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Weak-compactness of some tight vector measures of bounded
variations
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Abstract. Let X be a completely regular Hausdorff space, F a Banach space, and My, (X,
E) the space of all E-valued tight measures of bounded variations. We prove some result
about the weak compactness of some special subsets of My (X, E).
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1. Introduction and notations

When X is a separable metric space, in [3] an interesting result is proved about
the sequential compactness for some special subsets of M, (X, E). The proof is
quite sophisticated and long. In this paper we give a rather short proof of a more
general result and then derive the result of [3] from this general result without the
assumption of separability. Our methods of proofs are very different from the ones
given in [3].

In this paper K will always denote the field of real or complex numbers (we will
call them scalars), X a completely regular Hausdorff space and C,(X) all bounded
continuous scalar-valued functions on X. E will denote a Banach space over K and
E’, E" will be its continuous dual and bidual, respectively. Cy(X, E) will stand for
all E-valued, bounded continuous functions on X. For locally convex spaces, the
notations and results of [10] will be used and for measures, notations and results of
[4, 7, 8, 11] will be used. For a locally convex space F, F’ will be its continuous
dual.

Denoting by B(X) the class of Borel subsets of X, a countably additive measure,
of finite variation, p : B(X) — E is called tight if the total variation measure || is
inner regular by compact subsets of X.

On Cp(X), the topology f; is defined as the finest locally convex, agreeing with
the topology of uniform convergence on the compact subsets of X, on norm-bounded
subsets of Cy(X) (see [11]). For a Banach space F, this topology f; is defined in
a similar way on Cp(X,F) (see [5]); we have (Co(X, F),B:) = Muyo(X, F') and
H C My (X, F') is Bi-equicontinuous iff H is uniformly bounded in total variation
norm and uniformly tight (see [4, 5, 11]).
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All measures in this paper are countably additive and integration with respect to
vector measures is taken in the sense of [4, 7, 8].

2. Weak compactness in My, (X, E)

The weak topology on My, (X, E) is the induced topology when My, (X, E) is con-
sidered as a subspace of E*(X) with weak topology on E (see [2, 3]).
We start with a general theorem:

Theorem 1. Suppose H C My, (X, E) is uniformly bounded in total variation
norm, uniformly tight, and also has the property that for every compact K C X,
{v(K) :v e H} C Ck, a relatively weakly compact subset of E. Then H is relatively
compact in My, (X, E) with weak topology.

Proof. We can assume that |v|(X) < 1,Vv € H. Considering E to be embedded in
E” | H can be considered a subset of My, (X, E"”) = (Cp(X, E'), 5¢)" (see [4]). Using
the fact that H is uniformly bounded in total variation norm and uniformly tight,
we get that H is equicontinuous (see [5, Lemma 2]) and so its closure in

(Mo (X, E"), 0(Myo(X, E"),Cp(X, E')))

is relatively compact. Take a net {uo} C H. This means there exists a subnet,
which again we denote by {u}, such that

o — [ € (Mtbv(Xa E/,)zo-(Mtbv(Xa E”),Cb(X, El)))

We claim that u(f) € E, Vf € Cp(X):
Take an f € Cp(X), 0 < f <1, and assume that u(f) € E” \ E. There is an n > 0
such that

nf{lu(f) - 2l : 2 € E} > 4n. 1)

Take a compact K C X such that |[v|(X \ K) < n, Vv € H. Fix a large
positive integer k > %} Fori, 1 < i <k, let Z; = f’l[%,l]. On X we get
%Zle Xz <f< 1+ %Zle Xz,- From this we get, on X, 0 < f —s < 1, where
s=15" xz. Foranyve H, [sdv= Sy sdv + fX\K sdv, and || fX\K sdv| < n.
Also fK sdv = %Zle v(Z; N K) is, by the hypothesis, contained in some weakly
compact, absolutely convex subset C' of E. Further || [(f — s)dv| < £. Com-
bining these results, 1o (f) € C + 1B + +B C C + 2nB,Va, B being the closed
unit ball of E”. Taking limits in o(E”, E’)-topology, we get u(f) € C + 2nB.
This contradicts (1). This proves the claim. Thus H is relatively compact in
(M (X, E), 0(Mipy (X, E), Cp(X, E"))). From this it easily follows that H is rel-
atively compact in My, (X, E) with weak topology.

O

Now we consider some sufficient conditions for sequential compactness.

Theorem 2. Suppose X is a metric space, H C M, (X, E), uniformy bounded
in total variation norm, and also has the property that for any compact K C X,
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{v(K) :v e H} C Ck, a relatively weakly compact subset of E. If every sequence
in H has a uniformly tight subsequence, then H is relatively sequentially compact in
weak topology. If X is a complete metric space, then, in addition, H is also relatively
compact in weak topology.

Proof. Take a sequence {p, : 1 < n < oo} C H. By hypothesis, there is a
subsequence, which again we denote by Hy = {u, : 1 < n < oo} such that Hy is
uniformly tight. By [5, Lemma 2|, Hy is B;-equicontinuous in

(M (X, E"), 0 (Mo (X, E"), Cy(X, E"))),

and so its closure Hy, in (M (X, E"), 0(Myuy (X, E"),Cy(X, E'))), is compact and
also (i-equicontinuous. By Theorem 1, Hy C My, (X, E) and it is compact in
(Mo (X, E),0(Mu (X, E),Cp(X,E"))). Let {Qn} be an increasing sequence of
compact subsets of X such that [v|(X \ Q) < %, Vv € Hy. Since Q,, are compact
metric spaces, C(Q,,) are norm separable; for every k, choose sequence {g*} C Cy(X)
such that {gf}, when restricted to Q, are norm-dense in each of C(Qy). Put
P={¢f:1<n, k<oo}and B={g € E:|g| <1}. With discrete topology
on P and o(F’, FE) topology on B, elements of My, (X, F) can be considered as
continuous functions on the product topological space P x B which has a o-compact
dense subset. Now it is a simple verification that P x B separates the points of
Hy and the topology, on Hy, of pointwise convergence on P x B is weaker than
(M, (X, E),Cy(X, E")). Thus these two topologies coincide on Hy. By [9], there
is a subsequence of {x,, } which is convergent. From this it follows that H is relatively
sequentially compact in weak topology.
If X is a complete metric space, then §; = oo = 5, = B, on Cy(X, E) and so

(Mtbv(Xv E)aT(Mtbv(Xa E)v Cb(X7 E/)))

is complete (see [6]); this means H will be o(Mu, (X, E), Cp(X, E")) relatively com-
pact if every sequence in H has a cluster point (see [10, Theorem 11.2]). The result
easily follows from this. O
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