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1. Introduction

Let F be an algebraic closure of a p-adic field. For n € N, let Spin(2n + 1, F) be
the split simply-connected algebraic group of type B,. Spin(2n + 1, F') is a double
covering, as algebraic groups, of the odd special orthogonal group SO(2n+ 1, F). In
the representation theory, it is very important to know what Levi subgroups look like
in the considered group. In some other classical groups, such as already mentioned
SO(n, F), Levi subgroups are isomorphic to a product of some general linear groups
and another SO(m, F'), where m < n, i.e. the product of some general linear groups
and a classical group of a smaller rank and of the same type. But, this is not the
case for spin groups, which implies that some different techniques for investigating
these groups have to be used. Examples of Levi subgroups of Spin(5, F) can be
found in [1], so we assume n > 2. Examples of Siegel Levi subgroups can be found
in [5].

Here is an outline of the paper. Section 2 presents some preliminaries, mainly
from [3] and [6]. In the third section, we have a case-by-case consideration of Levi
subgroups. The same method was used by Asgari in [2] to determine Levi subgroups
of a simply-connected group of type Fj.

2. Preliminaries

Fix a maximal torus T" of Spin(2n+1, F') and a Borel subgroup B containing 7". The
based root system associated to (Spin(2n+1,F), B,T), (X,%, XV,2V), is given by

X:Ze1®Zez@--~@Zen,1@Zw,

XY =Zef —e3) ©L(ey —e3) & @ Ley_y —e) B L2,
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Let ¥ = {aj,a3,...,a,} be a system of simple roots, where ay = e; — eq,
Qg =€ —€3, ..., Ap_1 = €,_1 — €p, Oy = €,. We denote the associated coroots by
SV ={aY,ay,...,a)}, where

af =ef —ey,af =ef —ey,...,a0_1 =€ —er ) =2e,
(observe that ey, ..., e, are chosen in the standard way, such that (e;, e;-/> =05

Every standard Levi subgroup corresponds to some subset 6 of .. A subgroup
corresponding to 8 will be denoted by My. Each My is an almost direct product of a
connected component of its center and its derived group. A connected component of
the center of My will be denoted by Ay, while a derived group of My will be denoted
by Mj. In other words,

- A9 X Mé

My~ — ¢
o AgﬂMé

Since Spin(2n+1, F) is a simply-connected group, the derived group of each My
is also simply-connected, so it can be obtained directly from 6, i.e. from its root
system. It is well - known that

Ay = (ﬂ k:erﬁ)o
Beo

so Ay can also be obtained from the set of simple roots §. After obtaining Ay and
My (which will be considered case-by-case, depending on the type of #), we can
construct their almost direct product to finally obtain Mj.

The maximal torus of Spin(2n + 1, F') will be denoted by T. We have the next
proposition ([2, Proposition 3.1.2], or [4, p. 108]), which holds for simply-connected
groups:

Proposition 1. Facht € T can be written uniquely as

n

t=[]a(t).t; € F*.
i=1

Kernels of simple roots in ¥ can now be described as follows:

Proposition 2. Let t € kera;. Then
- (aha;'/)
aift) = a( [y (t) = [[ 6™ =1.
j=1

This implies:

ifi =1, then t3 = to

if2<i<mn—2, thent? =t;,_1ti11

ifi=n—1, then t? = t;_1t3,,

if i =n, then t? = t; 4
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Let z = o/ (—1). From [2, Corollary 3.1.3], follows that the center of Spin(2n +
1, F) equals {1, z} ~ Zy. From now on, z stands for the non-trivial element of the
center of Spin(2n + 1, F), for some n > 1. We introduce the notion of general spin
groups, following Asgari [2]. These groups are defined in the following way:

GL(1,F) x Spin(2n + 1, F)

{(17 1)7 (_1’ Z)}
GSpin(1,F) = GL(1, F).

GSpin(2n+1,F) =

7n217

The derived group of a general spin group is a spin group, so general spin groups
are to spin groups as the general linear groups are to special linear groups. An
advantage of general spin groups is that their Levi subgroups are isomorphic to a
product of general linear groups and a general spin group of a smaller rank. This
was proved in [2], using root datum of general spin groups. Another proof can be
found in this manuscript.

3. Levi subgroups

Let us fix some notation. Let § C X, 6 # (). Here and subsequently, we will write 6
as a union of connected components of its Dyinkin diagram,

0=0,U0U---Uby

where 6;N0; = 0 for i # j. We choose 61, ..., 0 in such a way that for o;, € 6;, and
a;, € 0j,, where j; < jo, then ¢y < . For 1 <i < k, let n; = |6;|. For a shorten
notation, we write [; instead of Z1gjgi n;. Now it follows that, if min; is the
minimal index such that amin;, € 05, then 6; = {Qmin;s Cmin;+1, - - - » Cmin; +n;—1}-
Also, if o;, € 05, and oy, € 0;,, where ji < jo, then io —i; > 1.

We write ( for the k—th primitive root of identity in F* and I,, for an n x n
identity matrix.

Now we begin a case-by-case consideration:

(1) Suppose a1 € 0, ap—1,ay ¢ 0. Obviously, a; € 61, miny = 1 and miny +
n—1<n-—1.

We obtain My using [4, Chapter 5., Theorem 1.33, Lemma 1.35 and Exam-
ple 1.36], where a derived group of Mpy is described. In this case, M} is isomorphic
to SL(n1+1,F) x SL(ng +1,F) x -+ x SL(n + 1, F).

Let Ay = t;. From Proposition 2 we get to = A2, t3 = A3, ..., t,, = A%,
AP Next, put Aa = tny12, A3 = tny13s -5 Aming—ny = tming- If
= ){“‘H; let 11 = Aniny—n,—1 Otherwise.

tn1+1 -
ming = ny + 2, then let uy

From Proposition 2 again, we obtain

_ 42 -1 _1\2 —1
tmin2+1 - tmingtminQ—l - Amingfnllj‘l )

42 -1 __ 4 —24y—1 _1\3 —2
tmin2+2 - tming—i—ltming - Aminz—’l’bl K1 )‘mingfnl - )‘minz—nlul ’
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_ 42 —1 __ 14 -3
tmin2+3 - tmin2+2tmin2+1 - Amingfnlp’l )

. _ 2 —na+1
Uming4ny—1 = )\minz—nllu’l
) __ y\n2+1 —n2
bming+ny = /\minz—m“l

These equations cover kernels of all the roots in 05, so for each root between 0> and
03 we put

)\mi’ﬂgf’ﬂlJrl = tmin2+n2+17 )\mingfn1+2 = tmin2+n2+2a cey Amingflz = tming-
If minz = mina+nz+1, then let ps = )\Zfi:;_mul_”z; let o = Aning—i,—1 otherwise.

Repeating the procedure similar to that in the previous paragraph, we get

_ 42 —1 _ 2 —1
tming-{-l - tmin;;tming—l - )‘min3—l2p’2 y

__ \n3 —n3+1
tmin3+n3—1 - )\mi’l’bg—lZNQ )
_ yn3+1 —ng
tming+ns = )‘mmg,—lz Ho
We continue by repeating this process for all the remaining subsets 6, . . ., 0 of .

n —nE+1
At the end we get trming+ne—1 = )‘mkmkflk,ll‘klf and tming +n,

Since in this case ming + ny < n, we also have to put

_ )\nk+1 —ny
T Cming—lg_17k—1"
)\minkflk_1+1 = tmink+nk+17 ey /\nfl;c =tp.

Finally, we have:
_ Vv Viy2 Vv ni+1ly Vv Y
Ag = {al (Ar)ag (A7) -+ O41114-1(/\1 )an1+2(/\2) C Mning (/\minz—m)

\Y 2 —1 \Y 3 —2
: aminngl()‘mingfnl Hq )amin2+2 ()‘mingfnl Hq ) e

\ no+1 —nz\ .V . \ .

. amin2+n2( mins—nq M1 )amin2+n2+l()‘mm2—n1+l) O ()‘mms—lz)
V; 2 -1 Vv nz+1 —ng

) amin3+1()‘min37l2u2 ) T amin3+n3()‘min3fl2 125 ) T
Vv ne+1 —Ng Vv X \Y

T Oing+ny ( ming —lp_ 1 Mk—1 )amink-l—nk—&-l(Ammk—lkfl-i'l) Ty ()\"—lk)

:/\17"' 7An—lk EF*}
~ (F*>n—lk

After identifying Ag with GL(1, F)"~% ~ (F*)"~ we fix (as in [4, Exam-
ple 1.36]) an identification of M} with SL(n; +1, F) x SL(na+1,F) x---x SL(n,+
1, F) under which the element o) (A1)ay (A7) -] (A[") goes to the diagonal ele-
ment diag(A1, A1,..., A1, A7 ") of SL(ny + 1, F),

\% . \Y 2 —1 \Y n2 —nao+1
Aing ()‘mmzfm )amin2+1()‘min27n1 1251 ) e aminnganl()‘minz—nl My )

t0 diag(Aming—nys -« - s Mming—nys Mg ) of SL(na+1, F) and proceed in the same

ming —mni
way for all connected components 0s, ..., 0 (similar identifications are used in all
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cases). Using these identifications, we conclude that in Ay (| M) we have:

)\;l1+1 = 1,)\2:>\3 == U1 = ].,
)\:‘eri—’:_l;—nl =1, )‘minzfnﬂrl = )‘min27m+2 ==z =1,
A = L = LA <1
)‘mink*lk—1+1 == )‘nflk, =1,

therefore

AgN Mé = {a}/(/\l)ag(/\%) T O‘r\il (/\?l)av (Aming—ny) "+

ming
\% na \% Nk
) aminngngfl()‘mingfnl) T aminkJrnk ()‘mink—lk_l)
i+l na+1 _ ng+1 _
P A] =1L N, = ]‘""’)\mink—lk,l =1}

= <Cn1+1> X <Cn2+1> X X <<nk+1>
It follows immediately that
(F*)"=b x SL(ny +1,F) x --- x SL(ny + 1, F)
<<n1+1> X X <<nk+1>
F*x SL(n1 +1,F) F*x SL(ng + 1, F)
~ X o0 X
<Cn1+1> <an+1>
~ GL(ny +1,F) x --- x GL(ng + 1, F) x GL(1, F)"~—k

Mg:

% (F*)nflkfkr

because the mapping F* x SL(n,F) — GL(n, F), (z,S) — I, - S, is a surjective
homomorphism whose kernel is isomorphic to (¢, ).

(2) Suppose aq, ay—1, 0 ¢ 0. Of course, ming +ni —1 < n—1. M is again
isomorphic to SL(ny + 1, F) x SL(na + 1, F) x -+ x SL(ng + 1, F). We start with

A =t1, 2 =12, ..o, Aning = i, -

It follows
. _ 12 —1 . _\n1 —n1+1
tml’ﬂ1+1 - )‘minl)‘minlfl’ ce 7tm’bnl+’ﬂ1*1 - )\minl )‘minlfl
and
) _ yni+ly—ny
tmlnlJrnl - )‘minl )‘minl—l'

We can now proceed analogously to case (1):

Ap = {a\ll ()‘1) T O‘anl ()‘minl )O‘lenl—s-l()‘zninl /\;’jnl—l) T

v ni+1ly—n1 \Y )
" Yming +nq ()‘mznl minlfl) C Qing, ()‘ml’ﬂk*lk—l) e
\ ne+1 —MNp \Y% .
’ aMink+nk( ming—l_1 k-1 )o‘mink+nk+1(/\m”lk—lk71+1) T

'047\{()\"—%) : )\la t 7)\n—lk € F*}
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In Ap N M} we have:

— — _ ni+1l _
AL == Aping -1 = LA =1
_ _ _ _ no+1 o
>\min1+1 _ = )\mingfnlfl = U1 = 17 )\minz—Tn - ]-v
)\minkflflkfg == )\minkflk,lfl = /,kal = ]-7
ng+1 _ ) _ _ _
ming—le_1 17>\mlnk*lk—1+1 - = )‘n*lk =1

Therefore, Ag N Mg 2 (Gny+1) X (Grot1) X =+ X ((y41) and again
My~ GL(ny +1,F) x --- x GL(ny + 1, F) x GL(1, F)"~!x=F
(3) Suppose a1, ap_1,a, € 0. Obviously, min; = 1 and ming+n, = n+1. My is
isomorphic to SL(n1+1, F)xSL(no+1, F)x---x SL(ng—1+1, F)xSpin(2ni+1, F).
On the set 0\ 0 =0, UOyU---Ub,_1 we apply the same analysis as in case (1)
and get

_ ni+l _ —
)\1—t1,...,)\11 —tn1+17)\2—tn1+27
Aminkfl—lkfz = tmink717
. — )\l —nk—1+1
ming_1+nk—1—1 = Nming_1—l,_oMk—2 ’
b o /\nk71+1 —Ng—1
ming—1+neg—1 — “ming_1—lp_oMk—2

Next, put Aming_,—1,_o+1 = tn. From Proposition 2 applied to the set 05 we
obtain: t, 1 =ty 9 = -+ = tyn, = Apin 1,41+ We have two possibilities
which are considered separately:

® MiNg_1 +Ng—1 =N — Nk

It follows directly that ming_1 —Ily_o = n—1 and )\:’“_’liﬂ/i;f;’l = )‘i—lk—s-l'
So, Ag ~ (F*)"~!. In Ag N M}, we have:
Nt =1 =X == =1,
Aptl =1 A = Ami = =pp=1
mina—ni T ‘ming—ni1+1 = Aming—ni1+2 — = p2 =1,
_1+1 2
)‘ziz; =1=XN_+1

That implies Ag N Mg = (Cry41) X (Crot1) X+ X (Crp_at1) X (Co(ny_;+1)) (this
2(ng—1 + 1)-th root of identity comes from the last equation). This gives

My ~ GL(ny +1,F) x --- x GL(ng_o + 1, F) x GL(1, F)"~ =k

y GL(1,F) x SL(ng—1+ 1, F) x Spin(2n; + 1, F)
B b
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where B = {((,¢? - I, 41, ¢ 1) o 21t = 11, Observe that the
set {¢™—1+1 o 21t — 11 can be identified with {1,z}, the center of
Spin(2n; + 1, F).

e Ming_1+np_1 <n—ng
We put Amink,l—lk,g—&-Q = tmink,1+nk,1+l 3 )\mink,l—lk72+3 = tmink,l—&-nk,l—&-%

EEE) )\nflk = tnfnk,fb

Again, Ag ~ (F*)" ! while in Ag N M} we have

ni1+1
)\11 :1,)\2:)\3:"':M1:1,
ng_1+1 o o
ming—1—lk—2 17luk—2 =1,
A2 =1, Ami ==Xy, =1
ming_1—lg—o+1 = HrAming_1—lg_2+2 = = An—l, — L,

that implies A9 N Mé = <<n1+1> X <<n2+1> X X <<nk—1+1> X <C2>
Observe that ((2) ~ {(1,1),(—1,2)}. We thus get

My =~ GL(ny +1,F) x -+ x GL(ng_1 + 1, F) x GL(1, F)"~t=*

GL(1,F) x Spin(2ny, + 1, F)
(C2)
~ GL(ny + 1, F) X - X GL(nj—1 + 1, F) x GL(1, F)"~+*

xGSpin(2ni + 1, F).

(4) Suppose i, ay € 0,01 ¢ 6. Clearly, ming =1, 6 = {a, } and ng, = 1. M,
is isomorphic to SL(n; +1,F) x SL(n2+1,F) x -+ - x SL(ng—1+1, F) x Spin(3, F).
This case can be handled in pretty much the same way as case (3), so we only state
final results.

o if ming_1 +np_1 =n —1, then
My ~ GL(ny +1,F) x -+ x GL(ng—2 + 1, F) x GL(1, F)" =%
L GLOLF) X SL(ng—1 + 1, F) x Spin(3, F)
B )
where B = {(¢,¢% I, 41, (™10 2 (20meatl) = 1}

e if ming_1 +nir_1 <n—1, then
My ~ GL(ny +1,F) x --- x GL(ng_o + 1, F) x GL(1, F)"~ ==k
xGSpin(3, F).
(5) Suppose a1 ¢ 6, a1, € 0. Obviously, miny > 1 and ming + ng, = n+ 1.
M} is isomorphic to

SL(ni+1,F) x SL(ng +1,F) x -+ x SL(ng—1 + 1, F) x Spin(2n; + 1, F).
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Let A\; = t,,. From Proposition 2 we conclude that
the1 = """ = tming = tming—1 = )\f.
Next, let
A2 = iming—2, - - + s Mming—ming 1 —np_14+1 = tming_14ng_1—1-

If ming_1+nk_1 = ming—1, then put 1 = A3, otherwise put 11 = Aning —ming_ 1 —np_, -
Using standard calculations, it easily follows:

_ 2 -1
tmink_1+nk_172 - )‘minkfmink,lfnk71+llu‘1 )
_ 3 —2
tmink,l-&-nk,l—S - )‘mink—mink,l—nk,1+1:u‘1 ’
_ y\nk-1t+1 —ng
tminkflfl - )‘minkfmink,lfnkf1+1'u1
In the next step, let
)\minkfmink,lfnk,1+2 = tmink,lf%
)\minkfmink_lfnk_lJrB = tmink_1737
/\mink—mink,g—nk,l—nk,g-i-l = tmink,2+nk,2—1~
neg—1+1 —Ng

If ming_o + ng_o = ming_, — 1, then put pus = Mg —ming 1 —np_1 101 s
otherwise put po = Aming,—ming_s—ng_1—nr_o- Lhe rest of this construction runs as
before:

_ )2 -1
tmink_2+nk—2*2 - )‘minkfmink_ank_17nk—2+1lu2 ’
ng—2+1 —Ng—1

tmink,g—l - minkfmink_ank_l7nk_2+1:u2 ’

. _ yni+1 —ny
tmml—l - )‘mink—minl—lk,l—i-l'u’k—l'
AISO7 we have to add )‘minkfmin1flk_1+2 = tminlfg, ey )\minkflk_lfl = tl. From

ming + ng = n + 1 we easily get that ming —lx_1 — 1 =n — lj.
Ap = {0‘\1/ O‘n—lk)a;O‘n—lk—l) T ayninl—Q(Am’ink—minl—lk—l+2)

1 - 2
'ayninl—l(A:eri:k_mml_lﬁnkﬂﬂkfi) T Oérvmnk—l(Al) ap (M)

:)\1,...,)\n_lk S F*}
~ (F)ni,
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In Ap N M} we have:

Ag === Amink—minkfl—nk,l =M1 = 1,

Ng—1+1 -1
ming—ming_1—nr—1+1 —

_ n1+1 _
HE—1 = 1’ )\minkfminlflk_lJrl =1

)

)\minkfminlflk_lJrZ == )\nflk = 17

that implies
Ap N Mé = <Cn1+1> X <Cn2+1> X X <an-72+1> X <C2>
Finally,

My ~ GL(ny +1,F) x -+ x GL(ng—o + 1, F) X GL(LF)”*“F’C

GL(1,F) x Spin(2ni, + 1, F)
(C2)
~ GL(ny +1,F) x --- x GL(ng_a + 1, F) x GL(1, F)"~~k

xGSpin(2n; + 1, F).

Observe that, for § = X\ {a;1} we have 8 =61, k=1, n; =n —1 and
Ms\ o,y = Mp = GSpin(2(n — 1) + 1, F),

which implies that GSpin(2n—1, F') is the maximal Levi subgroup of Spin(2n+1, F).

(6) Suppose a1, an_1 ¢ 0, € 0. Of course, ming > 1 and ny, = 1. My is
isomorphic to SL(n; + 1, F) x SL(ng + 1, F) x --- x SL(ng—1 + 1, F) x Spin(3, F).
Analysis similar to that in the (5) shows that:

My ~ GL(n1 + 1, F) x -+ x GL(nk—z + 1, F) x GL(1, F)" 7"

GL(1,F) x Spin(3, F)
X
{1,2}
~ GL(ny +1,F) x -+ X GL(nj—2 + 1, F) x GL(1, F)" "+ 7F

xGSpin(3, F).

(7) Suppose a1, an—1 € 0,a,, ¢ 0. Clearly, min; = 1 and miny, + ng = n. M) is
isomorphic to SL(ny + 1, F) x SL(ng +1,F) x -+ x SL(ng + 1, F).
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Proceeding analogously to case (1) we obtain:

ni1+1
AL =ty = A0 ts =AY, oty = AT by = AT
AQ = tn1+27 )\3 = t7L1+37 ey )\ming—nl = tmin27
_ 2 —1 . _ ynao+l1 —no
tminz-i'l - /\mm2 —n1 “1 PR ’tm”’bz-i-nz )\mzng n M1 s
t . _ )\nk —nr+1 t2 _ t2 _ \nr+1 —MN
ming+ng—1 = Nming—l, 1 Pk—1 ming+ng — “ming—l_1 Fk—1"

Suppose 0 = L\ {ay,,}. Thenk =1, n; =n—1, M) = SL(n,F) and t2 = A} = 7.
If n is even, say n = 2m, then
Ag = {aY (M)ay (A) -+~ ay_ (AT Hay (A7) : Ay € F*} o F*
Observe that t; could not be equal to —A{" in Ay, because Ay is a connected com-
ponent of the center. In Ag N M), we have A\T* =1, so Ag N M ~ (¢™), therefore

GL(1, F) x SL(n, F)

M@Z

(cm)
If n is odd, then My ~ GL(n, F), as Shahidi asserts in [5, Remark 2.2].
If # has more than one component, then t2 = /\ZZZ: I luk 1. Since n; +1 and

—ny, are of different parities, if ny is even or pg_1 is not equal to A" for some \ € F*
and m even, we can proceed in the same way as above and get

My ~GL(ny +1,F) x --- x GL(n + 1, F) x GL(1, F)"~ b~k

Now we have to consider the situation when ny is odd and pr—; = A, for

. 1 - .
A € F* and m even. If this is the case, then py_1 = )‘Zkznfl ey el 57!, Again,
ng—2+1 —Nk—2

this implies that ny_; is odd and pg_o = A . We continue in this

mink_gflk_g k—3

fashion to obtain us = A:ﬁf{;; m,uf”, no is odd, pu1 = )\71“"’1 and ny is odd. We
conclude that ny is odd and pux_; = A™, for A € F* and m even, only if n; is odd
for each 1 < i < k and min; +n; = min;y1 — 1 for each 1 <14 < k—1. Observe that

this implies ming — l_1 = k = n — ;. If this is the case, then

A9 = {O‘Y(/\l)a;/(A%) n1+1(/\n1+1) X ing (/\2)

-1 -2
'axzmzﬂ()‘gﬁh )aXmM(A%m )
\ \Y n —nr+1 ng
*Xming, (/\”—lk) e an—l( nk I HPE—1 v )an(/\nflk M)

:Alv"' 7/\n—lk eF*),uz :,u];jf
~ (F*)"il’“‘.

In Ag N M} we have:

)\n1+1 A’n2+1
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we easily get that )\Z’“_'J{kl = 1,50 Ag N M) >~ (Goy+1) X (Cnot1) X -+ X (Cnyt1) and
My ’:GL(TLl +1,F) X oo X GL(nk—l—l,F).

(8) Suppose aj,ay ¢ 0,an,_1 € 6. Clearly, mingy > 1, 6 # ¥\ {a,} and
ming+ng, = n. My is isomorphic to SL(ni+1, F)xSL(no+1, F)x- - -xSL(ng+1, F).
By the same method as in case (7), we obtain

My ~GL(ny +1,F) x --- x GL(n + 1, F) x GL(1, F)"~ b~k

Remark 1. Cases (2), (5), (6) and (8) together imply that Levi subgroups of the
general spin group GSpin(2n + 1, F) are isomorphic to GL(ny, F) x GL(ng, F) X
-+ X GL(ng, F) x GSpin(2m + 1, F), m < n.
Remark 2. Observe that %ﬁgnl’) is not isomorphic to GL(n, F') over p-adic field
F, because the image of the given mapping consists of matrices whose determinants
are n-th powers.

Let Fy be a p-adic field. We will denote an algebraic closure of Fy by F1. Since
spin groups are double coverings of special orthogonal groups, we have the next exact
sequence

1 — {£1} < Spin(2n + 1, Fy) 2, SO(2n + 1,Fy) — 1, where f is a central
isogeny. Fy—rational points of Spin(2n + 1) may be obtained by using the following
exact sequence:

1 {£1} < Spin(2n + 1, Fy) L SO@2n + 1, ) -2 Fr ) (Fr)?
(homomorphism § is called the spinor norm)
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