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Abstract. In the present paper we introduce positive linear operators g—Bernstein -
Chlodowsky polynomials on a rectangular domain and obtain their Korovkin type approx-
imation properties. The rate of convergence of this generalization is obtained by means
of the modulus of continuity, and also by using the K-functional of Peetre. We obtain
weighted approximation properties for these positive linear operators and their generaliza-
tions in this paper.
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1. Introduction and definitions

The classical Bernstein-Chlodowsky polynomials have the following form

wara- £ ()(2) (-2

where 0 < 2 < «,, and {a, } is a sequence of positive numbers such that lim a,, = oo,

n—oo

lim Gn _ 0. These polynomials were introduced by Chlodowsky in 1932 as a gen-

n—oo N
eralization of Bernstein polynomials (1912) on an unbounded set. There are many

investigations devoted to the problem of approximating continuous functions by clas-
sical Bernstein polynomials, as well as by two-dimensional Bernstein polynomials and
their generalizations. On the other hand, Bernstein-Chlodowsky polynomials have
not been studied so extensively and we know only a few papers that are devoted to
the two-dimensional case [2,9,14]. Some generalizations of these polynomials in the
one-dimensional case may be found in [7,8,16,21].

In recent years, the g—Bernstein polynomials, introduced by Phillips [18], have
attracted a great deal of interest because of their potential applications in approx-
imation theory and numerical analysis, and many properties of these polynomials
have been discovered (see [3,10,12,13,17-20,22,24]). In [16] Karsli and Gupta intro-
duced the ¢ analogue of Bernstein-Chlodowsky polynomials in the one-dimensional
case. They investigated approximation properties for these new polynomials.
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In this paper, we define ¢—Bernstein-Chlodowsky polynomials on a rectangular
domain Dy, = [0, a] x [0,0] in (2) and investigate their Korovkin type approximation
properties. We compute the rate of convergence of these new operators by means
of the modulus of continuity. Also by using the K-functional of Peetre the order of
approximation is established (in Section 3).

The second purpose of this paper is to obtain weighted approximation properties
of these new operators on IR% = [0, 00) x [0, 00). In order to obtain these results we
will use the weighted Korovkin type theorem proved by Gadjiev in [5,6] (in Section
4).

Finally, we give a generalization of (2) and obtain weighted approximation prop-
erties of these generalization operators (in Section 5).

Definition 1. C%(D,y) is the space of functions of f such that f, gx{’ gy{

belong to C(D,p) . The norm on the space C?(D,p) can be defined as

C(Dab)>

Definition 2 (see [1]). For f € C(Dgp) and § > 0, the Peetre-K functional is
defined by

(i=1,2)

o'f
oy’

4

2 azf
e = Wlowan + 3 (Ha
=1

C(Dab)

K(f:0)= _int  {IF = dllowa +0lalexp. )

It is clear that if f € C(Dgy), then we have ;ilr(l) K(f;0)=0.

Definition 3. Let f € C(Dgyp) be a continuous function and & a positive number.
The full continuity modulus of the function f(z,y) is

w(f;6) = max |f(w1,91) — f(w2,2)]
(x1—22)24+(y1—y2)2<6

z,y€Dgp

and its partial continuity moduli with respect to x and y are

W (f.6) = _
wi(f;0) = max | max_ [f(z1,y) = f(22,y)]

@) (f.4) = _
w(f;0) = max | max_ [f(z,41) = f(z,12)l

It is also known that }in(l)w(f;c;) = 0 and for any A > 0, w(f;A0) < (A + Dw(f;9).
The same properties are satisfied by partial continuity moduli.

Definition 4. Let p(z,y) = 14+ 2% +y* , (z,y) € IRZ. Denote by B,(IR%) and
C,(IR%) the following spaces:

B,(IR?%): The space of all functions f satisfying the condition |f(z,y)| < Msp(z,y),
where My is a constant depending on the function f only.

C,(IR%): The subspace of all continuous functions in the space B,(IR%).
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C), is obviously a linear normed space with the p—norm:

b @yl

I£1,= sup LU

Lemma 1. In order to have the sequence of positive linear operators {Lnm}, ..~
act from C,(IR2) to B,(IR2), it is necessary and sufficient that the inequality

Lum(p;x,y) < Kp(z,y)
is fulfilled with some positive constant K (see [5,6]).

2. Construction of operators

Let ¢ > 0. For each nonnegative integer n, we define the ¢-integer [n], as

[n]g = {(1 —¢)/A-e, il

and the g-factorial [n],! as
[n],! = [n]gln —1]g--- [y, ifn>1
! L, if n=0.

For integers n and k, with 0 < k& < n, g-binomial coefficients are then defined as
follows (see [15,19]):

Let {a,} and {6,,} be increasing sequences of positive real numbers and let them
satisfy the properties: lim «, = lim (,, = co that the sequences

n—oo m—00

oy, Bm
{ .. } and { i, }

decrease to zero as n,m — oo , where {g,} is a sequence of real numbers such that
0<gq, <1forallnand lim ¢, =1.

n— oo

For any a,, > 0, 3,, > 0 we denote by Dy, 3,,:

We can introduce the Bernstein-Chlodowsky type polynomials for a function f
of two variables as follows:

] z
Bl (f;.y) T B ) Qg () (), (2)

k=0 j=0 n’[ ]qm (7% ’ ﬁm

n—k—1 n
where (2,y) € Da, 8, Qi ng, (W) = {Z} u* I (1—qiu)and 3 Qe ng, (w) = 1.
an 5=0 k=0
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Remark 1. It should be mentioned here that the q analogue of the Durrmeyer opera-
tors in the one-dimensional case has been studied in [{] and [11]. Also, we can define
the two-dimensional q analogue of the Bernstein-Chlodowsky-Durrmeyer operators
as follows:

n+1], m+1], & Yy
qnqm(faxy) a K qun Qm g,nrgm(i ﬁ )
n k=0 j=0 m
Qn Bm
qn,9m t S
X \I’n,'m (Qn077 qﬂ%?)f(tv s)dg,tdg, s |,
n m
t=0 s=0

where Wi dm (u, v) = Qk n g, (W) j.m.q,, (V) and 0 <z <y, 0 <y < By

3. Convergence and rate of approximation

Theorem 1. If f € C(Dgy), then for any sufficiently large fixed positive real num-
bers a and b (a < an,b < B,) the equality

hm max ‘BQnan (f7 T y) (m,y)| = O

n,m—00 (2,)€ Dy
holds (see Example 1).

Proof. Simple calculations show that

Binam (Lz,y) = 1, (3)
Bt (t;a,y) = x, (4)
B (tase,y) =y, (5)
Byt (thiay) = o+ M=) ©
dn
Y(Bm —y
quqm (tQ,x y) = y + [m]) (7)
dm
If we use the above equalities, we can see that,
qum(hn 17:1:’ -1 — O7
H i v) C(Day)
B‘]n (Im . _ =
H n,m tl,x,y) T C(Duy) 07
Bqu'm t ST, _ — O,
H A (tes @, y) — y CDu)
~ n /Bm
BInan (2 442 2, y) — (22 + o oy
H ’ ( ' ? y) ( y ) C(Dab) B [n}Qn [m]‘bn

The proof of uniform convergence is then completed by applying a Korovkin-type
theorem [23]. O
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Theorem 2. For any f € C(Dgp), the following inequalities

~Qn7Qm . _ . On . ﬁm
B (Fi2,9) - f(2,) <2lw<l><f, )+ s o >]7 ®)
Bonam (f: 0 y) — f(x, ow(f: a1 b Prm 9

hold.

Proof. Using the relation Z anQn( ) Z J, vam(ﬁi
]: m

difference between Bn_’m (f, :r,y) and f(;v,y) as

) = 1, express the

]41 .
(fa T y Z Z { TL [[Zj]qm ﬁm) - f(l', y)}

k=0 j=0 dn
XQkyn,qn(a%)Qj,m,qm(ﬁ%) (10)
_ VP K,
];JJZO { n [m]qm /Bm) f( [n]q" Qnp, y)
[k]qn €z Y
+f( [TL] an,y) - f(.’E y) Qk N qn(an)Qj,m,qm(E)
and so
- ¥l (k]
quqm = n; L m) dn ns
aim (fra,y) — fa,y ‘<;;)]Zo [m]qmﬁ ) f([n]qna y)’
xﬂk,nyqxfn)ﬂjmqu(ﬁ%)
n m k_
+3 ) f([ }q"an,y) f(a,y)
k=0 j=0 ],
xm,n,qxaﬁn)ﬂj,m,qm(ﬁim)
<> W [Efjfmﬁm =)0 () %man (57)
k=0 j=0 am n m
x y
15 9) DLV [V TE ST SE
k=0 j=0 qu n m

= (I)l(x7y) + <I>2(x,y)

Consider ®;(x,y). By using (3) and well-known properties of the modulus of conti-
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nuity, we get

i(a,y) = 3D W (f; [[ ]fm B = 90, () %man (5
k=0 j=0 qm n m
=20 fm = )i (5-)

1/2

m . 2
< W(z)(f; 5m) 1+ % Z ( [j]qm ﬁm - y) Qj,m,qm(l) 5

j —0 [m] qm 16 m

where we have invoked the Cauchy-Schwartz inequality. Expanding the squared
term and making use of (3), (5) and (7), we obtain

<I>1(ﬂc,y)<w(2)(f;5m){1+51 y(ﬁm_y)}<w(2)(f;5m){ S bﬁm}’

[m] [ml,,,

p_Om

we obtain
[m]

and by choosing 6, =
am

Brm
Oy (2,y) < 23 (f o).
(mlg,,
In the same way we obtain
Qp
a——)
\ I,

f
By (,y) < 20 (f;

which proves (8). From (10) we have

Bzt (Fiy) = flay)| < z::z:;) AT

Yy
X Qe ,n,qn (;)Qj,m’qm (F)

Using properties of the modulus of continuity and applying the Cauchy-Schwartz
inequality directly in (12), we obtain (9). O

(11)

*y, . Ulg, B.)— o)

Corollary 1. Let f be Holder continuous on Dy, which is denoted by f €
Liprs (v, Dap). Then

v/2
Blram (f;x,y) —f(x,y)‘ <M (a[s;" +bﬂm> ,

v M,

where M' = 2M and 0 <~ < 1.
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Corollary 2. If f satisfies the Lipschitz conditions
|f(z1,y) — fa2,y)| < My |zy — o™

and
|f(z,y1) — f(z,y2)| < Ma|yr — yo| ™,

then

/2 3 v2/2
D ’ (7% ’ "
Bl (fix,y) — f(l’,y)’ <M, <a> + M, (b) ,

[n] an [m] qm

where Mi =2M, , Mé =2M5 and 0 < v1,72 < 1.

Theorem 3. Let f(x,y) have continuous partial derivatives Of /0x and Of/dy, let
w(f,.) and w P (f,.) denote the partial moduli of continuity of 0f /0x and df /dy,
respectively. Then the inequality

~ «@ @
Bian (fia,y) = flay)| <2 Jar e o)
’ (nl,, (",
+ biﬂm w®(f; biﬂm ))
\\ [l \\ [l
Proof. By the mean value theorem, we can write

f ([k]qn o g ﬁm) )= f <[k]qn an,y) — f(z,y)

holds.

nl,, " Tl ],
R R (o)
- om0
o[t )
+( [Eﬁf; B —y) 8f(;y’ ) (12)
+([UW3] B — 1) [aﬂgfz) _ 8féa; y)}
kly,

for any fixed y € [0,b], where (; is some point between x and H an and any fixed
an

g, Bm- Let us apply the operator
am

[m]

x € [0, a], where (5 is some point between y and
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Bimam to (12) to obtain

n,m

B a n m k;
Bl (fr)f (@)= LI 5 5 Gn} 0 - x>
k=0 j=0 qn
X Qg <ain>9j,m qm%m)
" (K], of(Ci,y)  Of(z,y)
L2\ G, “"‘x>( st - )
=0 j=0 qn
xﬂk,n,qn(a%)@mqm%m)
DF (2, 1) o= U]qm B T Y
+ 8y ]CZOJ_ZO<[ ]qmﬁm Y Qk’nvqn(an)gﬁqum’(ﬁm)
n &, of (,G)  Of(x,y)
+k§§ [m]qqmﬂmy>< o oy >

= n — Q n - . m Qm =0
];J([n}qna x) s () ;(quﬁ y) s ()
and
k
|§1 - I| S ‘Mq”a" - 3|<2 y| S ]qm ﬂm - Y,
. qrm,
we obtain the inequality
Bt (i) - )| € 200360 3 | o, | Y ()
n,m LY ) = ) P [n]qn n k,n,qn s
D) f. n 2
$ T 3 (B an—x> P ()
n k=0 q n
| ] y
2 5m ki m Qm -
+w (f7 )];0 [m]qmﬂ y 7 ’qm(ﬂm)

(2) S m ] 2
+M Z ( []]qwz /Bm _ y) Qj,m,qm(ﬁi)-
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From (3), (4), (5), (6) and (7), we have

Brvim (fia,y) — f(z,y)| < @ (f:6n) l

+w<2>(f;5m)[ b P +5ib P 1

and choosing 6, = | /a On and 6,, = we obtain
[,
Bl (fi2,) = f(w,y)] <2 o )
’ [n}q [n]qn
l (2) ﬁm )> )
Hence Theorem 3 is proved. [
Theorem 4. If f € C(Dgy), then HB?;};,?’"(f;a:,y) — f(x,y)HC(D : <2K(f; (s"TT”)
ab

where

5n,m:}max Q&J,ﬂi’n .
2 (], [ml,,

Proof. Let g € C?(Dgy). Using Taylor’s theorem, we can write

g(t1,t2) —g(z,y) = g(t1,y) — 9(x,y) + g(t1, t2) — g(t1,9)

t1

g(z, 0%g(u,
= g(&vy) (t1 — x) —|—/(t1 —u)i%(uQ y)du

xr
2}

NI P /(t2 - U)LQ(CE’U)dv

Oy Ov?
y
t1—x
_ Jg(z,y) Pg(u+z,y)
== (t1 —x) + / (t1 —x —u) 902 du
0
9g(a.y) Pg(a,0+y)
99\ Y) y o9z vty)
+ oy (t2 —y) + / (ta —y —v) 502 dv.

(=)
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Applying the operator B’;{“;,‘fm to both sides, we deduce that

. dg(
B (gix,y) — ) = ’ 7oy “quqm h _x;x’y)‘
tl—x 82 ( )
> nydm g u+x’y 5
+ Bgng (/(tl—x—u)Tduwray)
0
39(%9) »,
4 Ty ’Bg’,‘,‘,?m(tQ—%xay)‘
to—y 32 ( )
- glr,vt+y
—+ Bg’;’rgm( / (t27y7v)TdU;$,y) .
0

Since ng;gm (t1 —z;2z,y) =0 and B?L’g;g’" (t2 —y;x,y) = 0, we obtain

2
HB‘Zﬂ 7‘1m g7x’y) — g(x y Bg?,,’rgm((tl - ZC) 7$7y))

o =20

C(Dap)
0%g ‘ ~ 2
1(|9% B (62— ) 5 2,9)
HayZ C(Dgp) ,
From (6) and (7), we get
1 Qp 829 1 ﬂm 829
Bl (g: . y) — g(df,y)H <50 H +ab ay?
H n,m C(Day) 2 [n]Qn Ox? C(Dap) 2 [ ] qm 8y2 C(Dgyp)
1 7
< = max (a dn ,bﬁm>
2 (], Iml,
[H ab) H ah)]
< bnm ||g||C2(Dab) (13)
1 Qp /67” : : 5
where 6,,,, = -max | a 0 . By the linearity property of Blmdm, we
2 [n], " [m], ,
have
bt r—te g < s-Bisel,, Aol
H o (fiy)—f(2,y) (Do) f "I I New.

+IIf = g”C(Dab)
<NF = llop,yy | Bitn ()| + 1F = gllew,,)

qunqm H 14
+H 9= 9 cepon (14)

and from (13) and (14), we obtain

On,
B i - s, =2 (15 = sl + 22 lallero ) - (19

C(Day) —
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We complete the proof by taking the infimum over g € C? (Dgy). O

1
N Vn
Brdm (fx,y) (green) to f(x,y) = sin(z — y) (red) is illustrated in Figure 1.

Example 1. For q, = 1 — and a, = In(n), B, = In(m), the convergence of

S+t
o 12 T3 3210
¥ X ¥ *

Figure 1. Convergence of two-dimensional g-Bernstein-Chlodowsky polynomials

4. Weighted approximation properties

A Korovkin type theorem (in weighted spaces) for linear positive operators Ly, ,,
acting from C, to B,, has been proved by Gadjiev in [5,6].

Theorem 5 (sce [5, 6]). If there exists a sequence of positive linear operators Ly, m,
acting from C,(IR%) to B,(IR%), satisfying the conditions

lm || Lpm(l;z,y) — 1| =0, (16)
n,Mm—00 ’ 14
nrlrlzlgoo ”Ln,m(tl;xay) 71'”‘0 =0, (17)
im || Ly (t2;2,y) — yll, = 0, (18)
n,1Mm— 00
lim | Ly (8 + t3;2,y) — (2% +¢7)]|, = 0, (19)

n,m—oo

then there exists a function f* € C’p(IRi) for which

lim (Lo f* — f7], > 1.

n,M—00



266 I. BUYUKYAZICT

Theorem 6 (see [5, 6]). Let L, ,, be a sequence of positive linear operators acting
from C,(IR%) to B,(IR2) and let p,(z,y) > 1 be a continuous function for which

p(v)
o] =00 p, (V)
Conditions (16), (17), (18), (19) imply

hmoo ”Ln,mf - prl =0

n,m—

=0, (where v = (z,y)). (20)

for all f € C,(IR%).

We consider positive linear operators Ly, ,,, defined by

e e o[BIt (fizy), if (z,y) € Da,g,
Lomlf ’””’”‘{ﬂx,y), if (2,4) € IR2\Da, 5, 21

where D, g,, is defined by (1).

Theorem 7. Let L}, ,, be the sequence of linear positive operators defined by (21).
Then for all f € C,(IR2) we have
Jim (|25 f = A, =0
where p(z,y) = 1+ 2% +y? and pi(z,y) is the continuous function satisfying con-
ditions (20) and {a,} and {8y} are increasing sequences of positive real numbers
that satisfy the properties:
o B

lim «p = lim B, = and lim —— = lim
2 O = I W Tl e

=0. (22)

Proof. Firstly, let us show that L, is acting from C,(IR2) to B,(IR?). Using (3),
(6) and (7), one can write

1 z(an — ) 1 Y(Bm — v)
L T, <1+ su + sup ————%
[zl ST G0 S0 T Tl o 1 2
an m
<14+ —+ L
[n]Qn [m](bn
<l+onm

Qo Bm

rs [mlg,,,
constant M such that oy, ,, < M for all natural numbers n and m. Hence we have

L m(ps 2y, <1+ M.

where o, , = . Since 0,.,, — 0 as n,m — oo, there is a positive
) ) ? )

From Lemma 1 we have Ly . : C,(IRY) — B,(IR3). If we can show that the
conditions (16), (17), (18) and (19) are satisfied, then the proof is completed by
Theorem 6. By using (3), (4), (5), we have (16), (17) and (18). Lastly, using (6)
and (7), we get

[ L5 m (8 + 8352,) = (@® + 9)]| ) < onm

and since o, ,m, — 0 as n,m — oo, we obtain the desired result. O
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5. A generalization of B,%m

We now give a generalization of the g-Bernstein-Chlodowsky polynomials, which can
be used to approximate continuous functions on more general weighted spaces.
Let ¢(x,y) > 1 be any continuous function for z,y > 0. Also let

P(u,v)

Fp(u,v) = f(uav)m

and consider the following generalization of polynomials (2)

G (fr,y) = g, g )

k=0 j=0 [ }qm

@ y
XQkunfqn(ai)ijm1qm(ﬁi)7 (23)

where (z,y) € Dy, 3, and {a,},{Bm} have the same property as in (22). In the
case of ¥(z,y) = 1 + 22 + y? operators (23) coincide with (2).

1+ v

Theorem 8. If lim
/ lol—oo ()
J satisfying the incquality | (x,y)| (a,y) < My, 2,y > 0,

= O(where v = (z,y)), then for a continuous function

n,m—oo

tm_ |G (£12,) - G,y =0
P

holds, where p(z,y) =1+ 2? + y* (see Ezample 2).

Proof. Obviously, we can write

- x LR k
Catn (i) = fa)| = L S S (P oo )

w('r7 y) k=0 j=0 [n}qn [ ]q"L
T Y
xQ —)Q; e
k,n7q7l(an) J7m7qm(ﬁm) Fy(z,y)
and therefore we get
Canam (fra,y) — f(z,y) B (F py2,y) — Ff(x,y)‘
sup = sup .
Z,Y€Day, B 1+ 22 4 y? z,Y€Da,, B P(x,y)

Also, F y(x,y) is a continuous function on IR% satisfying |F f(z,y)| < Mp(z,y),
x,y > 0, since we have the inequality |f(z,y)|¢¥(z,y) < My for f. Therefore, by
Theorem 7 we obtain the desired result. O

Example 2. Forq, =1— \/ﬁ , o = In(n), B = In(m) and Y(x,y) = (1+xy)3 the
sinm(x + y)

convergence of C’gj;;?'"(f;x,y) (green) to f(z,y) = A+ 20

(red) is illustrated in

Figure 2.
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Figure 2. Convergence of the generalized two-dimensional g-Bernstein-Chlodowsky

polynomials
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