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Abstract. The Ivanciuc-Balaban operator of a graph G is defined as
JMLG) =" 3 (M, oMY
lv,v/eE(G)
where M is its molecular matrix with positive row-sums, m is the number of edges, u is the cyclomatic
number, M, is the i-th row sum of M and the summation goes over all edges from the edge-set E(G).
Here we consider the reciprocal Balaban index "J(G)=J(RD,G) and the reverse Balaban index
J.(G)=J(RW,G), where RD and RW are respectively the reciprocal distance matrix and the reverse
Wiener matrix of G. Various lower and upper bounds for these two types of Balaban-like indices are re-
ported.
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INTRODUCTION The distance matrix D of the graph G is an nxn

The distance matrix and related matrices, based on
graph-theoretical distances,' are rich sources of many
graph invariants (molecular descriptors, topological
indices) that found use in the structure-property-activity
modeling.”* We consider simple connected (molecular)
graphs.’ Let G be a connected graph with vertex-set
V(G)={v,v,,...,v,} and edge-set E(G).

For a symmetric nxn molecular matrix M =
M(G) whose (i, j)-entry is M, where i,/ =1, 2,...,n, let

l'/' b

M, = ZMU. be the sum of the entries in row i of M.
i=1

Suppose that M, >0 for i=12,...,n. The Ivanciuc-

Balaban operator of the graph G and M is defined as®

JM,G) =—— 3 (MM

\qv/eE(G)

where m is the number of edges and u is the cyclomatic
number or the circuit rank’ of G. Note that u=m —n + 1.
We point out that IB(M,G) is used instead of J(M,G) in
Ref. 6.

matrix (D;) such that D, is just the distance (i.e., the
number of edges of a shortest path) between the vertices
v, and v; in G.' The reciprocal distance matrix RD of G
isan nxn matrix (RD;) such that'®’

— if i#j
RD, =

ij i

0 if i=j

Let d be the diameter (maximum possible distance
between any two vertices)’ of the graph G. The reverse
Wiener matrix RW of G is an nx n matrix such that'

d_Di/'
0 if i=j

if i#j
RWl.jz{ /

It is easily seen that J(D,G) is the Balaban index
(also called the average distance sum connectivity) of
the (non-weighted) graph G,'"'> which has been used
successfully in developing QSAR/QSPR models* and in
drug design, e.g., Ref. 13. Recently, we presented in this
journal some properties of the Balaban index." Thus,
this report represents a natural extension of the previous
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study to properties of related Balaban-type molecular
descriptors.

Molecular descriptor denoted by J(RD,G) is called
the reciprocal Balaban index (also called the Harary-
Balaban index"” and the Harary-connectivity index'®)
of the graph G, denoted by "J or "J(G). We call
J(RW,G) the reverse Balaban index of the graph G,
denoted by J, or J(G). Note that J, makes sense only
for non-complete connected graphs. It has also been
shown that the reciprocal and reverse Balaban indices
are able to produce fair QSPR models for molar heat
capacity, standard Gibbs energy of formation, refractive
index and vaporization enthalpy for C,-C,, alkanes."
Other applications of the Ivanciuc-Balaban operator
were presented in Ref. 18.

In this report, we present some properties of the
reciprocal and reverse Balaban indices, especially their
lower and upper bounds.

PRELIMINARIES

The Wiener operator of a graph G with n vertices,
whose molecular matrix M is symmetric with zero
diagonal, is defined as

Wi(M,G)=>'M, = %ZMi
i<j i=l1

Note that W(G)=Wi(D,G) is the Wiener index as

defined by Hosoya,” H(G)= Wi(RD,G) is the Harary

index,***** and

A(G) = Wi(RW,G) = %n(n ~1)d - W(G)

is the reverse Wiener index'** of G.

For a graph G and v, eV (G), I'(v,) denotes the
set of its (first) neighbors in G and the degree of v, is
6, =|F(v,)|. The adjacency matrix A of G is an nxn
matrix (A;) such that A, =1 if the vertices v, and v,
are adjacent and 0 otherwise.' Since A is symmetric,
its eigenvalues are real. Let p = p(G) be the maximum
eigenvalue (of the adjacency matrix) of G, which has
been proposed by Cvetkovi¢ and Gutman® as the
measure of molecular branching. For more details on
the properties of p, see the monograph on spectra of
graphs by Cvetkovié et al.*

A graph is a semiregular bipartite graph of degrees
r,r, if it is bipartite and each vertex in one part of the
bipartition has degree 7 and each vertex in the other
part of the bipartition has degree r,.” Let K, be the
complete graph with n vertices.” The superscript T
denotes the transpose of a vector.
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Lemma 1.*** Let G be a connected graph on n vertices
with adjacency matrix A. Let x be an n-dimensional
x A x

X X

with equality if and only if x is an eigenvector belong-
ing to p.

column vector with positive entries. Then p >

Lemma 2.%° Let G be a connected graph with n vertices
and m edges. Then p <+/2m—n+1 with equality if and
only if G is the star or the complete graph.

RESULTS

The following proposition applies to the Balaban index
(M = D),"" the reciprocal Balaban index (M = RD) for
connected graphs, and the reverse Balaban index (M =
RW) for non-complete connected graphs.

Proposition 3. Let G be a connected graph on n ver-
tices and let M be a symmetric molecular matrix of G
with positive row sums, where the entries of M on the
main diagonal are zero. Then

3
m

<

(m—n+2)pWi(M,G)
mp R
2(m—-n+2), 5706, M,

J(M,G) <
(D

with left equality if and only if G is either a regular

graph such that M, is a constant for every v, € V'(G) or

a semiregular bipartite graph of degrees, say #,r, such

that r,/r, =M;/ M, for any vertex v, in the part with

degree 1, and any vertex v, in the other part with

degree 7,, and with right equality if and only if
Zr(: )Mj”2 =pM ;" forany v, eV (G).

Proof. Setting x = (\/M, ,\/M,,...,/M,)" in Lemma 1,

we have

1 Z M, -Mj)l/z

P
WI(M, G) viv;€E(G)

with equality if and only if Z JM; =py/M, for any

v;el(y;)

v, € V(G). By the Cauchy-Schwarz inequality,

z (M[ .Mj)fl/Z Z (M’ -M‘I‘)I/Z >

viv;eE(G) viv;€E(G)
2

z (Ml 'Mj)71/4(Mi 'Mj)l/4 — mZ

»;»'/EE(G)

and then
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2 2
m

m
>
> M,-M)” pWIMLG)

Viv; €E(G)

z (M’ 'Mj)—]/Z >

Viv; €E(G)

from which the left inequality in (1) follows and
equality holds if and only if M;-M; is a constant for any
vy, € E(G) and Z JM; =pyM, for any v, e
V/EF(V‘)
V(G). Note that if M,-M; is a constant for any
vy, € E(G) and ), JM, = pM, forany v, € V(G),
v, el(v;)

pyM, =6, M,  and 50, =p,
oM ;=06,M, for any vy, € E(G). Now it is easily
seen that equality

holds in the left inequality in (1) if and only if G is ei-
ther a regular graph such that M, is a constant for every

then thus

v, €eV(G) or a semiregular bipartite graph of degrees,
say r,r, such that ,/r, =M, /M, for any vertex v, in
the part with degree 7 and any vertex v, in the other
part with degree 7,.

On the other hand, setting x=(M,"*,M;",...,

M "*)" in Lemma 1, we have

n

-1/2
2 Z (M, -M)
viv;€E(G)

>
pe I

wero) M,

from which the right inequality in (1) holds and equality
holds if and only if > M;"* =pM " forany v, e
V(G) v;el(v)

If the maximum eigenvalue of the graph G in (1)
is replaced by an upper bound, we will have bounds for
J(M,G) where p does not appear. As an example, by
Proposition 3 and Lemma 2, we have:

Proposition 4. Let G be a connected graph with n>2
vertices and m edges. Then

3
m r

<
(m—n+2n2m-n+1 H(G)
m~2m—n+1 1

2(m—-n+2) 56 RD,

J<

with either equality if and only if G = K. Moreover, if
n>3 and G # K, then

3
m

<J <
(m—n+2)\2m—-n+1 A(G)

r

m~2m—n+1 1

2(m —n +2) v, eV (G) RVVI

with left equality if and only if G is the star.

Let G be a connected graph with n>2 vertices

and m edges. Note that H(G) < @ with equality if

and only if G =K,. Thus by the lower bound on "J in
Proposition 4, we have

2m’

- nn—=)(m-n+2)\2m-n+1

with equality if and only if G =K, .

r

Proposition 5. Let G be a connected graph with n>2
vertices, m edges, maximum degree 4, minimum degree
0 and diameter d. Then

ndA
~1+(d -4’
L (P LE—— n-l+( ) 2)
2(m—n+2) 2md
n—=1+(d-1)0

with equality if and only if G is a regular graph and
d<2.

Proof. 1t is easily seen that

2 Z (RDI -RDj)fl/2 _

Vv, €E(G)

2
0. 1 1 0.
i I S P e
v‘;‘(;) RD, »"\JJEZE(G)[ RD, | [RD/. J \,‘EVZ((;) RD,

with equality if and only if RD, =RD, for any vy, €

n—1+(d -1)J,
d

with equality if and only if the distance between v, and

and f(x)=

E(G). Since for any v, e V(G), RD, 2

any other vertex is
dx
n—1+(d-1x

at most two,

is increasing for x >0, we have
o, < z do, < ndA
waro) RD, L Sn—1+(d -1, n-1+(d-1)4

i

with equalities if and only if G is a regular graph of
diameter at most two. It is also easily seen that

0, do, 2md
i< i

s <
v, eV (G) RD ‘,‘§G)H—1+(d—1)5 n_1+(d_1)5

i

with equalities if and only if G is a regular graph of
diameter at most two. Now (2) follows easily. From the
arguments above, equality holds in (2) if and only if G
is a regular graph of diameter at most two and
RD, =RD, for any v,v;, € E(G). Note that if G is a

Croat. Chem. Acta 82 (2009) 537541
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regular graph of diameter at most two, then RD, = RD,
for any v,v; € E(G) . Thus the result follows.

Let RD = max RD, and RD = n}}(% )RD,. in Prop-

v, eV (G)
osition 5. By the Cauchy-Schwarz inequality,

2

Z L_L >
wiEo| JRD, JRD, |
2

1

1 1
- — | >
m v,vb,ezE(G) \/RDI‘ \[RDj

i( 1 1) _«/rp-JrDY
m\\JRD [rRD mRDRD

with equalities if and only if RD,=RD, for any
v,v; € E(G). Then

ndA
Cn=1+d-n4a’
min -
m 2md
. m . sme
" 2(m-n+2) n—1+(d-1)0

(/RD - JRDY

mRDRD

r

with equality if and only if G is a regular graph and
d<2.

Let G be a connected graph with n>2 vertices
and m edges. By Proposition 5,

< nmdA < nm ’
2m—n+2)[n—-1+(d-D4] 2(m—-n+2)

J=—"""___ if and only if G=K,, and then
2(m—n+2)

"J<@ for n> 2.

Proposition 6. Let G be a connected graph with n >3
vertices, m edges and diameter d > 2. Then

J < nm
" 2(m-n+2)(d-1)

3)

with equality if and only if G is a regular graph and
d=2.

Proof: It is easily seen that
-1/2
2 3, (RW-RW) " =

viv;€E(G)
2

)

. 1 1 0.
i - - | < i
v,-e;:G) RW, v,-vj;E(G) NRW, IRW] V;;:G) RW,
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with equalty if and only if RW,=RW, for any
vv, € E(G). Since for any v, eV(G), RW,=
dn-1)-D,2d(n-1)-6,—d(n—-1-96,) = (d —1)0, with
equality if and only if the distance between v, and any
other vertex is at most two, we have

o, 6, _n
2. RVKS 2. (d-16 d-1

v, eV (G) v, eV (G)

with equality if and only if d =2. Now (3) follows.
From the arguments above, equality holds in (3) if and
only if d =2 and RW,=RW, for any v,v, € E(G), or
equivalently, G is a regular graph with d = 2.

Let RW = max RW, and RW = min RW, in

v, eV (G) v, eV (G)

Proposition 6. Then by similar argumentation following
the proof of Proposition 5,

m n _(\/W—\/M)z

J < i
" 2m-n+2)| d-1 mRW RW

with equality if and only if G is a regular graph and
d=2.

Let G be a connected graph with n >3 vertices, m
nm
2(m—n+2)
with equality if and only if G is a regular graph of di-

ameter two.

edges, and G # K,,. By Proposition 6, J, <
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SAZETAK

O recipro¢nima i obrnutim Balabanovim indeksima

Bo Zhou" i Nenad Trinajsti¢”

*Department of Mathematics, South China Normal University, Guangzhou 510631, China
®Institut Rugjer Boskovi¢, P. O. Box 180, HR-10002 Zagreb, Hrvatska

Ivanciuc-Balabanov operator grafa G definiran je sljede¢im izrazom

JM,G)=—— 3 (M,-m,)"

ViV €E(G)

gdje je M molekularna matrica, m broj bridova u grafu G, u ciklomatski broj, M; zbroj elementa u i-tom retku

molekularne matrice, a zbroj u gornjem izrazu ide preko svih bridova u skupu E(G). Ovdje su razmatrani
reciproéni Balabanov indeks "J(G)=J(RD,G) i obrnuti Balabanov indeks J,.(G)=J(RW,G), gdje je RD
reciproéna matrica udaljenosti, a RW obrnuti Wienerov indeks grafa G. Clanak sadrzi razmatranje o donjim i o

gornjim granicama ovih dvaju molekularnih descriptora.
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