

- As examples for part (i) of Theorem 1 we have:

Ay = P3PSS1 Sy, Ay = P3PSS,S,,

where:
S =x8 + 2% +azt + 23 + ax + o,
Sy =28 + 2° + az* + 2% + az + a.
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