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Abstract. In this paper, we give a definition of harmonic curvature functions in terms
of V,, and we define a new kind of a slant helix. We call this new slant helix a V},-slant
helix in n-dimensional Euclidean space E™ and define it by using new harmonic curvature
functions. We also define a vector field D which we call a Darboux vector field of a V,,-slant
helix in n-dimensional Euclidean space E™ and we give a new characterization as:

“a: ] CR — E" is a V,-slant helix < H:;l_g —k1H,_3 =07,

where H,,_5, H};_5 are harmonic curvature functions and k; shows the first curvature func-

tion of the curve a.
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1. Introduction

Harmonic curvature functions were defined earlier by Ozdamar and Hacisalihoglu
[9]. In [9], the authors generalize inclined curves in E3 to E™ and then give a

characterization for the inclined curves in E™ : “If a curve « is an inclined curve,
n—2

then Y H, : = constant”. Recently, many studies have been reported on generalized
i=1

helices and inclined curves [1], [4], [9].

The definition given in [4] by Hayden is restrictive: The fixed direction makes a
constant angle with all the vectors of the Frenet frame. This definition only works
in the odd dimensional case. Moreover, in the same reference it is proved that the
definition is equivalent to the fact that the ratios Z":; , Z":z s % of the curvatures,
are constants. This statement is related with the Lancret Theorem for generalized
helices in E3 (the ratio of torsion to curvature is constant).

More recently, Izumiya and Takeuchi defined a new kind of helix (slant helix)
and gave a characterization of slant helices in Euclidean 3—space E? [5]. Followingly
Kula and Yayli investigated spherical images; the tangent indicatrix and binormal

indicatrix of a slant helix [6] . Morever, they gave a characterization for slant helices
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in E3: “For involute of a curve 7, v is a slant helix if and only if its involute is
a general helix”. In [7], the curves in E™ for which all the ratios Z::;, Z::z s ey Z—f
are constants were called cer curves. In the same reference it is shown that in the
even dimensional case a curve has constant curvature ratios if and only if its tangent
indicatrix is a geodesic in the flat torus. In 2008, Onder et al. defined a new kind of
a slant helix in Euclidean 4—space E* which they called a By—slant helix and gave
characterizations of this slant helix in Euclidean 4—space E* [8].

In this study we define a new kind of a slant helix in Euclidean n—space E™,
where we use the constant angle ¢ in between a fixed direction X and the nth Frenet
vector field V,, of the curve, that is,

(Vo, X) =cosp, o #+ g, © = constant.

Since the n-th Frenet vector field V,, of a curve makes a constant angle with a fixed
direction X, we call this curve a V,,—slant helix in Euclidean n—space E™. Firstly,
we give a generalization of Hacisalihoglu’s harmonic curvature functions [9]. Next,
we define a new Darboux vector field D and give new characterizations for V,, —slant
helices. Finally, we show that Onder et al. study [§] is a special case for n = 4 of
our study, and that one of the theorems in their paper is not correct, and we present
a counter-example.

2. Preliminaries

Let o : I C R — E™ be an arbitrary curve in E”. Recall that the curve « is said to
be a unit speed curve (or parameterized by arclength functions) if (¢/(s),a/(s)) =1,
where (.,.) denotes the standard inner product of R™ given by

n
=1

for each X = (z1,22,...2,),Y = (y1,%2,...yn) € R™. In particular, the norm of a
vector X € R™ is given by || X|| = /(X,X). Let {Vi,V5,...,V,,} be the moving
Frenet frame along the unit speed curve «, where V; (i = 1,2, ...,n) denotes the ith
Frenet vector field. Then Frenet formulas are given by

;=

[V [0 k 00... 0 0 07 [ W]
v, k1 0 ks0... 0 0 0 1
v, 0 k2 00... 0 0 0 12
", 0 0 00 0 ko 0 Vio
V?’/L—l 0 0 00 .. —kn,Q 0 k‘n,1 Vn,1
v 0 0 00.. 0 —kyy 0 v,

L n | - - - -

where k;(i = 1,2, ...,n) denotes the ith curvature function of the curve [2], [3]. If all
of the curvatures k; (i = 1,2, ...,n) of the curve vanish nowhere in I C R, the curve
is called a non-degenerate curve.
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Definition 1. Let a: I C R — E"™ be a curve in E™ with arc-length parameter s,
and let X be a unit constant vector of E™. For all s € I, if

(o/(s), X) =cosp, p # g © = constant,

then the curve « is called a general helix or inclined curve in E™; where o/(s) is
the unit tangent vector of « at its point «(s), and ¢ is a constant angle between the
vectors o and X [9].

3. V,-slant helix and its harmonic curvature functions

In this section we give characterizations for a V;, —slant helix in Euclidean n—space
E™ by using harmonic curvature functions in terms of V;, of the curve.

Definition 2. Let a: I C R — E™ be a unit speed curve with nonzero curvatures
ki(i=1,2,...,n) in E™ and let {V1,Va,...,V,} denote the Frenet frame of the curve
a. We call a a V,,—slant heliz, if the nth unit vector field V,, makes a constant angle
@ with a fixed direction X, that is,

(Vi, X) =cosp, p # g, © = constant

along the curve, where X is unit vector field in E™.

Definition 3. Let a: I C R — E™ be a unit speed curve with nonzero curvatures
ki(i = 1,2,...,n) in E™. Harmonic curvature functions in terms of V,, of « are
defined by HY : I C R — R,

0, i =0,
kn— P
H! = kn,;’ i=1, (1)
! 1 .
{knfiH;_Q _H;_l}m, 22273,...,77/—2,
Proposition 1. Leta: I C R — E™ be an arc-lengthed curve in E™, {Hy, H, ...,
H,*L_Q} the harmonic curvature functions of the curve a and {Hf/,Hgl, ceey H:;,_Q}

the differentiation of {Hj, H3,...,H}_y}, then we may write

Hy 0 —kys 0 O ...0 0 071 [ H ]
Hi kns 0 —kny O ...0 0 0 H
Hy 0 kna 0 —kps5...0 0 0 H;
o, 0 0 0 0 ...0 —ky O H: ,
HY , 0 0 0 0 ...ky 0 —ky H:
0 L0 0 0 0 ...0 0 0 | |[H:,]

Proof. It is obvious from Definition 3. O
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Proposition 2. Let a: I C R — E™ be an arc-lengthed parameter curve in E™
and X a unit constant vector field of R™. {Vi,Va,...,V,,} denote the Frenet frame
of the curve a and {Hf,H;, ...,H:‘L_Q} denote the harmonic curvature functions of
the curve a. If a : I C R — E™ is a Vy,—slant heliz with X as its azis, then we
have for alli=0,1,....n—2

(V—(i+1), X) = Hf (Vo X) . (2)

Proof. We apply the induction method for the proof .
The case of i = 1:
Since X is a unit constant vector field such that (V;,(s), X) = cosp, for all s € I,

then differentiating this, with respect to s, we obtain V,;(s), X ) =0 or from Serret
Frenet formulas (—k,_1V;,—1, X) = 0, where k,_1 # 0, then

(Vo1,X) = 0. (3)

Again, differentiating (3), with respect to s, and by using the Serret-Frenet equations
we have

<V7/L—17X> = 07
<_kn72Vn72 + kn1Vy, X> =0,
*kn—Q <Vn—2>X> + kn—l <Vna X> =0

and so (1) gives us

K —
(Vaoz, X) = 2= (Vo, X)),
n—2

V-2, X) = Hi (Vo X).

The case of i =2 :
Differentiating the last equation of ¢ = 1 with respect to s, we have

(Voo X ) = HY' (V2 X)

(~kn—3Vis + kn_2Vu_1,X) = HY (Vy, X)
ks (Vaez, X) + kn—z (Vo1 X) = HY (V, X)

and by using (3) and Proposition 1, we have (V,,_3, X) = H5 (V,,, X) . Let us assume
that Proposition 2 is true for the case ¢ — 1. This means that

(Viis X) = Hi_y Vo, X)) . (4)
Differentiating (4) with respect to s, we have <V,;7i,X> = H | (V,,, X) or from
Serret Frenet formulas

<_kn7i71Vn7i71 + knfivnfiJrle) = Hi*il <Vn; X> ’ (5)
knin Vi1, X) ks (Voo 1, X) = Hi (Vi X))
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Let us assume that Proposition (2) is true for the case ¢ — 2. This means that
(V—it1, Xy =H 5 (V,,, X).
If we substitute this in (5) we have

1

Vo—(ig1, X) = 7——
(Va—(ir1), X) ——

{kn—iH:—2 - Hz*il} <Vn7 X>
and then using (1) we obtain<Vn_(i+1), X> = H} (V,, X) which completes the proof.
O

Corollary 1. Let a: I C R — E™ be an arc-lengthed parameter curve in E™ and
X a unit constant vector field of R™. {V1,Va,...,V,,} denote the Frenet frame of
the curve o and {Hf,H;, cey H;’;_Q} denote the harmonic curvature functions of the
curve . If the azis of a V,—slant heliz « is X, then we write

X={H, Vi+H, Vot +HVoo+V,} Vi, X)

or

X={H; Vi+H Vot +HVoo+Vyp}cose.

Proof. If the axis of a V;,—slant helix o in E™ is X, then we can write X = > \;V;,

=1
Then by using Proposition 2

M=V, X)=H; ,(V,,X),

n

A= (W, X)=H' +(V,,X),

n

)\n—2 - <Vn—2;X> = Hik <Vn7X>7
An—l = 07
An = (Vp, X) .

Thus it is easy to obtain X = {H;’;_2V1 +H Vot -+ HiV,_ 2+ Vn} Vo, X) .
O

Definition 4. Let o be a unit speed curve in E™. {V1,Va,...,V,} denote the Frenet

frame of the curve and {H{‘, Hs, .., H;_Q} denote the harmonic curvature functions.
The vector

D= H;;fQVl + H;;,‘;VvZ +--- 4+ HikVn72 + Vi
is called a Darboux vector of the Vy,—slant helix .

Theorem 1. Let o be a unit speed curve in E™. {V1,Va,...,V,} denote the Frenet
frame of the curve and {Hi“, H3, ..., H,*sz} denote the harmonic curvature functions.
Then « is a Vy—slant heliz if and only if D is a constant vector field.
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Proof. Let a be a V,,—slant helix in E™ and X the axis of a. From Corollary 1, we
have
X = {HrthVYl + H’rthVvQ + -+ H;‘an2 + Vn} COs ©,

where cos ¢ is a constant and hence D is a constant vector field.
Conversely, if D is a constant vector field, then we have

(D,Vn) =1,
DIVl cos o = 1,
| D] cos p = 1.

Thus we get cosp = 1/||D||, where ¢ is a constant angle between D and V,,. In
this case we can define a unique axis of the V,,—slant helix as X = cos @D, where
(X,V,,) = 1/||DJ|| = cosp. Thus X is a constant vector and « is a V;,—slant helix.
This completes the proof. O

Theorem 2. Let o be a unit speed curve in E™. {V1,Va,...,V,} denote the Frenet
frame of the curve and { H}, H3,...,H;;_,} denote the harmonic curvature functions.
Then « is a Vy,—slant heliz if and only if

Hy o — ki Hy 5= 0. (6)
Proof. If we differentiate D along the curve «, we get
D = H; Vi + H} Vi + Hy yVo + Hy Vo + oo+ H Voo + HiV, 5, + V.
The Serret-Frenet formulas and Proposition 1 give
D = {H;y — ki H P Vi (7)

Since a is a V,,—slant helix, D is a constant vector field. Thus we can write D’ =0
or HY , — ki H* 5 =0.

Conversely, if (6) is zero, that is, H* , — kiH* 5 = 0 , we can easily see that
D’ =0 or D is a constant vector field, and then from Theorem 1 we have that « is

a V,—slant helix in E™. This completes the proof. O

Corollary 2. Let a be a unit speed curve in E3. {T, N, B} denote the Frenet frame
and {ki, ka} nonzero curvature functions of the curve. Then « is a B—slant helix if
and only if « is a generalized helix.
Proof. Let o be a B—slant helix in E3. Then from Theorem 2 we have Hf/ —
k1Hg = 0. By using Definition 3

K2\

— ] =0 8

(72) -0 0

and then %‘ = constant, and thus Z—; = constant, so « is a generalized helix.
Conversely, let a be a generalized helix. So, ﬁ—; and % = constant. Thus,

/ ’
(%) = 0or HY —kiHi = 0. Then from Theorem 2 « is a B—slant helix. This

completes the proof. O
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Corollary 3. Let o be a unit speed curve in E*. {Vy,V,, V3, Vy} denote the Frenet

frame and {ki, ko, ks} curvature functions of the curve. Then « is a Vy—slant heliz
(Bs—slant heliz) if and only if

1 (ks

k1 \ ko
Proof. Let o be a Vj—slant helix in E4. Then from Theorem 2 we have H;‘/ —
k1HY = 0. By using Definition 3 we have

/
1 (k3 ks
()] e

, li
Conversely, we assume that the equation [kll <Z—Z’) } + kl% = 0 holds. Then from

/

) (9)

Theorem 2 and Definition 3 we easily obtain that « is a V;—slant helix.

Remark 1. Onder et al. [8] gave the following characterization for a Bo—slant heliz
(Va—slant heliz) by using curvature functions of the curve.

Theorem 3. A unit speed curve o : I C R — E* with nonzero curvature functions
k1(s), ka(s), ks(s) is a Ba—slant heliz (Vi—slant heliz) if and only if the following
condition is satisfied,

2
Ea\2 1 ks
(B 4{(2)) oo

where 3 is the constant angle between the second binormal unit vector field By and
a constant unit vector U.

The above theorem is true for the necessity case but not true for the sufficiency
case, because if we differentiate the formula in Theorem 3, we have

!/
k’g ! k/’3 1 kS '
— k1— — | = =0.
(1@) { Re |1 \Re
Therefore, Theorem 3 is true only if Z—; is not a constant. We can give the following
Example 1 which demonstrates this fact.

acos (;s) , asin (;S) ,
Example 1. a(s) = ) v Q2Ti+b2 ) v “2T12+b2 is a unit speed curve
cos (73 sin (| ===
in E*. If we denote
1 1
m and
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it is easy to obtain the Frenet vectors and curvature functions as follows:

Vi =T = (—amsrsin (mrs) ,amr cos (mrs) , —bmsin (ms) , bm cos (ms))
Vo = N = (—anr? cos(mrs), —anr® sin(mrs), —bn cos(ms), —bn sin(ms)),

Vi3 = By = (bmsin (mrs) , —bm cos (mrs) , —amr sin (ms) , amr cos (ms)),

Vi = By = (bncos (mrs) , bnsin (mrs) , —anr? cos(ms), —anr? sin(ms)).
Let
2
kl = )
n
ko = m*nabr(r? — 1),
ks = nr.

The Darboux vector field of the above curve is
i

Do _ |1 (ks

k1 \ ko

/
Since (ﬁ) = 0, we can write that D = Z—zVQ + V4. Thus we obtain that D’ # 0.

k
Vi+ 2V + V.
ko

ka2

2 N 2
Although (Z—i) + k% ((:Z) ) = constant, D is not a constant vector field. Ac-
cording to Theorem 1, o is not a Vj—slant helix (Bz—slant helix.)

Instead of Onder et al’s Theorem 3, we can give the following one in E™, n > 3.

Theorem 4. Let o be a unit speed non-degenerate curve in E™ with Frenet vector
fields {V1,Va,...,V,,} and the harmonic curvature functions {H;, Hy, ..., H}_,}. If
«a 1s a V,—slant heliz, then

n—2

*2
E H = constant.
i=1

Proof. Let a: I CR — E™ be a V,,—slant helix. By using Corollary 1, since the
axis of « is a unit vector field, we have

{Hf2 + HY +--~+HZ2_3+H22_2}605290+605290 =L (10)
Thus we get
n—2
1— 2
Z Hi*2 = y =tan? ¢ = constant,
, cos? ¢
i=1
which completes the proof. O

In this case we can give the following corollary in E* :
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Corollary 4. If a unit speed curve a: I C R — E* with nonzero curvatures ki (s),
ka(s), ks(s) is a Va—slant heliz (Bas—slant helix), then we have

2
ks\? 1 [ (ks
<]€z> + kif <<k’z> ) = tan? p = constant, (11)

where @ is the constant angle between the second binormal unit vector field Vi and
the constant unit vector field X.

Proof. It is obvious from Theorem 4 for n = 4. O

Theorem 5. Let oo : I C R — E?>™t1 be a unit speed curve in E*™t1 and
{H{, H, ...,H;m_l} the harmonic curvature functions. If the ratios

ko ki ke kom—2  kom

) ) AR )
kl kS kf’) ka—S k2m,—l

are constant, then we have H3; =0, for 1 <i <m and

e kom  kom—2 kom—a  Kom—(2i-3) Komi1—(2i-1)
21 .

ka—l -ka—B.k’Zm—ES .“k2m+1—(2i—2) k2m+1—2i

Proof. We apply the induction method for the proof .
The case of i = 1:
From Definition 3 we may write

* * */ 1
Hy = { ko1 Hy — H'} —,
2m—2
or
1 k '
H; = - ( 2m ) )
kom—2 \ kam—1
where % = constant, so Hy = 0 and again Definition 3 gives us
* * */ 1
i = {k2m_2Hl —H} } .
kom—3

By using H; = 0 and Definition 3 we can write

kom—2 Fkam
H = 2m—2 K2

kom—3 kom—1

Let us assume that Theorem 5 is true for the case ¢ = p, then we may write
H3, =0

and

o kom  kom—2 kom—a  Kom—(2p-3) Komi1—(2p—1)
PN Kgmet hom—3 kam—s komi1—(2p—2) Kkom+1-2p
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Definition 3 gives Hj, ; = {kgm_ngékp_l — H;;D} —L . By using H3, =0 and

kom—2p—1
Definition 3, we can write

k2m k2m72 k2m74 k2m+1—(2p—1) k27n+1—(2p+1)

H; =
ot . . . ,
P kam—1 kom—3 kam—5  komt1-2p  Komi1—(2p+2)

which completes the proof. O

Here we can give the following results:

Corollary 5. Let o : I C R — E?*™! be a unit speed curve in E*™*! and

{k1,ka, ..., kom} denote the curvature functions of the curve. If the ratios %, ’;—‘3‘, Z—g
%, % are constants, then the azis of a Vami1—slant heliz o is
D = H;m—lvl + H;m_g‘/?, + -+ Hik‘/Qm—l + ‘/27n+1~
Proof. According to Definition 4, for n = 2m + 1 we have
D = I{;mfl‘/1 + H;m72v2 +-+ va2m71 + ‘/2m+1
where from Theorem 5 we get
D=Hj, Vi+Hyp, 3Vs+- -+ H Va1 + Vamgr.
This completes the proof. O

Corollary 6. Let o : I C R — E?>™*! be a unit speed curve in E*™+! and

. . kg ks K
{k1, ka2, ..., kam} denote the curvature functions of the curve. If the ratios TRl el
ko —2 kom - -
kg:_37 k272n_1 are constants, then a is a Vap,41—slant helix.

Proof. Let the ratios k2, ks ks kam—2 _kam ho congtant. Then from Theo-

k17 k3 ks ? kam—37 kam—1
rem 5 Hj;_; is constant for 1 < ¢ < m. In this case, according to Corollary 5, D is
a constant vector field, then Theorem 1 give us that « is a Vs, 41 —slant helix. This
completes the proof. O

4. Geometrical means of the Darboux vector of the V,-slant
helix

Lemma 1 (see [10]). The Darboux axis at the time s is determined by the kernel of
the Frenet matriz Ms(s) given with respect to the basis T, N, B,

0 ki 0 [
Ms(s)= |~k 0 ko| €R3.
0 —ky O
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Theorem 6. Let « be a unit speed non-degenerate curve in E™(n =odd) and {k1, ka, ...

denote the curvature functions of the curve, then the Frenet matriz M, (s) is given
by

[0 ki 00 0 0 0]
k1 0 ky 0 -+ 0 0 0
0 —ky O kg--- 0 0 0
Mos)=1| : : ::i.. i i | Ry
00 0 00-- 0 kypo O
0 0 00 - ~kno 0 kg
0 0 00-- 0 —ky1 O

Then « is a V,,—slant heliz if and only if the vector D = [H;:_Q, Hx ., ....Hf, Hg, 1} €
R"™ satisfies the Frenet equations:

d

* * * * T * * * * T
T [HR_Q,Hn_l,...,Hl,HO,l} = M,(s) [Hn_Q,Hn_l, ., H{, Hj, 1] . (12)
Proof. Direct substitution shows that
[0 k 0O - 0 0 0 1 [H: 5]
—k1 0 ko O --- 0 0 0 Hr 4
0 —ko O k3 --- 0 0 0 ",
M, (s)D" = R : : : :
0O 0 O0O0--- 0 kn_o O HY
0 0 00 -+ —-kpo 0 ko H;
L 0 0 00 0 —kpy O | | 1 |

T
* %/ %/ */ */
- [len_3,Hn_3,Hn_4,...,H1 JHY 1

This equality can be written as:

d * *
M, (s)DT = = [Hy o, H: 4.

Since « is a V,,—slant helix, Theorem 2 gives

d * * * * T * * * * T
Ts [Hn_2,Hn_1,...,H1,H07 1] = M,(s) [Hn_z,Hn_l,...,Hl,HO,l}
This completes the proof. O

Now, we can ask the question: When does the Darboux vector field D belong to
the kernel of M, (s)?

T
Case I: The question in R® is that - [Hy, H{, 1" = 4 {Z—?,O, 1} = 0, so the

Darboux vector field D lies in the kernel of Ms(s).

Case II: The question in R?* is that by using Example 1 we show that any ccr-
curve is not a Vy—slant helix. So, the Darboux vector field D cannot be the kernel
of My(s).

S HE HG T = (HE ., — ki H ) [1,0,0,...,0,0,0]” .

5 kn—l}



328 I. GOk, C. Camct AND H. H. HACISALIHOGLU

Case III: When the curve satisfies that some quotients kkil are constant for all

i=2,3,..,n—11in R"(n =odd), then we have again that

d * H*

% [ n—2» nfl""’Hf?Hgal =0.

]T
Then, the Darboux vector field D belongs to the kernel of M, (s).

Case IV: The question for n =even in R", then M, (s) is a regular matrix and
only zero vector is in the kernel of M, (s). Since the Darboux vector field D is not
zero, it cannot be the kernel of M, (s).

Proposition 3 (see [10]). The Darbouzx axis at the time s is determined by the
kernel of the Frenet matrix Maoy,11(s) given with respect to the basis Vi, Va, ..., Va1
in R2™*tL m > 2. Then the Darboux vector can be given as

D =aoVh +a1V3 + ... + anVomya,

k k: kai_1 kom—1
where ag = koky...kom,a1 = k—;ao,ag = k—ial, LLa; = ,;21_ A1y Oy = k"%:nam_l

= klkg...kgm_l.

Definition 5. Let o : I C R — E?™*1 be q unit speed non-degenerate curve in

E?2mH ] Let us assume that {k1,kay ..., kam} are the curvature functions of the curve

a. If the ratios ky ks ke kz’"’z, kom  qre constants, then the curve a is called a
k17 k3’ ks kom—3" kam—1

Vam+1—slant heliz in the sense of Hayden .

Proposition 4 (see [10]). The Darboux vector d = agVi +a1Vs+ ... + am Vami1 lies
in the kernel of the Frenet matric Mapm41(s) in B2t om > 2.

Proposition 5. Let o : I C R — E*"+ be a unit speed curve in E*™+1. The
Darbouz vector D of the curve « lies in the kernel of May,11(s) if and only if the
curve v is a Vo1 —slant heliz in the sense of Hayden.

Proof. In this case we have D = i d, where a,, = kiks...ko;,—1 and since the
Darboux vector D of the curve « lies in the kernel of Ma,,11(s), then from (12)
and Theorem 2 we easily obtain that the curve « is a V5,41 —slant helix in the sense
of Hayden.

Conversely, let us assume that the curve « is a Va1 —slant helix in the sense of
Hayden, then from Definition 5 and Eq.(12) we can easily show that the Darboux
vector D of the curve « lies in the kernel of M, 41(s). This completes the proof. [

Corollary 7. Let a: I C R — E?™t! be a unit speed curve in E>™+1. The curve
a s a Vomy1—slant helix in the sense of Hayden if and only if the curve a is a
generalized helix in the sense of Hayden.

Proof. Let a be a Va1 —slant helix in the sense of Hayden. According to Defini-
}Cz k:4 k}e, ka—? k}Qm k?3 k:5

. . ko ki ke . h ks ks
tion 5, the ratios E T e Fans oo are constants, hence the ratios e T e

are constants. Then, from [4] a is a generalized helix in the sense of

kom—3 kam-—1
kom—27 kom

Hayden.
A converse case is obvious. This completes the proof. O
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