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Abstract. Symmetric positive systems of first-order linear partial differential equations
were introduced by K.O. Friedrichs (1958) in order to treat the equations that change their
type, like the equations modelling the transonic fluid flow.

Recently, some progress in their understanding has been made by rewriting them in terms
of Hilbert spaces, characterising the admisible boundary conditions by intrinsic geometric
conditions in the graph spaces. In this paper we streamline the available proofs of the
properties of graph spaces (most completely presented by M. Jensen (2004)), providing
some additional results in the process; thus paving the way for further study of Friedrichs’
systems.
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1. Introduction

Let © C R? be a nonempty open set, p € [1,00], AF € WL (Q; M, ,.(C)), k € 1..d,
and C € L*>°(; M, (C)) matrix functions. We consider a linear differential operator
of the form

d
Lu:= Z@k(Aku) + Cu. (1)
k=1

Such an operator £ is called symmetric positive if A* are symmetric (or hermitian
in the complex case; i.e. (A¥)* = A¥) and C+ C* + . 9y A* is uniformly positive.

The class of symmetric positive systems of first-order partial differential equations
was introduced by Kurt Otto Friedrichs [13] in an attempt to unify the treatment
of equations of various types (elliptic, parabolic or hyperbolic). His immediate goal
was the study of practical problems, like transonic flow, where the mathematical
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model describes the subsonic flow by an equation of elliptic type, while the equation
is hyperbolic for the supersonic flow.

Of course, the inclusion of equations with so diverse character into single frame-
work makes the study of suitable boundary (or initial) conditions particularly chal-
lenging. Specifically, familiar Sobolev spaces are not well suited for this type of
problems: the type of data usually prescribed as boundary values for such equations
does not avail us of classical solutions — we can only hope for weak solutions to
exist, which do not belong to Sobolev spaces, but only to the graph space of the
corresponding operator L.

Most of the function space theory, as known today, was developed after Friedrichs
wrote his paper, and from the contemporary viewpoint we know that the traces can
be taken of functions in graph spaces. However, the first systematic attempt to study
the properties of such graph spaces (to the best of our knowledge) was undertaken
quite recently by Max Jensen in his Ph.D. thesis [15] (which was written under the
supervision of Endre Siili, see also [14]).

In this paper we make a step further in this direction, by extending Jensen’s
results and at the same time simplifying a number of his proofs. Our goal is to avail
ourselves of technical results that we need in order to extend some recent results on
Friedrichs’ systems from [10] (see also [4], [8]). Our original motivation has been to
extend the research started in [2] to the equations which change their type; see also
[5].

The paper is organised as follows. Graph spaces are defined in the second section;
in the third we extend Jensen’s density results to p = 1, providing some simpler
proofs for p € (1, 00) as well. The extension of functions to the whole space is treated
in the next section, while in the fifth section we briefly describe the duals of graph
spaces, omitting the proofs which are quite similar to those in the case of Sobolev
spaces. In the final section we introduce the trace operator on the graph space,
restricting ourselves to the case p = 2, which is sufficient for our future application
on Friedrichs’ systems and, on the other hand, does not require the introduction of
Besov spaces. We also provide some alternative proofs which are easier and more
natural in the Hilbert space setting. In general, the trace operator turns out not to
be surjective on H_%, but we can define its right inverse and identify the kernel.

Notation. For p € [1, 0o] we define p’ by ]%Jr L =1, while by M; ,.(C) we denote
the space of | X r complex matrices. The complex scalar product is denoted by - ;
we take it to be antilinear in its second factor.

For an open set  C R? by K(Q2) we denote the family of all compact sets
in Q, and for K € K(Q), the space C¥(£2) stands for all smooth functions on §2
with support in K, while L (Q) stands for the space of functions from LP(Q) with
(essential) support in K.

The topological closure, the interior and the boundary are denoted by CI, Int
and Fr, respectively. For N,O C R?, we say that N is compactly contained in O
(and denote it by N € O) if CIN C IntO and N is bounded.

A sequence of functions p, : R? — R is called a mollifying sequence if p,(x) =

np(nx), for some nonnegative function p € C°(R%; R) supported in the unit ball,
with [ p = 1.
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2. Definition and basic properties of graph spaces

For given Lipschitz matrix functions A¥ € W1>°(Q; M, ,.(C)), k € 1..d, and bounded
C € L>*(;M;,,-(C)), we define the operator £ : LP(€2; C") — D’(Q; C!) by (1), and
the operator £ : L? (€; C!) — D’(Q; C") (which is the formal adjoint of operator
L) by

d d
Lv:=— Z&k((Ak)*v) + (C* + Z@k(Ak)*>v.
k=1 k=1

It is clear that £ and £ are linear operators. Note that, following Jensen [15], the
operators are written in the divergence form, which was not the case in Friedrichs’
original paper [13].

Lemma 1. Operators L and L are continuous, with respect to strong topologies on
the spaces LP and LP | and weak * on the space of distributions (the codomain).

Proof. We prove the statement for the operator £ (as for L the proof is similar):
since the derivative 0 : D’ (2; C!) — D’(Q; C!) is continuous, it is sufficient to show
that the operator of multiplication by an arbitrary B € L*>°(Q; M, .(C)), i.e. u — Bu,
is continuous from LP(£;C") to D'(2; C!), which is an immediate consequence of
the continuity of mapping u — Bu from L?(Q; C") to LP(Q; C!), and the continuity
of embedding L?(Q; C!) — D'(Q; C!). O

Remark 1. The statement of the above lemma holds even if we consider LP with
the weak (for p € [1,00)), or the weak * (for p = oo) topology. Indeed, LP(Q; C')
with the weak topology (we consider the case p < o0) is still continuously embedded
in the space of distributions, and the mapping u — Bu is continuous from LP(Q; C")
to LP(2; CY) even if we consider both spaces equipped with weak topologies [7, p. 89].
By a similar argument the statement can be proved also for p = oco.

The vector space
WEP(Q;C") := {u € LP(Q; C") : Lu € LP(Q; CH}
is normed, with the norm (the properties of the norm can easily be verified) defined

by

1
(I ooy + 12010 ucy) " 2 € [1,00)
lullep = lullepe = | (e

maX{HUHLw(Q;CT)? HCUHLOO(Q;CZ)}v p=00.

It is immediate that the space W?(£2; C") is isometrically isomorphic to the graph
space (of the restriction of operator £ to W52 (; C")):

Tz :={(u,v) € LP(; C") x LP(;CY) : v = Lu},

with the norm induced from LP(Q; C") x LP(Q; C!), which clarifies the use of the
term graph space for (W5P(€; C"), | - ||z,») and graph norm for || - ||z p-
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Following the standard notation for Sobolev and other function spaces, the sub-
space of W5P(Q; C™) containing all functions with compact support shall be denoted
by W£P(Q; C).

In particular, for p = 2 we denote H*(€;C") = W52(Q;C"), and | - || =
- llca=1"lz260- In this case the graph norm is induced by the following inner
product:

(u|v)e = <u | V>£,Q = <U | V>L2(Q;C7‘) + (Lu ‘ £V>L2(Q;Cl)'

Theorem 1. The graph space (W5P(Q;C"), || - ||z,p) is a Banach space. For p €
[1,00) it is separable and for p € (1,00) reflexive and uniformly convez.

Proof. By the isomorphism, it is enough to prove the above statements for space
I'c. First, let us show that I'z is closed in LP(€; C") x LP(2; C!). Indeed, if we take
a sequence (u,, Lu,) from 'z that converges to (v,w) € LP(2; C") x LP(Q; C'), then
by the continuity of operator £ (Lemma 1) we have Lv = w, which proves the first
statement.

Since the space LP(Q;C") x LP(£2; C!) is separable (for p € [1,00)), and the
separability is a hereditary property, so the same holds for I'/.

For p € (1,00) the space LP(Q2; C") x LP(Q; C!) is uniformly convex, and there-
fore I'z is uniformly convex as well. Finally, by the Milman-Pettis theorem each
uniformly convex Banach space is reflexive [7, p. 51], which concludes the proof. O

For p € (1, 00) the above theorem was proved in [15, p. 20 and p. 32] by the use
of the density result (Theorem 3 below).

Example 1. If L is one of the operators V, div, or rot, then the corresponding
graph spaces are W'P(Q), LE. () = {u € LP(;C?) : divu € LP(Q)}, or LE () =

rot

{u e LP(Q;C3) : rotu € LP(2; C3)} respectively, which are well known spaces in the
theory of partial differential equations.

3. Density of smooth functions

Graph spaces share many properties with the classical Sobolev spaces, but often
such properties are more difficult to prove. One of these properties is the density
of smooth functions, and the complexity of the proof for graph spaces arises from
the loss of strong convergence in the LP space. Instead, we have to use the Banach—
Steinhaus theorem to get the weak convergence in L? (for p = 1 we also use the
Dunford—Petis—de la Vallée-Poussin theorem), and then achieve strong convergence
by an application of Mazur’s lemma.

Theorem 2. Let p € [1,00) and v € W5P(Q; C"). Then v can be approvimated in
the norm by a CX(Q; C") function; i.e.

(Ve>0)3ve. € C2(QCT))  |v—vellgp <e.
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Proof. Let us denote by (p,) a mollifying sequence and choose n large enough (such
that the distance d(Fr (2, suppv) > 2). Then the convolution

(P #V)(x) = / pulx —y(y)dy, x€Rd
Q

is well defined and p,, *v € CE(; C"), for some K € K(2). Moreover, p, *v — v
in LP(Q; C") [17, p. 58]. By Lemma 1 we have

L(pp*v) — Lv in D'(Q;Ch. (2)
The Leibniz formula implies

d
Lpn+v) = D [(06A*) (o +v) + AR (pn V)] + Clon +v),
k=1

and since pp, * v, Ok(pn * v) € CE(;C") and 9 AF, A* C € L>°(Q;M;,.(C)) (for
k € 1..d), it follows that the sequence (L(p, * v)) is contained in L2 (£; C!). Now
from (2) it follows

(Vg € C2(@; 1) /£<pn*v>-so—>/£v-<p,
Q Q

and since C(2;C!) is dense in L'(2;C!), the Banach-Steinhaus theorem im-
plies that the sequence (L(p, * v)) is bounded in LS2(Q; C!), and therefore also in
LP(€; CY). This is enough to conclude that the sequence (L£(p, * v)) is sequentially
precompact in LP(2; C!), if p € (1, 00), while for p = 1 we use the Dunford-Petis—
de la Vallée-Poussin theorem [7, p. 76] to conclude the same (since the sequence
(L(pn * v)) is bounded in L3(Q;Cl), it is also uniformly absolutely continuous).
Combining this and (2) we easily conclude that

L(pp*v) — Lv in LP(Q;Ch). (3)
Now fix € > 0 and choose a subsequence of the mollifying sequence (p,,) (which,
for simplicity, is denoted the same), such that
e 1
< == 4

From (3) and the Mazur’s lemma [18, p. 67] it follows that there are numbers s € N
and A, A2,..., As € [0,1], with the property that >7_; A\; = 1, as well as numbers
n(i) € N, i € 1..s, such that

(VneN)  |pn*v—V|Lr(ocn

()

S
€
E A L(pn i - L —.
Hi_l (Prcy %) = ¥ Lr(Q;C) =2

If we denote v. := Y7 | Aipp@i) x v € C2°(€;C"), we have

Lve = Z NiL(pn(i) *¥ V)
i=1
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and the formula (5) reads

HEVs —Ev‘

<&
Lr(;cl) 2

Since by (4) we have

e — P(Q;C") — )\’L n(i - ‘
Ve = viLr @iy H; (pngiy v =) Lr(Q;C")

> Eem 1 £ o= 1 €
<D Al * v =V)lreuen <50 5mm <525 =5
1=1 =1 3

= =1

from the definition of norm on W4P(; C") we finally get

I\
lve =vileo <=(3) 7 <e.

O

For p € (1, 00) the above theorem was proved in [15, p. 15]. However, the proof of
the weak convergence L(p, *v) — Lv is more complicated and cannot be extended
to cover the case p = 1.

Remark 2. Note that the function v. in the previous theorem can be chosen to be
of the form v, = @ v, where p € C°(K(0,0)) and § > 0 is arbitrary small. Indeed,
for given & we get such ve by choosing ¢ to be a convexr combination, as in the proof

of the previous theorem:
S
0= Xipn(i)
i=1

with a previously taken subsequence of the mollifying sequence, whose each member
has the support contained in the open ball K(0, ).

The proof of the following theorem is analogous to the corresponding proof for
the Sobolev spaces [1, p. 67] and (for p € (1, 00)) it can be found in [15, p. 19], which
is the reason why it is omitted here.

Theorem 3. For each p € [1,00) the space C(Q; C") N WEP(Q; C") is dense in
WEP(Q; CT).

In order to investigate further the density properties, we need additional assump-
tions on the open set 2. By Ux we denote the family of all neighbourhoods of the
point x € R%. A set Q C R? is said to have the segment property if there exists a
family N = {(Nx,¥x) € Ux x R : x € FrQ} such that

(VxeFrQ)(Vz e CIQNNy) (VT €(0,1)) z+Tyx € Q.

The geometric interpretation of the segment property is that €2 cannot simultane-
ously be on both sides of its boundary.
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Theorem 4. If Q has the segment property and p € [1,00), then the restrictions on
Q of functions from the space CX(R%; C™) form a dense set in WP (Q; CT).

Proof. We divide the proof into three steps.
I. Cutting by smooth functions with bounded support
Let f € C°(RY), such that

1, for |x|<1

f(x){o, for |x|>2"

and f,(x) := f(%), for n € N (Figure 1).

Rk

Figure 1. Cutoff function f, and set

Let us denote
Oy ={xe:|x|>n},

= Ak o H
a krg?ﬁﬂ Lo (@M, . (C)) 5

and v, := f,v, for given v € W5P(Q;C"). By using the Leibniz rule for the
derivative of the product (for a smooth function multiplying a distribution) we have:

d d
[vllsaien = @AY+ £ 3 onA ) + fuel |
k=1 k=1 h

< CrallV fullue @.re) IVlILe @uscr) + [ falle @ I£VIILe @, ct)
< Cillfallwres @) IVll2p.0.
< Goll fllwr @) vIle p.,
for some positive constants C,C7,Cy (depending neither on n nor on v). This

implies (for a C5 > 0)

IV =Vallepa = IIV=Valzpa,

< Vllzp.an + IVallzpa, < Cslivilzp.a., -
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Since (by the Lebesgue dominated convergence theorem) lim, .o ||V|/zp.0, = 0, it
follows that each function from W4P(Q; C") can be approximated in the norm by a
function from W%P(Q; C™) with bounded support. Taking into account Theorem 3,
it follows that each function from W#4®(; C") can be approximated by a smooth
function from W£4P(Q; C") with bounded support. Therefore, it is enough to prove
the theorem for such functions.
II. Reduction to the local approximation

In the sequel let v be from C>(; C™) N W5P(Q; C"), with bounded support. If
we denote by A a family from the definition of the segment property, then the set

F :=suppv\ ( U Ny) CQ
x€FrQ

is compact in R?. Therefore, there is an open set Ny, such that F C Ny € Q. The
family {No} U {Nx : x € FrQ} is then an open cover of the compact set suppv in
R4, so there is a finite subcover {NO7 Ny, .. ., Nk }. Choose open sets N; such that
N; @ N;, i €0. K, and suppv C NoUN; U---UNg. Let F = {fa : @« € 0.K}
be a partition of unity which is subordinate to the open cover {No, Ny, .. NK} of
the set suppv, and denote by f; the sum of all fa € F for which i is the smallest
index satlsfymg supp fo C N;. Note that then Zz 1 fl = 1 on suppv, and denote

= fiv.

If for each i € 0..K and & > 0 we could find v, ; € C(R%; C"), such that

v — Ve

K+1

K
then for v. := > "." ;v.; we would have

p <€,

K
< Z Vi — Ve
Lr 3

K K
Iv—=vellz,p = HZ Vi — sz,i
i=0 i=0 '
and the theorem would be proved.
ITI. Construction of a local approximation v, ;

First note that each v; belongs to C>=(2;C") N W5P(Q; C"), with suppv; C
N; N suppv. In particular, suppvg C Ny is compactly contained in €2, which implies
vp € C2°(€; C"), and allows us to take v, g = vo.

Let us fix ¢ € 1..K, and extend v; by zero outside 2. Then we have v; €
C>(R*\ T';C"), where I := FrQ N CI N;. Denote by y # 0 a vector corresponding
to the set N; from the definition of the segment property, and for n € N define

1 1
I, =T—-——-y={x—-y:xel},
n n

V(X)) == vi(x + %y) .

For n large enough (such that % < min{1, %}) we have I'); € N, and by the
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segment property it holds T',, N CIQ = () (Figure 2).

FrQ

Figure 2. Construction of a local approximation

We can easily see that v € C®(R?\T,;C") is bounded on CIQ, with suppv"”
compactly contained in IV;. This implies that

d
L =% [(akA’“)v" + Akakv"} Lo
k=1
is bounded on €, and therefore v € WP (2; C"). Since the translation (.g)(x) =
g(x + ¢) is continuous (in c) on L?, it follows
vi—v; in LP(Q;C") when n — o0.
Similarly to the proof of Theorem 2 we get
Lyt — Lv; in LP(Q;C') when n — co.

Let us fix ¢ > 0 and choose a subsequence of (v"*) (which, for simplicity, is denoted
the same), such that

1 € 1

A4 N " —villLeior 7 "om "
(VneN) V" —villwoe) < 7 2n

(6)

Now using the Mazur’s lemma, as in the proof of Theorem 2, we choose a convex
combination of members of the sequence (Lv™), such that

s ) 1
HZ )\j,CVn(J) — ﬁVi c
j=1

< - .
(et 4 K41

Denote u. ; := 23:1 Ajv); then Lu,,; = ijl A\ Lv) and

<1 €
ey 4 K417

HﬂUEJ‘ — £Vi
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By (6) we have

”Ue,i - Vi”LT’(Q;CT) = H; Aj(Vn(j) - Vi) Lr(2:C7)

< Z >\j||(Vn(j) - Vz‘)||Lp(Q;Cr)
j=1

€ =1 €
K+1;§’

K+1

-~ =
AN
A~

€ : 1
'K+1Z;2n(j) <
‘7:

which together with (7) gives

1 €
||U6,i - Vi”E,p < 1

1 1 €
2P < - .
K+1 2 K+1
From the definition of function u.; and the properties of functions v*U) it follows
that u. ; belongs to C>(R?\ (Uj=1T(5)); C") and supp uc ; is compactly contained
in N;. Since CIQ2N N; is compactly contained in R? \ (U5_1Tn(j)), by the Urysohn
lemma we can choose a function ¢ € C°(R%) such that ¢ = 1 on CIQ N suppu ;
and ¢ = 0 outside of some compact set that does not contain Uj_;I',(;). Then the
function v, ; := ¢u. ; satisfies all required properties. O

The proof of Theorem 4 is modelled after the proof of Theorem 4 in [15, p. 21],
for p € (1,00), with some differences in part III. In fact, Jensen’s proof uses the
density of test functions in the dual of LP, which is not the case for p = 1. The same
applies to our Theorem 5 below, which compares to [15, Theorem 6, pp. 28-29].

4. Extension to the whole space R?

As it is the case for Sobolev spaces, many properties of graph spaces depend on the
regularity of the boundary of set 2. The most frequently encountered requirement
is that € is a Lipschitz open set (i.e. an open set with a Lipschitz boundary). In the
literature one can find different, although quite similar, definitions of this term (for
some references see [6, p. 350]). Here we adopt the definition from [20, p. 38], where
the term N®! property is used.

An open set 2 C R% is called a Lipschitz set (or a set with a Lipschitz boundary)
if for each x € FrQ) there is a neighbourhood Ny € Uy, an orthogonal coordinate
transformation Ky : R? — R, real numbers ay, Ox > 0, and a function fx :
R?~! — R such that, after denoting by (y1,¥2,...,v4) the new coordinates given
by the transformation Ky, and by

P(ax) :={(y1,y2,-- - Ya-1) : |yil| < ax,i € 1l.d -1}

the open cube in R4~!, centred at the origin, with sides of length 20y, the following
four properties hold:

a)

fx is a Lipschitz function;
|P(o¢x)
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b) The part FrQ N Ny of the boundary is the graph of function fx|P( ) in the

new coordinates:

FerNx = {(ylvaa"'7yd717fx(y17y27"‘7yd71)> :

(Y1,92,-- -+ Ya-1) € P(Oéx)}Q

QﬂNx = {(y17y2a"'7yd) ERd: (y17y2a"'7yd—1) EP(O[X) &

Tx(Wi,v2, - Ya—1) <ya < fxWi, 92, Ya-1) +ﬁx} ;

NX\C|Q = {(ylayQa"'7yd) € Rd : (ylayQa"wydfl) € P(ax) &
<192, Ya—1) — Bx < wa < fx(y1,y27~~,yd71)}.

One can easily check that any Lipschitz set also satisfies the segment property.

In the sequel, by Wé:’p(Q; C”) we denote the closure of the space C(£2; C") in
W£EP(€; CT), while for a given measurable function v : Q —s C", by v : R — C"
we denote its extension by zero to R¢:

Y(x) = {v(x), x €0

0, otherwise

Before we proceed further, let us recall that any Lipschitz function on 2 can be
extended to a Lipschitz function (with the same Lipschitz constant) on the whole
R? (the Kirszbraun theorem [12, 2.10.43)).

Theorem 5. Let Q be a Lipschitz domain (connected open set) and let AF €
Wbhee (R4 M, .(C)) (for k € 1..d) be some Lipschitz extensions of matriz functions
AF € WL(Q; M, ,.(C)). Denote by C. some bounded extension of function C to
R, and define an operator L. : LP(R%; C") — D'(R%; C!) by the formula
d
Leu:= Z@k(Afu) +Ceu.
k=1
Then the following statements for v.€ W5P(Q; C") are equivalent:
a) ve W5P(Q;Cr),
b) Ve WEeP(R%, CT).
Proof. Let us show that the first statement implies the second one: for given v €
Wg’p(ﬂ; C") it is clear that v € LP(R% C"), and it remains to be proven that
L.V € LP(RY; CY). Let us denote by (¢,,) a sequence in C>°(Q; C") such that

@, — v in WEP(Q;C").
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It is immediate that ¢,, — V in L?(R%;C") and L¢, — Lv in LP(Q; C!). Note
that
Lep, = (Le,) — (Lv) in LP(R%CY,

while Lemma 1 implies
Lop, — LN in D'(REGCH.

The uniqueness of the limit (in the space of distributions) implies L.V = (Lv) €
L?(R%; C"), which proves one implication. Note that we have not yet used the fact
that Q is Lipschitz.

In order to prove the other implication, we proceed similarly to the proof of
Theorem 4: first we use the sequence (f,,) in order to reduce the problem to the case
where v has bounded support, then proceeding in the same fashion we get the family
N, the sets F', No, Ny, ..., Ng, No,N1,..., N, the partition of unity {f, : @ € A},
and the functions fi, i € 1..K. Denote v; := fi\“/, 1 € 0..K, such that ZiK:O v; = v and
note that Theorem 2 implies vg € Wé: "P(Q; C"). To prove the statement it is enough,
for a fixed i € 1..K, to approximate v; by a sequence from the space C(2; C") in
the W5P(; C") norm.

Let (y1, Y2, - -, ya) be an orthogonal coordinate system in R and fy, : R*"! —
R the Lipschitz function (with constant L) associated to the pair (x;, N;) from the
definition of the Lipschitz open set. Denote by

d—1 1
C:= {(ylvy27"'ayd) € Rd 1 Ya > L(Zy_?) 2}
j=1
a cone in the new coordinates, and by

d—1 1

2
Cx = {(y1,yz7~--,yd) eR:yg—y) > L(Z(yj - y}‘)2> }
j=1

the corresponding translated cone with the vertex in the point x € Fr Q2N IN;, where
(Y, 9%, ..., yy) stands for the transformed coordinates of x. Let us show that for
each x € Fr QN N; we have the inclusion Cx N N; C €. Indeed, for an arbitrary point
z=(y},95,...,vy5) € Cx N N; we have

U

—1 1
2
vi-vi> LYW -v)?) >
=1

fxz(yf’ygﬂ e ay¢zi—1) - fxi(yi‘,yé‘, e 73151(_1)

~
I

2 fxi(yfayga . .7%71) - fxi (yiﬂy;ﬁ s ay[’j(fl) )

which, together with v = fx, (v, 4%, ...,y5_ ;) (as x € FrQ N N;), implies y% >
fx: (YT, Y5, ..., y5_) or, in other words, z € QN N;.
Let us take an arbitrary € > 0 and denote ¢ := %d(Fr N, Fr Nz) Furthermore,
let ¢ : R? — R be a smooth function, such that supp ¢ C K(0,5) N C and
€

Vi — @ *Villz,p < AK+1) (8)
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(see Remark 2). Then
supp ¢ * v; C suppv; + (K(0,6) N C) C (CIQNN;) + (K(0,6) N C) C ClQN Ny,

so that the sequence (v"), defined by

1

_7(O’Oa"'a0ayd)>a yeRdv
nlyd| N———

d—1

V() = (o) (v

satisfies supp v C QN N;, for n large enough (such that % < 0), which implies v"* €
C2°(€); C™). We now proceed similarly to the third part of the proof of Theorem 4 by
constructing a function v, ; € C°(£2; C"), which is a convex combination of members
of the sequence (v"), such that

S €
i = Ve, < 5T
HSO*V Ve, ||£ap 2(K+1)
and together with (8) this finally implies
S €
||Vi - V57i||£ap < K +1 :

5. Dual space

Dual spaces of W5P(Q; C™) and Wé:’p(Q; C”) can be characterised in the same way
as in the case of Sobolev spaces [1, pp. 62-64]. We write these results in the next
two theorems, omitting the proofs as they are analogous to those for the Sobolev
spaces and can be found in [15, pp. 60-62] and [8, pp. 18-20].

As in the previous section, we assume that €2 is Lipschitz and p € [1, 0o).

Theorem 6. For each S € WEP(Q;C") there are wy € LP (Q;C") and wy €
L¥ (Q; CY), such that
(Vv e WEP(Q; CM)) Sv=/w1~vdx+/W2-£vdx. (9)
Q Q

If we denote by Vs the set of all (wy,ws) € L¥' (Q; C") x LP' (; CY) satisfying (9),
then there exists w € Vg such that

HS”WE,P(Q;CT)’ = ||\7V||LP'(Q;CT)><LP'(Q;Cl) = min{HW”LP’(Q;CT)pr’(Q;Cl) tw € Vs}.

Moreover, for p € (1,00) such W is unique in Vg.

Theorem 7. Let us denote by U the vector space of all distributions T € D'(Q2; C")
for which there are wy € LP (Q; C"™) and wy € LP (; CY), such that

T=wp+ [IWQ .
Then it holds:
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o) (YSEWEr(QCT)) BT eU)  T=8_ -

If Vs is as in the previous theorem, then for each (wyi,wg) € Vs we have
T =w; + Lws.

b) Wé’p(Q; CT)/ is isometrically isomorphic to the space U, with the norm on U
defined by

1Ty = inf{”(Wl’W2)HLP’(Q;CT)><LP’(Q;CZ) D (wi,w) € L7 (;C7) x LY (5, C1)
& T =w;+ £~W2} .

For some further results regarding better description of the set Vg, and in par-
ticular its element w, we refer to the work of Jensen [15, 16].

6. Trace operator

Before we define the trace operator for graph spaces, we shall prove two technical
results.

Lemma 2. The Sobolev space WP (Q; CT) is continuously imbedded in W=P(Q; CT),
forp e [l,00]. If p € [1,00) and Q satisfies the segment property, then this imbedding
is dense.

Proof. For u € WH?(Q; C") we have u,dyu € LP(; C"), k € 1..d, and applying the
Leibniz formula we get

Lu =

M=

[akAku n Aké)ku} + CuelP(Q;Cl,

b
Il

1
which implies u € W5P(Q; C"). It is easy to check that

d
|1 Lullre @0y < Crllulluesery + C2 Y l0kulloicry < Callullwis@icr)
k=1
and therefore
lullzp < Callulwrr@icry

for some positive constants C7,Csy, C3, C4, which proves the first statement.

If p € [1,00) and 2 satisfies the segment property, then by Theorem 4 the space
C®(R%;, C") is dense in WEP(Q; C"). As CX (R4 C") € WHP(Q; C"), the second
statement holds as well. O

Lemma 3. Forv e LP(Q;C") (p € [1,00]) and ¢ € D(%; C') we have

pre LV, @) pacty = /V'&de-
0
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Proof. First note that the above formula makes sense, as Lv € D'(€; C!), and Lo €
L*>(9; C") has a compact support. Using the Leibniz formula and the definition of
distributional derivative we get

Q/v~,/jgodx:g/v~ {—
_Q/V.[

:/[—ZAkv-akcp—l—vap} dx
ok

On(AF)' @) + (C" + fa,f(A’“)*M dx

1 k=1

M=

=~
Il

(AF)*Opp + C*Lp} dx

M=

=
Il
-

d
== e AR, ke ) paict) + prascnl CV. @ ) piasen
k=1
d
= > praen(F(AV), @) paicr) + prien( OV, @ ) paor
k=1
= D’(Q;Cl)< Lv, ‘P>D(sz;cl) .

O

Note that the statement of the above lemma still holds if we change the roles of
operators £ and L.

In the rest of this section we shall consider only the case p = 2, and therefore
define the trace operator only for the space H(Q;C") (most results for general
W£P(€; C") can be found in [15, pp. 30-36]). In this way we avoid the introduction
of Besov spaces, simplifying at the same time a number of arguments by using the
Hilber space structure (compare our proof of Theorem 11 and the construction of
lifting operator £ to [15, pp. 31-32, 36].

We additionally suppose that €2 is a bounded Lipschitz set, so that the Radema-
cher theorem (stating that Lipschitz functions have first derivatives almost every-
where [11, p. 81]) ensures the existence of the unit outward normal v = (v1,v2, ...,
va) € L= (Fr;R?) on the boundary. Define the mapping A, € L>(Fr; M, ,.(C))
by

d
A(x) =) m(x)AR(x).
k=1
For m € N, by Ty : HL(Q; C™) — Hz (FrQ; C™) we denote the trace operator,

and by Eq : Hz (Fr; C™) — H(Q; C™) its right inverse (for example, see [20,
pp. 120-133)]).

Theorem 8. For u € H'(;C") and v € H(Q; C!) we have

<£U | V>L2(Q;Cl) - <U | EV)Lz(Q;Cr) = <AVTH1U | TH1V>L2(FrQ;Cl) .
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Proof. First we prove the statement for u € C*(R% C") and v € C*(R%; C).
After applying the Leibniz formula several times we achieve

(AF)*Opv dx

M=

d
(20| V)izmen — (0] B)isoon = [ D oAk vaxt [u:
k=1

Q

b
I

1

d
= / [&C(Aku)-v—i—Akwakv} dx
Q

/

which together with the divergence theorem implies

>
Il
—

Or(A*u - v)dx,

I
M=

B
I

1

d
(Lu | V>L2(Q;Cl) —(u| Lv)r2(cry = / Zuk(Aku ~v)|FrQ dsS
Fro k=1

= A, u Y ds,
‘FrQ ‘FrQ
FrQ
and proves the statement in this case.
Take now u € CX(R%CT), v € HY(Q;C!), and let (v,) be a sequence in

C>(R% C!) that converges to v in H!(€; C!). Then

(Lu|vn)r2cny — (Lu | V)@,
and by using Lv,, — Lv in L2(£; C") (which follows from Lemma 2 and the defi-
nition of £-norm), we get

<u | £~vn >L2(Q;C7‘) — <U | £~V>L2(Q;C7‘) .
On the other hand, from 7y1v,, — Tgiv in H%(Fr Q; CY), we derive that Tgiv, —
T in L2(FrQ; C!), which implies

(AvTinu [ Tiaavn )rerea,cy — (AvTmu | Tav)iz(rracr)

and proves the statement in this case as well.

Approximating u € H*(Q; C") by functions from C(R%; C"), and applying a
similar argument as before, we prove the statement for u € H!(€;C") and v €
HY(Q; Ch). O

Let u € HY(Q;C") and v € H!(Q; C!). Using the Cauchy-Schwartz inequality
(for L? inner product) we get

(AvTinu | TV )iz (rroion | < ‘U:U | V)Lz (| + ’<U | [:V>L2(Q;CT)

< Lullizien Ve @ity + llulltz@icn |1£vIIe .o

< ullelvilz -



GRAPH SPACES OF FIRST-ORDER DIFFERENTIAL OPERATORS 151
1
Therefore, for z € H2 (Fr§); C!) we have

(AvTu | z)12roicn) < lulle - 1wzl z < Cillullz - 1€ zllm @,

< CillulleliEm |zl gy 6000,

for some constant C; > 0. This implies that the mapping
Z— <A,,TH1U ‘ Z>L2(FrQ;Cl)

is a continuous antilinear functional on the Hilbert space H%(Fr Q; CY), with norm
less then or equal to Cyl|ul|z||Ext]]. In other words, for fixed u € H(Q; C"), the
mapping (A, Tgiu | - )12(rro;ct) belongs to the space H’%(Fr Q; CY). This defines a
mapping 7z : H(Q; C") — H~2 (FrQ; C!) by setting

Tgu = <AVTH1LI | '>L2(FrQ;Cl) .

It is immediate that this mapping is linear and continuous if we equip H!(Q; C")
with the norm || - || 2. Since H'(Q;C") is dense in HZ(€2; C"), we can extend 7 to
a unique continuous linear operator on the whole H*(€; C"). The operator T, will
not be surjective in general (see Example 2 below), which is why we denote its image
by

H%(FrQ; C!) :=Im7; C H 2 (FrQ; Ch),

and look at the surjective trace operator 7 : H(Q; C") — HE(FrQ; C!), defined
as the restriction of 7, on H*(Q; C").
Theorem 9. Under the above assumptions we have

Ker 7, = H5(Q;C").

Proof. For ¢ € C°(Q; C") it is clear that Tz = 0, and since C°(€2; C") is dense
in H4(Q; C™) and 7 is continuous, we get

Ker7; D HE(Q;C").

In order to prove the other inclusion we take v € Ker 7, and, as before, denote by v
its extension by zero to R. Let L. be an extension of the operator £ as in Theorem
5. Define its formal adjoint L. by the formula

d

d
Lowi= =" 0((AD)"w) + ((C)* + 3 u(AL))u,
k=1

k=1

which is then also an extension (in the same sense as in Theorem 5) of the operator
L. By Theorem 5 it is enough to prove that v € H*<(R%; C"). As it is clear that
v € L2(R%; C"), it remains to show L.v € L2(R%; C).
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For ¢ € D(RY; C!), from Lemma 3 and the definition of the trace operator it
follows that

D’(Rd;Cl)< Lev, >D(Rd;cl) - D'(Rd;cl)< (Lv), ¢ >D(Rd;Cl)

:/\7~£~egodx—/([jv)-godx

R4 R4
:/Voﬁcpdxf/ﬁvadx
Q Q
= <V ‘ ECP>L2(Q;C7‘) - <£V I ‘P)LZ(Q;CZ)
- _H*%(Frﬂ;cl)< TLV’TH“P>H%(HQ;CL) =0,
since 7pv = 0. This implies L.V = (Lv) € L2(R%; C!). O

We will now try to justify the name trace operator for the operator 7. First
we adopt some notation: let V' be some metrisable topological vector space and
J : H*(;C") — V a continuous linear operator. The operator J is called the
boundary operator if

(Vu,v € C(R% C")) = Ju=Jv.

u =V
|FrQ |FrQ

Theorem 10. A continuous operator J : H(; C") — V is a boundary operator
if and only if

(Yu,ve HE(Q;C")) Tru=Trv = Ju=Jv.

Proof. Suppose that J is a boundary operator and 7 u = 7yv. Then u —v €
Ker 7, = H5(©; C"). Take a sequence (uy,,) in C°(€2; C") such that

u, — u—v in H(Q;C").

Then from Ju, = 0 and the continuity of J we have Ju = Jv.
To prove the converse statement note that for u,v € C®(R% C") such that
Uero = Virra by the definition of operator 7., we have 7,u = 7,v and hence
r r

Ju=Jv. O

Let us show how the trace operator looks like when L is one of the operators of
gradient, divergence or rotation.

Example 2. We have already seen that HY () = H'(Q). However, a surjective trace
operator Ty« HY(Q) — Hz (FrQ) is already defined on HY(Q). Let us investigate
the relationship between the operators Ty and Ty : HY (Q) — HY(FrQ;C%) <
H_%(Fr Q; C?%). For L =YV one can easily see that A,, = v, so that the definition of
Tv and Theorem 8 imply (for u € HY(Q) and z € Hz (FrQ; C%))

H*%(FrQ;Cd)<Tvu’ z) vTinu,z)

HE (Fr;Cd) H*%(Frn;cd)< HZ (Fr0;Cd)
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meaning that )
Ty = vTip € H 2 (Fr(; CY).

Since the operator Ty is surjective, we finally get
Im 7y = HY (FrQ; C%) = {vv : v € H2 (FrQ)} = vHz (FrQ) < L2(FrQ; C%).

Example 3. If we take Lu = divu, one can easily check that A, = v, which
implies that for functions from L2, (Q) the normal trace Tgy is well defined, which
is given (for u € HY(Q; C%) and z € H2 (FrQ)) by the formula

(Tgivu, ) (v T, 2)

H™3 (FrQ) H3 (FrQ)  H™ 3 (FrQ) H3 (FrQ)’

and then extended by density to a continuous linear operator on L%, (). It is known
that its image HY (FrQ) equals the whole space H=2 (FrQ) (see [9, IX.1.2]). There-
fore, Ty : L2, () — H—2 (FrQ) is surjective.

Example 4. If we take d =3 and Lu = rotu, then from

0 0 O 0 0 1 0 -1 0
A'x)=(0 0 -1, A’x)=(0 0 0], A*x)=|1 0 o0f,
01 0 -1 0 0 0 0 O
it follows
0 —UV3 120
AVZ Vs 0 —1 5
—UVy %41 0

and one can easily prove that
(VéEeC?) Af=vxE.

Therefore, for functions from L2, (Q) the tangential trace T,o: is well defined, which

rot

is (for u € H'(Q; C3) and z € Hz (FrQ; C?)) given by the formula

Trot U, 2) (v X Tiru,z)

H—%(FrQ;03)< H2 (FrQ;03)  H™ 2 (Fr;C?) H2 (Fro;03)

and then extended by density to a continuous linear operator on L2, (Q). In this

example the characterisation of the trace space is a bit more complicated (for details

see [19]):

HE* (FrsC%) = {ve H3(FrosC®): Bne B (Fra) (Ve € B (@)

H’%(FrQ;C3)<V’ V(p>H%(FrQ;C3) - H*%(Frg)w’ ‘p>H%(FrQ)} :

It is immediate that the restriction ’]2 of the operator 7; on (Ker7;)' is a
continuous linear bijection from (Ker7z)* onto H4(Fr; C!). This allows us to
define the operator &, : H5(FrQ; C!) — (Ker7z)* C H4(9;C") as the inverse
(both left and right)

Er = ']2—1 ,
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which is obviously linear, satisfies Im £, = (Ker 7))+ = H§(Q; CT)L and
Trérz=2, zeHE(FrQ;Ch.

If HZ(FrQ; CY) is closed in H™ 2 (Fr(; C!) (which is not always the case; see the
remark below), then the operator £, is continuous [7, p. 19].

Theorem 11. Forz € H4(Fr(; Cl), the infimum of the set {||u]|z : u € H*(Q; C") &
Teu =z} is achieved in the unique point u, = E,z.

Proof. It is easy to see that 75 (z) = £gz+Ker Tz, which (because £,z € (Ker 7))
for v € Ker 7, implies

|€cz+vlc® = (Ecz+v | Ecz+v)e = |Ecallc® + v]c*
Since 0 € Ker 7., it follows
inf{[|€cz+ vl v e Ker T} = min{|[€cz+ |z i v e Ker T} = [|Ec2|
and £,z is the only point where the above minimum is achieved. O
If for z,w € H%(FrQ; C') we define
(z|w)r = (2] Ew)e.,

one can easily check that (- | - )7, is an inner product on H4(Fr; C!). If we equip
H4 (FrQ; C!) with the corresponding norm

12l = [1€c2lc

from the previous theorem it follows that operators 7, and £, are continuous linear
operators with the operator norm equal to 1.

Remark 3. It is natural to investigate the relationship between two norms on
H4(Fr; CY, the norm || - |7, and the one induced from H2(FrQ;C). It can

easily be seen that for an arbitrary z € H4(Fr; C) it holds

) S 17|l

Izl -4 (Fro;C! L(HE(Q;C7);H™ 2 (FrQ;Cl)) Izl 7 -

Therefore, the question of equivalence of these two norms on H4 (FrQ; C!) is actually
the question of closedness of H% (Fr; CY) in H™= (FrQ; CY) [7, p. 19]. We will show
by a counter-ezample that HE (Fr; C) is not always closed in H2 (FrQ; C'). This

occurs in the case L = V, where the space H%(FrQ; Cl) equals vHz (FrQ). Take
feL2(FrQ) \ H2(FrQ) so that

vfeH 2(FrQ;C% \ vHz (FrQ).
Let (f,) be a sequence in H2 (FrQ) converging to f in L2(FrQ) (such a sequence
exists as Hz (FrQ) is dense in L2(FrQ)). Then we have
an - Vf

in L2(Fr; C%) and therefore in H-2 (FrQ; C%). As vf ¢ vHz(FrQ) and vf, €
vH2 (FrQ), this implies that vHz (FrQ) is not closed in H2 (FrQ; C4).
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