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Multi-step iterative process with errors for
common fixed points of a finite family of
nonexpansive mappings”

FENG Guf AND ZuENHUA HE?

Abstract. In this paper, we study a multi-step iterative scheme
with errors involving N nonexpansive mappings in the Banach space.
Some weak and strong convergence theorems for approximation of com-
mon fized points of nonexpansive mappings are proved using this itera-
tion scheme. The results extend and improve the corresponding results

of [1].
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1. Introduction and preliminaries

Let K be a nonempty convex subset of a normed linear space E, and let {T;}¥ | be
N self-maps of K. Khan and Fukhar-ud-din [1] introduced the following iterative
scheme.

The sequence{z, } defined by

r1=x € K,
Tpt1 = A SYn + bnTn + Crtin, (1.1)
Yyn = alTxy + b 2n + chvp,  VYn>1.

where {an}, {bn}, {cn}, {a,}, {b),} and {c,} are six real sequences in [0,1] with
0<d<ap,a,<1—-0<1,an+by+cy,=a,+0b, +c, =1, and {u,},{v,} are
bounded sequences in K.
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If ¢, = ¢}, = 0, then the above scheme means that
r1=x €K,
Tn+1 = ansyn + bnxna (12)
Yn = al, Tx, + b2, Vn>1.

where {a,}, {bn}, {a,,} and {b,} are four real sequences in [0,1] satisfying a,, +b, =
a!, + b, = 1. This scheme has been studied by Das and Debata [2] and Takahashi
and Tamura [3].

Now, we further generalize the scheme given in (1.1) as follows.

The sequence {x,} is defined by

r1=x €K,

Tpy1 = a%)T xnl) b(1 T, + c(l)ug),
gll) _ a(2)T ng) + b(2)x + 0(2)u;2)’
%2) _ %3)T3$513) +b(3)xn+c(3) ;3)

: (1.3)
(N 2) _ )T N n bglN—l)xn n C%N—l)uglN—l)
VD —a(N)T x(N) +b(N)xn+c(N) %N)7
x%N) =x, for all n > 1.
The scheme is expressed in a compact form as
a0 = gD Ta® 0D, 4 Du@ - foralln>1,ie I, (1.4)

where I = {1,2,3,--- N}, p41 = 2, {an)} {b(l)} and {c } are three real
sequences in [0,1] with 0 < 6 < al) <1-6 <1, a¥ + b5 + ¢ =1, and {u{’}
and {v{”} are two bounded sequences in K.

Since their introduction nonexpansive mappings have been extensively studied
by many authors in different frames of work. The purpose of this paper is to study
the weak and strong convergence of a multi-step iteration scheme (1.4) for N nonex-
pansive mappings in a uniformly convex Banach space. The results presented in this
paper extend and improve the corresponding results of [1] from two nonexpansive
mappings to a family of nonexpansive mappings.

To proceed in this direction, we first recall the following definitions.

A Banach space E is said to satisfy the Opial’s condition if whenever {z,} is a
sequence in F which converges weakly to x, then

limsup ||, — z|| < limsup ||z, — y|| for all y € E, with y # x

n—oo n—oo

A mapping T : K — F is called demiclosed with respect to y € E if for each
sequence {z,} in K and each z € F, z,, — x, and Tz, — y imply that x € K and
Tr=y.
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In the sequel we shall need the following lemmas.

Lemma 1.1 [Schu[4]]. Suppose that E is a uniformly convexr Banach space
and 0 < p < t, < q <1 for all positive integers n. Also suppose that {x,} and {y,}
are two sequences of E such that limsup,, . ||z.|| < d, limsup,,_, ., |yn| < d and
limy, o0 ||tn®n + (1 —tn)ynl| = d hold for some d > 0, then lim, . ||xn — yn| = 0.

Lemma 1.2 [Tan and Xu[5]]. Let {s,} and {t,} be two nonnegative sequences
satisfying

Snt1 < Sp +tn for all n > 1.

If Zle ty, < 00, then lim, oo S, exists.

Lemma 1.3 [Browder[6]]. Let E be a uniformly conver Banach space satis-
fying the Opial’s condition and let K be a nonempty closed convex subset of . Let
T be a nonexpansive mapping of K into itself, then I —T is demiclosed with respect
to zero.

2. Main results

In this section, let F(T') denote the set of all fixed points of T'.
Lemma 2.1. Let E be a normed space and K its nonempty bounded convex
subset. Let {T;}N., : K — K be N nonezpansive mappings and let {x,} be the

sequence as defined in (1.4) with Y2, D < o0, i € I ={1,23,---,N}. If
F=nN,F(T;) # 0, then lim,,_, oo ||xn, — z*|| exist for all z* € F = N2, F(T;).

Proof. Since K is bounded, there exists M > 0, such that |z, — uﬁf)H <
M, for all i€ I. Assume that F' = N2, F(T;) # 0. Let o* € F = N2, F(T5).
Then

lzngn — %[ = (a0 Tzl + b Ve, + Pul) — ||
oM (T2l — & + D (ul) — ,))
+(1—aM) (@ — 2" + D (ul) —z))||
alPD|| Tzl — ||+ (1 = af)||zn — 2*|| + D [ull) — ]|
alP el — 2|+ (1= a))||wn — 2| + iV M
= a;1)||a%2)T2x£l2) + bg)xn + cﬁf)ug) — ||
+(1 = afD)lJen — || + M
= aM||aD(Toa)) — 2 + P (u)) — 2,))
+(1 = al)(wn — & + P (W) — z))|
+(1 - a%l))||xn —z*|| + CS)M
< aP (@D ||z — 2*|| + (1 = alP)||wp — 27| + P M)
+(1 — a)||@, — 2] + DM
= afDaP|alD) — z*|| + alD (1 — aQ))||zn — ]|

+(1 = aM)||zn — 2*|| + a PP M + P M

n

IN N
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= aDa@a? — 2| + (1 - aDal®)z, — 2" + aDeP M + DM
< aDa@(@|[e®) — ||+ (1 - o)z - 7| + e M)
+(1 - aPVa)|jzn — 2*|| + VP M + P M
= aDa@a ) — 2*|| + (1 - alaP o) | — 2°|
+aVaPD M + a Ve M + DM
< oD@ a2 2+ (1 - aDa® -0l —
+aVa® ... qWN=DMN 4 q(Dg(2) L g (IN=2) (N=1) pp
N aﬁll)cgf)M + DM
< aMa® .. a2 — 2% + (1 — aPa® - M) ||z, — 2*|| + MEN D
YIS )

Since 52 1(:%) < 00, hence, using Lemma 1.2, we have that

hm ||z, — x*|| exists for each x* € F =N, F(T;).

This completes the proof of Lemma 2.1. O
Lemma 2.2. Let E be a umformly convex Banach space and K its nonempty
bounded conver subset. Let {T;}N, : K — K be none:z:pansive mappings, and

{x,} the sequence as defined in (1.4) with >~ cn < oo, i =1,2,3,--- ,N. If
F=nN,F(T;) # 0, then lim,,_,c | Tizy, — 0| = 0 foralliel.

Proof. By Lemma 2.1, lim,, .o | |2, —2*|| exists. Suppose lim,, o ||2n—2*|| = d
for some d > 0. Now,

6D — 0| = 1o Tial) + b, + culd - |

— () (T — a* + e ) — 2,)
(1= o)) — 2+ D) — )|
AT — || + (1~ )z — 2| + e ) —
9129 21|+ (1 af)lfan —a*l| + )M
a(i)||a(i+1 Tyl 4 p D g 4 (D (D) |
+(1 — a)||wy —a*| |+ D M
< ad(al V|2t —2¥|| + (1= alft) ||z — 2| + T M)
+(1 —a||zp — 2*|| + O M

— 4@ q U+ ||x(i+1 — 2|+ a®(1 = a2 — 2]
+(1 — a||zp — 2*]| + aD TV M 4 D M

= aal ) ||2{) —a* || + (1—aPal) 2, —2||

[l

IAINA

+al SHY M 4D M
< a0 o - o + (1 - Dl D) — 2|
MR el

= |lzn — 2*[| + MEL ).
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Taking limsup on both sides in the above inequality, we have

lim sup |[z0~Y — 2%|| < d. (2.1)

Next, consider
1T — o + D) — )l < [Tiz) — a*]] + e uf) —
< 2 — 2| + DM

Taking limsup on both sides in the above inequality and then using (2.1), we have
that

limsup || Tz — 2% + D (u® — z,)|| < d for each i € 1. (2.2)
Also,
o —* + D) ~ 2l < llan — 211+ el — 2
< |n — ¥ + DM
gives that
limsup ||z, — z* + D (ul? — 2,,)|| < d for each i€ 1. (2.3)
Further, lim,, o0 ||€n4+1 — 2*|| = d means that

Jim (a0 (Tiafd = o 4+ Dl = ) + (1= o) (@ — 2 + D ulh) - o7))l| = d
Hence, applying Lemma 1.1, we get that
Jim ([Tl — 2| = 0
Next,
llen — 2*|| < [len — TiaP|| + |1 Tizl) — 2" < Jlon — Tral|| + |28 - 2*].
It follows from (2.1) that

d < liminf||z) — 2*|| < limsup |[z) — 2*|| < d

n—oo
That is,
lim ||z —2*||=d
n—o0
Now lim,, 0 ||x£ll) — z*|| = d can be expressed as

lim a2 (ToaP) — 2" + ¢ (u) —20)) + (1 = alP) (2 — 2" () —2"))|| =d

n—oo

Moreover, by (2.2) and (2.3) we have that

limsup || Toz(? — 2* + @ (u? — z,)|| < d,

n—oo
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and

limsup ||z, — 2* + P (W? —2*)|| <d

n—oo

So again by Lemma 1.1, we obtain that
lim || TP — ]| =0
Now,
on = 2 < llon = Toa@|] +[[To2? — || < [z — ToaP || + [la2 — 2.
From (2.1) it follows that

d <liminf||z?) — 2*|| < limsup || — 2*|| < d
n—oo n— 00

That is
lim |[z? —2*|| =d

Using the same method, we get that

lim |[T32®) — 2, =0, lim [|2(®) —2*|| =d
lim |[Tyz'® —2,|[=0, lim [z —2*||=4d
lim |[TyzN) —z,|| =0, hm |2V — 2*|| = d
ie.
lim ||Tz? —2,|| =0, lim ||z —2*||=d forall iel

Now, observe that

|20 — Tia|| < [lwn — Tiel)|| + || Tialy) — Tin||
< lzn = T || + [ — wnl|
= [Jzn — Tia || + [|af TV Tipaa™ + 00 Dz, 4+ Tl — 2|
= ||zn — TzP|| 4 ||al+ D (T 20D — 2 )+c(z+1)(u(”1 — )|
< N|zn — TixD|| + aSV|| T 128+ — 2 || 4 Y M

Hence
lim ||, — Tiz,|| =0 forall iel.
This completes the proof of Lemma 2.2. O

Theorem 2.1. Let E be a uniformly convex Banach space satisfying the
Opial’s condition and let K {T;}.| and {x,} be taken as in Lemma 2.1. If F =
NN F(T;) # 9, then {x,} converges weakly to a common fived point of {T;} ;.
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Proof. Let z* € F = N, F(T;), then as proved in Lemma 2.1, lim,, .« ||2, —
x*|| exists. Now we prove that {x,} has a unique weak subsequential limit in
F =N, F(T;). To prove this, let z; and 22 be weak limits of the subsequences
{zn,} and {zy,} of {z,}, respectively. By Lemma 2.2, lim, o ||Tizy — z,| = 0
and I — T; is demiclosed with respect to zero by Lemma 1.3, therefore we obtain
Tizy = 21, 1.e., 21 € F = ﬂfilF(Ti). Again in the same way, we can prove that
29 € F = NY, F(T;). Next, we prove the uniqueness. For this suppose that z; # 22,
then by the Opial’s condition

lim ||z, —2z1|] = lm ||z, —2z1]| < lm ||z, — 22|
n—oo n;— 00 n;— 00
= lim ||z, — 2|| = lm ||z, — 22|
< lim ||zg, — 21]] = lim ||z, — 21|

This is a contradition. Hence {z,,} converges weakly to a point in F = NX, F(T;).
This completes the proof of Theorem 2.1. O

Now we will prove a strong convergence theorem.

Two mappings S, T:K — K, where K is a subset of F, are said to satisfy
condition (A) if there exists a nondecreasing function f : [0,00) — [0,00) with
f(0)=0, f(r) > 0forallr € (0,00) such that 1 (||z—Tz||+||z—Sz||) > f(d(z, F))
for allr € K where d(x, F) = inf{||z —2*|| : 2* € F = F(S)NF(T)}.

Khan and Fukhar-ud-din [1] approximated a common fixed point of two nonex-
pansive mappings S and T' by iterating scheme (1.1). We modify this condition for
mappings {T;}Y, : K — K as follow:

N mappings {T;}Y, : K — K where K is a subset of E, are said to satisfy
condition (A’) if there exists a nondecreasing function f : [0,00) — [0,00) with
f(0) =0, f(r) >0 for all r € (0,00) such that +XN, ||z — Tjz|| > f(d(z, F)) for
all z € K where d(z, F) = inf{||z — z*|| : 2* € N)L, F(T})}.

Note that condition (A’) reduces to condition (A) when N = 2. We shall use
condition (A’) to study the strong convergence of {x,} defined in (1.4).

Theorem 2.2. Let E be a uniformly convexr Banach space and let K, {x,} be
taken as in Lemma 2.1. Let {T;}Y., : K — K be nonexpansive mappings satisfying
condition (A"). If F = NN F(T;) # 0, then {x,} converges strongly to a common
fized point of {T;}X,.

Proof. By Lemma 2.1, suppose that lim, ., ||z, — *|| = d for all 2* € F =
NN, F(T;). If d = 0, there is nothing to prove. Assume d > 0, by Lemma 2.2
lim, o ||Tizn — 2n|| =0, 7 € I. Moreover,

lens = @[l < llen — 2*|| + MEL, e,
gives that
inf ||zpp1 —2*]| < inf ||z, — %] + MEN D,
T*eF z*eF
That is,
d(zpys1, F) < d(zn, F) + MDY D

gives that lim,, o d(z,, F') exists by virtue of Lemma 1.2. Now by condition (A’),
lim,, o f(d(zn, F)) = 0. Since f is a nondecreasing function and f(0) = 0, there-
fore lim,, oo d(xn, F') = 0. Now we can take a subsequence {z,,} of {z,} and a
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sequence {p;} C F such that ||z,, — p;|| < 277. Then following the method of
proof of Tan and Xu [5], we get that {p;} is a Cauchy sequence in F and so it
converges. Let p; — p. Since F' is closed, therefore p € F' and then z,;, — p. As
limy, oo ||2n — 2*|| exists, 2, — p € F = N2, F(T;). This completes the proof of
Theorem 2.2. O

Remark 2.1. Theorems 2.1-2.2 extend and improve the corresponding results

of [1].
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