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A RESULT IN ASYMPTOTIC ANALYSIS FOR THE
FUNCTIONAL OF GINZBURG-LANDAU TYPE WITH
EXTERNALLY IMPOSED MULTIPLE SMALL SCALES IN
ONE DIMENSION
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ABSTRACT. In this paper we present technical improvement of results
in [19]. We study asymptotic behavior of the functional
1
a8, (0) = ][ (521//2 (s) + W' () + ale Ps,e 7 s)v? (s)) ds
0

as € — 0, where a is 1 x 1-periodic. We determine (rescaled) minimal
asymptotic energy associated to J7 5~y BSE— 0 where 3,v > 0, 5+~ > 0.

1. INTRODUCTION

We consider a variant of the energy in [1] which is perturbed by the
highly oscillatory non-periodic term a(¢~%s,e~7s), where 3,y > 0 are given
parameters and 3 # . The functional I 5 with periodic oscillatory term,
studied in [19],

(1.1) as(v) ::]€ (521/'2(5) + W (' (s)) + a(s_ﬁs)v2(5)>ds,
is now replaced by
(1.2) v~ (V) = ]é (521/'2(3) + W' (s)) + a(e‘ﬁs,e_"’s)v2(s))ds,

where v € HZ_,((0,1)), W € C(R;[0,+00)), W(£) = 0 if and only if £ €
{—1,1}, W has superlinear growth in infinity, a is Carathéodory function on
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(0,1) x (0,1) which satisfies a(£1,£2) > a > 0 (a.e. (£1,62) € (0,1) x (0,1)),
a € LY, ((0,1) x (0,1)). Typical choice for W is W (&) = (£2 — 1)2. In

per
this paper we obtain formulas which show how rescaled energies associated to
.3, hamely,
£.(8,7):= min 572/3‘7;76,’””)’ Eaper(B,7):= min 572/3*7;,[?,7(7})’

veH?2

per

veH2(0,1) (0,1)

depend on a for various values of parameters 3,7 > 0 as e — 0. In particular,
we generalize results in [19]. Organization of the paper is as follows: First,
we fix the notation and quote some results which are the starting point for
our considerations (section 2). Second, we consider the case v = 0 (section
3). Finally, in section 4 we deal with the general case v > 0. Due to highly
technical nature of the proofs, we confine ourselves to presentation of the
proofs in full detail only in the case 5 € (0,1/3) and v € [0,1/3). While in the
case when 8 > 1/3 or v > 1/3 proofs do not contain significant modifications
in comparison to those already obtained in [19], the case 5 =1/3 (or v =1/
3) can be treated analogously as herein, with a few details more involved.
The very basic result regarding oscillation on small scales is the well-known
McShanne’s Lemma:

LEMMA 1.1 (McShanne). Consider Carathéodory function a € LS2,.({0,1)

per

x (0,1)), B,7 >0, a5(s) := a(ePs,s), a®(s) := a(ePs,e77s), s € R. Then:
o a5———ay in L®(R?), where Gy(s) := J%l a(&y,8)dé (a.e. s€R),
o a°—" 7 in L®(R?), where @ := f; f5 a1, &2)de1dEs.

Functionals like (1.1) and (1.2) are examples of one-dimensional function-
als of the Ginzburg-Landau type, which are common in modeling of physical
systems where phase transition occurs. The literature on the subject is ex-
tensive. Here we only mention [1,2] and [6-15]. Further list of references can
be found in [1]. According to approach in [1], the relative impact of fine mi-
crostructures and small gradient perturbations can be captured by means of
I'-convergence of a family of suitably rescaled energies related to phase transi-
tion phenomena. Small parameter € induces an internally created small scale
which can be identified by approach in [1]. In a more general framework,
we have to deal with mutually interacting and different small parameters.
Due to competition of multiple small scales, tools like McShanne’s Lemma,
above are not sufficient to capture actual asymptotic behavior of the system.
In the case of functional (1.1) and (1.2) an interaction between internally
created scale and externally imposed scales develops as € — 0. Results re-
lated to functional (1.1) are obtained in [19]. In this paper we extend the
analysis to the case of two different externally imposed small scales. In a
number of other papers the authors were already considering the functionals
of Ginzburg-Landau type with similar oscillation effect (for instance, see [4]).
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An interested reader can find in [20] a more comprehensive list of references
on multi-scale variational problems.

2. SOME PRELIMINARIES

In this section we introduce the notation, and we quote some results which
we will use in sections 3 and 4. Most of our notation is inherited from [1]: we
work on the unit interval (0,1) C R, but all the proofs can be carried out if we
consider any bounded open interval {2 C R endowed with Lebesgue measure
(denoted by A). As usual, H2,(0,1) denotes the set of all H (R functions,
extended by periodicity out of (0,1), while C™(0,1) (C*(0,1), resp.) denotes
the set of all lower-semicontinuous (upper-semicontinuous, resp.) functions
on (0,1). Asin [1], by Sz we denote a set of all discontinuities for some
real function z, and by |Sxz| its cardinality. If U C R is open bounded
interval, by S(U) we denote the set of all piecewise affine continuous functions
x : U — R such that there holds /(1) € {—1,1} (a.e. 7€ U). By b® ¢ we
denote the tensor product of two real functions b and ¢, namely the mapping
(&1,&2) — b(&1)e(&2). If a is periodic function, @ denotes average of a over its
period. By [o] (o], resp.) we denote the smallest integer greater or equal
to o € R (the largest integer below o € R, resp.). If y € K, the L-periodic
operator P, : K — K is defined by Pr(y)(1) := y(r), if 7 € (—L,L):
otherwise P, (y) is extended to R by L-periodicity.

DEFINITION 2.1 (T'-convergence). Let X be a metric space. A sequence
of functions F¢ : X — [0,4+00] I'-converges to F on X, and we write
Fa—F—>F, if the following is fulfilled:

(i) Lower-bound inequality: for every x € X and a sequence (xf) in X

such that x° — x it holds liminf, F*(z°) > F(x).
(ii) Upper-bound inequality: For any y in X there exists a sequence (y°)
in X such that y* — y and limsup, F(y°) < F(y).

The proof of the following Proposition can be found in chapters 6 and 7
in [3]:

ProrosiTIiON 2.2. If el L F and if the points x® minimize F€ for
every e, then every cluster point x of the sequence (x°) minimizes F. In
particular, there holds lim.__,o F*(z°) = F(z).

If w C (0,1), by xP" we denote 1-periodic extension to R of the char-
acteristic function x, : (0,1) — R defined by x,(s) := 1 for s € w,
Xw(s) := 0 for s € (0,1)\w. We introduce the following abbreviations:
Ag = 2f_11 VW (E)dE, Co = (3/4)%/3, Ey = COA(Q)/B. For a given bounded
open interval U C R we also define f&V, fU: LY (U) — [0, +c] by

2/3,,112 —2/3 / e 2 . 9
01 gl)e={ BT HIWE) an?), e )
’ +00, otherwise,
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s Sy (@) + als)fy a2, if @€ SU),
400, otherwise,

ey o=

where, for U = (b1, bs) we define Sy (z’) := Sz’ N [b1,be) and aS(7) := a(s +
e!/3=P7), 7 € R. Then, by Proposition 3.4 in [1] we have f&V———fU on
LY(U) (a.e. s €(0,1)).

The asymptotic problem for the functional of Ginzburg-Landau type (1.1)
was formulated in [1, p. 814]. Subsequently, it was studied in [19], where the
following result was obtained:

PROPOSITION 2.3. Let

— 1 : —2/37¢e — : —2/37¢e
Ea(B): Jim, omin I35 5(v), Eaper(B): R L 15 5(v).

per

Then there holds:

Eoal/3, if B€(0,1/3),
(2.3) Ea(B) = Eaper(B) = Fola), if B=1/3,
Eoa'/3, if 8 >1/3,

where Fy(a) = Eqal/3 when Ay ~ 0, Fo(a) ~ Eoga'/® when ALO ~ 0.

As the following results show, we are able to compute rescaled asymp-
totic energy for more complex functionals. As an illustration for the situa-
tion where minimizers of the functional develop oscillations on multiple small
scales, we are concerned with the generalization of the formula (2.3) to the
case of functional (1.2). Our main result, Theorem 4.1, indeed proves that
minimization problem associated to (1.2) is a multi-scale variational problem,
although small scales of order ” and €7 are in fact externally triggered.

3. CASEy=0
Consider the functional J; 5 : H2(0,1) — [0, +00) defined by

1

(3.1) e (V) = ][ (521)”2(8) + W' (s) 4+ a(e s, s)v2(s))ds,
0

and associated energies

Eaper(B:0) := EGHIEHI}O 1) e 2P Ts5(0), E5(8,0) = veggi(r(l) N e 23JE 5(v)

per

Ea,per(B,0) = lim &G0 (6,0),  Ea(5,0):= lim E7(6,0).

To begin with, we note that, bearing in mind results from [19], it is not difficult
to check that the following holds:
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THEOREM 3.1. Let a € L, ((0,1) x (0,1)) satisfies a(&1,&2) > a > 0

per

(a.e. (£1,€) € (0,1) x (0,1)) and B € (1/3,+00). Then there holds

(32)  Ea(8,0) = Euper(8.0) = Eo 7€ (75

If 5 € (0,1/3), we expect that there holds

1 1
(3.3) £4(8,0) = £.(6,0) =E07€ ]€ al/3(¢y, &) dE1 s,

The proof of (3.3) requires some additional effort in comparison to the proof
of (3.2). Indeed, s +— a(¢7?s,s) no longer e%-periodic. Consequently, we
can not compute minimal asymptotic energy associated to functional (1.2) as
in [19] and a more careful comparison with minima of I'-convergent function-
als (2.1) is needed.

a(&r, 52)d§1) 1/3d€2-

REMARK 3.2. In the case when function a equals b ® ¢, the condition
bel4, (0,1), ce Ll (0,1), where 1/p+1/q=1, p,q € [1,+00], guarantees

per ‘per

the Holder inequality) integrability of the mapping s — a(e s, s).
(by the Hélder inequality) integrability of the mapping (e77s,s)

In results below we essentially require that a = a(&;,&2) is a Carathéodory
function, i.e., that & +— a(&1,&2) is measurable for every & € R and that
& — a(&1,&2) is continuous for almost every & € R. We point out that the
crucial ingredient in the proofs relies on some kind of ”integer-property” of
small parameter ¢ > 0. Roughly speaking, we show that arbitrary parameter
€ > 0 can be changed in a satisfactory fashion so as to get new small parameter
g, > 0 with the desired ”integer-property”. The proof of (3.3) is performed in
several steps: in subsection 3.1 (subsection 3.2) we obtain the corresponding
lower bound (upper bound, resp.) when a belongs to some natural classes of
functions, and in subsection 3.3 we couple our results to get (3.3).

3.1. Lower Bound. First we deal with the lower bound associated to (3.3).
Consider bounded open interval 2 C R. Set

(3.4) TG o(w) = /w (52*2510”2(3) + W(w'(s)) + aewa(s))dS,

(35)  Jo(w) = /w (2290 () + W(w/(5)) + als)eu?(s)) ds,

1

where w C (2 is measurable set, « > 0, a € Ly,

that there holds:

PROPOSITION 3.3. Let 3 €[0,1/3). If a® € LY(Q) satisfies a® — a (a.e.
s € Q), where a € LY(Q), then there holds

(©). To begin with, we recall

: liminf min e~ %/3J¢ >E/1/3d.
(3.6) iminf min e Ja.a(v) = Eo X (§)d¢
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PROOF. Step 1. We assume that there exists M > 0 such that for every
€ € (0,g0) there holds [|a®|;«(q) < M. Hence |[allj ) < M. By the
Egoroff theorem (cf. [5, p. 16]) for every n € (0,1) there exists a measurable
set ©,; C Q such that there holds lim._¢ ||a® — a||Lx(Qn) = 0. On the other
hand there exists a sequence of simple functions (ay),

N
an(s) = Z a%XAg (s), s€q,
m=1

such that a > ay for every N € N, limy_, ;o any = a almost everywhere.
Consider v. € H%(Q) such that

Lt e () = ),
Since a®(s) > o > 0 (a.e s € (0,1)), there exists C = C(a) > 0 such that
there holds limsup,__oe~%? [, v2(s)ds < C. Thus, it results

. —2/3 7€ —2/3 7e
L) 2 e, (0)

>l Y i 0 10" el [

liminf inf 5_2/3J25(U) > liminf inf 5_2/3J2(2(U)
e—0 veH2(Q) e—0 veH?(Q) o

— Climsup||a® — a||L°°(Q7,)
6*)0

= liminf inf e 23J5 (v).
e—0 veH2(Q) wn

Furthermore, there holds

ye%%f(mgw{];’g” = veh%f(ﬂ)gﬂ/s{]gt%’%mn (v).
1

Therefore, by Corollary 5.7 in [16] we recover

N
liminf inf e2/3J5, (v) > > Ey /
m=1 A

N\1/3 4. _ 1/3
e—0 veH2(Q) (ap,) " ds Eo/ ay " (s)ds.

sy, Qy

By passing to the limit as N — 400, we obtain

: —2/3 e 1/3
v€1Hn2f(Q)€ Jaq, ) = Eo /Q,, a'’°(s)ds.
In effect, as n — 0, we get (3.6).

Step 2. Let a € LY(Q). Set a3, (¢) := min{a®(¢), M}. Then a5; — an

(a.e. £ €Q), where ap(§) := min{a(&), M}. By Step 1 there holds

3.7 liminf min e 2/3J5 >E/ W’ (€)dg.
(37) minl it e asal) 2 B o axr(€)de



A RESULT IN ASYMPTOTIC ANALYSIS 407

Finally, we pass to the limit as M — —+oo by means of Fatou’s Lemma to
recover (3.6). O

In the first step, we prove the lower bound in the case when a is piecewise
constant in £. The crucial feature of our proof is the fact that ”pieces” of
the domain where a takes constant values depend on e.

PROPOSITION 3.4. Let 8 € (0,1/3). Consider N € N and e € (0,£0(N)).
We define ey n = |e PN 7VB ¢, = (5]_\,{3**]\7)’1”, Pen = EDe™P >
L. Let a€(§17§2) = Z;gvzl 02(52)Xp;1*[k (51); (51752) € <0ap;1*> X <0a 1>; where
Ip o= (52, &), k=1,...,N. We set a°(&1,&) =0, (&1,&) € (pz1,.1) x
(0,1) and we extend a° by periodicity to R*. Let functions af, € L,.,(0,1)

satisfy a5(6) — ax(61) ase — 0 (ac. & € (0,1)), arl(6) > a > 0 (ac.
€1 €(0,1)), ar € L,,,.(0,1). Then there holds

1 1
.. . —2/3 ¢ > 1/3
B9 iyt i 00 2 B e

where a € Lk, ((0,1) x (0,1)) is defined by a(é1, &) = Ypy an(€)x5 (&2)-

PRrROOF. We note that there holds
g2/3 / (521/'2(5) + W (' (s)) + ai(e‘ﬁs)UQ(s))ds
ot

= e / (202,..7%(0) + W (0)) + ai (28002 2.7%(0) ) do
Iy,

Set Ny := E;*ﬁ. We can write I, = U?f:*{ <%+sf*%, %+sf*%> Consider
— _ -8
Uss (0) := exLu(el,0). Consequently, since S €N, we get

et 23 / (520"2(5) +W('(s)) + a(s_ﬁs)UQ(s))ds

Nix L

N

: —2/3 2—-2 2 %% 23,2

Ef* min € / / (E ﬁufk/* + (ufk*) + a;,k‘s Bu**)v
u**EH2(O,%) 0

V

=1

<.

where, for j € N, functions aj ; : R — R are defined by

. [ a(e+ I, ifoe(0,3)
(3.9) a],k(a) = { by periodicity, otherwise.

At this point we note that the multi-set of functions {ajk i =1,...,Nu}
(for fixed €) contains at most N distinct functions. Indeed, by definition
each of the functions af i, ..., ay, appears exactly N,+N~! € N times in the
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mentioned multi-set. Thus, it results

bt / (202(5) + W/ (3)) + alePs)2(s) ) ds

N
Z m1n _2/3/ (52_2ﬁu;'f + W (ul,) + a5 kEQﬁuf*).
N u.. ) 0 '

By Proposmon 5.9 in [16] we conclude that there holds

1

N
liminf  min 5_2/3/ (52 W2 - W (ul,) + a5 k526u5*>
e—0 u**€H2(0,%) 0 ’

1

N
> EO/O a;,/lf(a)da.
Set A%(s) 1= a®(e s, ), A5(s) := ai(¢7Ps). In effect, we have

liminf ~ min e %3 / (521/’2 +W (') + Ai’uQ)
) I

e—0 yeH2(po L.y

-1
ek

1 Yy
> NEoyﬁ ak/ (0)do.

At last, we compute

1
liminf min e~ %/3 ][ (521)”2 + W)+ AEUQ)
e—0 veH?2(0,1) 0

N
> liminf  min 5_2/3/ ( 2L W)+ Ai’uQ)
Iy) 1

e—0 veR2(z k.

-1
ek

N 1 1 1
> Sy el =5 {6 e

0
We can now address the case when a satisfy more general assumptions.

THEOREM 3.5. Consider a € L}, ((0,1) x (0,1)) such that the mapping
& — al&1,&2) is lower-semicontinuous for a.e. & € (0,1), a(&1,&) > a >0
(a.e. (£1,&2) € (0,1) x (0,1)). Then for B € (0,1/3) there holds

1 1
(3.10) liminf min 5_2/3J;76(U)ZE07[ ][ a'3 (&1, &)dérdés,
0 0

e—0 veH2(0,1)

PROOF. Set b (1) :=ming, . -1 a(&1,€2), br(§1) := ming,er, a(ér,&2),
afy (€1, &2): Zk 1b8(‘£1)Xp5 **Ik(§2) an(§1,62): Zk 1 bk(§1)x1, (§2). Then

there holds a > a5, a > an,

EHLHO ay(&1,&) = an(é1,&2), NLiHJerO an(&1,&2) = a(&, &2).
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By Proposition 3.4 we get

liminf min ¢ 237°,(v) > liminf min & 2375 (v
e—0 veH?(0,1) ja’ﬁ( ) 2 e—0 veH2(0,1) jaN’B( )

(3.11) > Eoy[][ ?(€1, &2)d€1dE

To furnish the proof, we consider the limit as N — 400 in (3.11), which (by
the dominated convergence theorem) yields (3.10). O

We immediately deduce:

COROLLARY 3.6. Let a € L, (0,1)& (C™(0, 1)L, (0,1) ), where 1/p+
1/g=1,p,q € [l,4+00]. Then (3.10) holds.

3.2. Upper Bound. It remains to establish the upper bound related to (3.3),
namely

11

(3.12) limsup  min _2/3j(fﬁ(v) < Ey 7[ 7[ a1/3(€1,§2)d§1d£2.
e—0 vEHZ, (0,1) ’ o Jo

The proof of (3.12) is more subtle than the proof of the lower bound obtained

in Theorem 3.5. To begin with, we recall the following proposition:

PROPOSITION 3.7. Consider open interval w C R and function ¢ € L(w)
such that there holds c(s) > 0 (a.e. s € w). Suppose that functions f&Ur =
s e (generated by c and U, := (—r,7) asin (2.1)) satisfy f5 . F—>fé7c (where
fse = 1Y) on LY(U, (a e. s € w). Then for everyn > 0 there ea:istsﬁ >0

and a sequence of functions (v5) (which depends on 1) such that v5 € H?,er(U )
and with properties
(3.13)
limsup/ fs.o(RS™5)ds < Eo/ ' /3(s)ds + O(Mi)/ c(s)ds + nA(w),
e—0 Juw w FM
where FM = {s € w: c(s) > M},
(3.14) T (s)| < Mt/ P, secw.
PROOF. See Proposition 4.11 and Theorem 4.13 in [16]. O

Next, we obtain the upper bound in the case when function a = a(§1,&2)
is piecewise constant in &a:

PROPOSITION 3.8. Consider a sequence of pairwise disjoint open intervals
(It), such that (0,1) = U=y, Let a(é1,&) = 33025 ar(&r) X7 (&) If
ar € L.,.(0,1) satisfies ax(§1) > a >0 (a.e. & € (0,1)), k € N, then (3.12)
holds.
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PROOF. First of all, notice that Ay := A(I)) can be assumed rational (by a
standard density argument). We set A\ := Z—:, where pi, g € N. We can also
assume (without loss of generality) that there holds py = 1 for every k € N
(otherwise we divide each interval I into pj pairwise disjoint intervals with
measure qik) Thus, without loss of generality A\, = qik. Consider arbitrary
£ €(0,1), n € (0,1) and m € N. In the following we often omit indexing of
functions by &, n and m. Let I, := (ty_1,tx). For simplicity we also assume
that there holds ¢y := 0 (otherwise we relabel intervals I;, and functions ar to

make them well-ordered). Then for every k € N we have ¢, = Zf 1 q . Set

stk — .
2mq 2mq,
Consider e .+ := [e7Pm™1A; - ')\ﬂfl/ﬁ, Ehw 1= (51;?71 AT AT,
Pefos i= Ef* P €(0,1), Ng . := gk . We define ay ; € L},,.(0 ,qk> by

E;Zn = Ik\l;gn, I,:n = <tk_1 + >, k € N.

ak(a + (] - 1))\19); if o €I,

(3.15) ax (o) = { by periodicity, otherwise, jEN, keN.
We also define f5, ;== f5,, . Since f5, . — L fery on LY{—r 1) (almost

every s € (0, - o)), by Proposition 3.7 there exists a sequence (vj, , ]) such that
5., € H? (0, L ) and with properties

per

1
(3.16) hmsup/ f&k_] (R *Ukw)ds</qk allc/]3+0( )/M ak,j-i‘q%,
0

e—0 Fk,j k

(3.17) 195 sl ey < TS,

where F,yj ={s el :arj(oc) > M}. Consider v}, € H2_(0,1) defined by
J

Tiu(s) =T, 5(s), s € (L2, L), j =1, qr. Set Ty(s) := e 75 (. 09),
vi(s) == p;}f’*@i(p&h*s), s € R. Then 7, € HZer<07€£,*>’ € Hfm<0,53>.
We consider the sequence

(3.18) we(s) :==wi(s), se€ly, keN,

where wy, : I — R is defined by

o ovi(s), ifsell”,
(3.19) wi(s) = { 55(s), if s € L\I™,

where o, : I;\I}* — R is chosen in such a way that wj, € H_,.(0, qik), w® €

Hfm (0,1) and for every k € N o5, on its domain has the following properties:
derivative of ¥ tales alternately the values 1 and —1 on consecutive intervals
of order ¢!/3 (except the first and the last one, which have length of order
Mnsl/ 3), apart from transition layers of order ¢ at the end of each such

interval, where the second derivative is of order e~!. The value of w§ is of
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~Lel/3

1/3
~c / ~L€1/3

~L€1/3 or

~L€1/3

FiGURE 1. Construction of o5 on (A, B), where A := t;_1,
Bi=t_1+ —2771%, L= M,,.

order £/3 (except in the first and the last interval, where it is of order Mnsl/ 3
(cf. Figure 1)). In particular, by Proposition 3.7 and the construction above

there holds HwkHLx R) < M,e'/3. Note that we can write I; = UN’“’* [th—1 +

q—ka* I k) Moreover, we have ¢ = Zf 1 q— and &, Otp1 € N.
Since there exists 50( ) > 0 such that for every € € (0,£9(m)] there holds

I C oy *Ik, it results

= [ (i) + W(wh) () + an(e ) (wh)?(s))ds

Iy,

= // (22(05)"() + W (07 () + anl=~"8)(v})(5) ) ds
23 / i (<2 (f)"(5) + W((wi) () + anle5)(wh)*(5) ) ds.

For k € N we calculate

ke () W6 + e 0 )b

_ // (202,10 (B0)(5) + W (1) (5)) + an e, 290023 L (7)%(5) ) ds
N, «

(1
IR [ 20 W) + 0 0.
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In particular, there are at most )\,;1 € N distinct Ag-periodic functions ay ; :
R — R, j=1,...,Ng. Furthermore, since by construction for every
k € N there exists at most )\,;1 distinet Ag-periodic functions vy , , for j =

., Ni_« by (3.18) there are at most )\;1 distinct values of the integral

1

| (E 0 4 W)+ 010 0 )P).

Thus we infer:

N, « a1
— 9k — — —
Sl [T (A BN, W)+ a0
j=1 0
qk 1 L

e [T (BN + W) + 0 (0
j=1

L

€, %=—¢
Z_ sk,](R vk*])ds
=1 Ik Jo

Consequently, we get

400 gk 1 +oo

8_2/3«7;,5(1116) < Z Pekox ) fé k](RE’*Uk*J )ds +Z€mk wy)

k=1 I* k=1

—+o0

43 [ () Wi )ds,

k=1 T\

where e, (wf) = ¢=%/3 flk\m ar(e7Ps)(w§)?(s)ds. Set Ef* = E™ U B,
k ’ )

B = [th—1,tk—1+ ﬁ], Ely = [t — ﬁ k). Then there exists 51( ) >

go(m) such that for every € € (0,e1(m)] there holds E}C”l C peps by, 1=

1:2 where E]:nl = [tk 1,tk—1 + mqk] Ek2 = [tk — mqk e + m_qk> Set

B o= By UED,, AL(s) = ar(e %) AY"(s) = ax(e, s). Then ey, x(w§) <

Em.k (W), Where €m k(wk) = e72/3 fpgk*Em Aj(wf)?. Since N;:i* € N, we

have Ek L= U [tk 1+ 2 Ek oo tk—1+ Eg .)» and therefore

iy - —2
o [ R S e [

1

k:
s k. —2
Z ,1€ g / M ay ;(o)do.
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Similarly as before, since —== Nix ¢ N, we conclude that in the sum above there
1

exists at most ¢ distinct 1ntegrals " ay, j(0)do. Thus, it results

W -2
_Zpak* /O Mnak,j(d)dd

2 1

< QMnm—quakHLl(o,n-

5_2/3/ i ak(e_ﬁs)(wi)Q(s)ds
Pe k,« B

m
k,1

It is easy to verify that similar estimates hold on p57k7*El’€’f2. On the other
hand, it can be checked that for every k € N and m € N there holds

=20 [ (i) (0) + W (i) (0)))dor = O,

Hence, a careful application of the dominated convergence theorem yields

+00 gk L

limsupe™ 2/3\7;, (w®) < hmsupzzpak* C sk, (RS0 5)ds
e—0 e—0 1 1
Jj=
JFZO HakHLl(o 1)
X & 1 i 1/3 —2 1
< Eo—/ a,; +O(M )—/ ag,;
;;( qx Jo g " aqk M ’

—2 1
JFO(Mn)HaHLl((O,l)x(O,l))E +7.

By passing to the limit as M — +o00 and m — 00, we obtain

o0 1
limsup  min E_Q/BJ;,ﬁ(w) < Z A1) Eo 7[ allc/s(«fl)dﬁl +n
- 0

e—0 wEngT (0,1)

1 1
_ B ][O ]é a3 (€1, €)dErdEs + 1.

Arbitrariness of > 0 completes the proof. O
Now we can derive the following:

COROLLARY 3.9. Consider p € [1,+00]. Leta € L}, (0,1) ® L{.,.(0,1),
where 1/p+1/q=1. Then upper bound (3.12) holds.

PrOOF. Step 1. First we consider the case p € (1,+00]. Then ¢q €
[1,400). Set a = b® c. Let kK > 0 be given. Since C(0,1) N L*>(0,1)
is strongly dense in L9(0,1), there exists ¢® € C(0,1) N L°(0,1) such that
llc = c"llrago,1y < K- Moreover, there exists a sequence of piecewise constant

functions (cf), ¢ (&) = Zk 1cnﬁkx1nr(€2), & e R, I} = (t],t]4), tg =
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0, ty ==ty + k/NJ, k = ., Nf, such that for every & € (0,1) there
holds ¢f(&2) \, ¢*(&) as m — +oo. We define ay,, == b® cf, ay =
b® c”. Furthermore, by considering enx = [e77 - (N5)=t-m™1]~V6 ¢, =
(ENH JmNE)TYB o = e € (0,1), we infer (quite in the same way as
in the proof of Proposition 3.8) that for every n € (0,1), M > 0 and m € N,
there exists w® € H2,,.(0,1) (which depends on n, M > 0, m € N and NJ)
and M, > 0 such that w1 (m) < M ,e/3, and such that the following
estimates hold:

limsupe™ 2/3j5 ( 9y < 1imsup5_2/3

e—0 e—0

_2 P
+2M,lle = [l ga0,1) 101l Le 0,1y

a6 (W)

limsupe™ 2/3‘7; (w®)

e—0
Mo n 1 g 1 2
s —
< 33 (B [ ol e 00T [ annntoe)
k=1 j=1 k,n,k,j
—2. 1 -2
+O(MU)E +O(M,)k +n,
where ag n,x,; : R — R is defined by
j—1 if In,fi
(820)  apny(o) = { WO TR MO LT o g
T by periodicity, otherwise,
Fk%’mj ={0€(0,1) : arnr;(c) > M}

As M — +00, m — +00 we obtain

—2/3 7¢ -
st o S San) < ZWEOJ[ et s

per

_ EOJ[][ 361, &) dEadty + 1.

Finally we consider the limit as n — 400 and then as Kk — 0, getting

1 1
(3.21) limsup min *2/3\7;,[3(111) < Ey ][ ][ a'/? (&1, &)déadér + .
o Jo

e—0 w€H2,,(0,1)
By taking the limit as 7 — 0 in (3.21), we prove the assertion.
Step 2. Let p = 1 and ¢ = +00. By the Luzin theorem (cf. [5, p. 15]) for
every k > 0 there exists compact set 2, C (0,1) and b* € C(0,1) such that
Als € (0,1) = ¢"(s) # c(s)) < k. Set € := min{c”, [|bl| ;g 1y}, Qs = {s €
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(0,1) : 2(s) = c(s)}. Then A((0,1)\Q) < k. By using the notation from
Step 1, we derive the following estimate:

limsupe™ 2/3\757 (w®) < limsupe 2375 5(wf)

ah
no
e—0 e—0

— 9 —k
F2Mylle =l 0,10\ 1llLr (0,100

Thus we are able to finish the proof as in the Step 1. O

REMARK 3.10. Note that sequence of functions (ax) in the proof of Propo-
sition 3.8 need not be dominated by some a € L1(0, 1). In the following result,
however, such a condition is essential.

THEOREM 3.11. Suppose that a € L},.((0,1) x (0,1)) satisfies: there
exists a € Ly,,.(0,1) such that ess supg,a(é1,&2) < a(é1) (a.e. & € (0,1)), (in
particular, if a € L32, ((0,1) x (0,1))), then upper bound (3.12) holds.

PROOF. Step 1. Let a € L2, ((0,1) x (0,1)). By outer Borel regularity
of X there exists a sequence of piecewise constant functions

(3.22) n(1,&2) Z apxf (€)X (&), (61,&) € R,

with the following properties:

e a<au,neN,lim, ,a,=a,
e I C(0,1) and wy C (0, 1) are bounded open intervals,
e a, € L, ((0,1) x (0,1)).

Thus, if we define af (&) := aZXieT(fl) v € L}.,.(0,1), by Proposition 3.8
the upper bound holds for a,, for every n 6 N. Then we pass to the limit as
n — o0, and we get upper bound for J; 5.

Step 2. Let a € L,,,.((0,1) x (0,1)) satisfies condition of the theorem.
Consider FM := {s € (0,¢) : a(e™Ps) > M}, FM := {0 € (0,1) : a(o) >
M}. Since a( Bs) < M implies a(e Ps,s+ (j — 1)e’) < M (a.e. s € (0,1)),
j €N, for ae. s € <O,€ﬁ> we get
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where aps(§1,&2) := min{a(§1,&2), M}. Then for every sequence (w.) such
that w. € Hy,, (0,1) and [Jwel|pw gy < Mye 1/3 there holds

per

—2/3 ¢ we) < ' 2w//2 w' (s s

T < (B )+ Wiak(9)d
No .8

+Z/O a(s_ﬁs,er(jfl)sﬁ)wij(s)ds

Pe,x .
< BT w4+ / arr(ePs, sy (s)ds + p= 31 [ a(o)do
1

FM
< e2gg, slwe) + |1 — pZH M, + pZ 1M, / o)do,
where p. . = N7le™® € (0,1), we;(s) := w(s + (j — 1)eP), s € (0,€°),
j=1,..., N,. As we pass to the limit as e — 0, it results
limsupe™ 2/3j6 (we) < limsupe /3 aMﬁ(we)JrMi a(o)do.
e—0 e—0 Fé”

In particular, estimates above show that computation of upper bound for
a € L}, ((0,1) x (0,1)) (which satisfies boundedness condition as above) can
be reduced to computation of upper bound for ay € Lye,.((0,1) x (0,1)).
Therefore, by Proposition 3.8 for a suitable choice of w. (as we finally pass to

the limit as M — +00) we obtain the desired upper bound. O

REMARK 3.12. Thanks to Proposition 3.8, it is easy to verify that (3.12)
also holds if a € CT((0,1) x (0, 1)) NL,,,.((0,1) x (0,1)) (or if a € L,,,.({0, 1) x
(0,1)) such that the mapping & +— a(&1,&2) is upper semicontinuous for a.e.

& €(0,1)).

3.3. Computation of Macroscopic Energy. We combine Theorem 3.5 and Re-
mark 3.12 to get the following two results:

THEOREM 3.13. If a € L,,,.((0,1) x (0,1)) is Carathéodory function on
(0,1) x (0,1), then (3.3) holds.

COROLLARY 3.14. Consider a € L,,,((0,1) x (0, 1)) such that the mapping
& — a(&1,&2) is lower-semicontinuous for a.e. & € (0,1). If there exists
a € LY(0,1) with the property ess supg,a(§1,§2) < a(é1) (ae & € (0,1)),
then (3.3) holds.

We mention here two more subsets of Lll)er(<0, 1) x (0,1)) closely resem-
bling the Carathéodory class for which it is possible to compute energies
Eaper(B,0) and £,(8,0). If p,q € [1,400], pr, qr € [1,+00], k € N, we set

X = span[LgeT(O, 1)® (C (0,1) N LI.,.(0, 1>>},Where 1/p+1/q=1,
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Y := conv [ngm, 1)@(0—(0, 1AL (0, 1>> . N},where Ups+1/qe = 1.

per

COROLLARY 3.15. Ifa € X (a €Y, resp.), then (5.8) holds.

PROOF. The claim follows since it is easy to verify that the proof of
Corollary 3.6 (Corollary 3.9, resp.) actually can be completed for a which

belongs to the linear hull of L2, (0,1) ® (C*<0, 1)nLg, (0, 1}) (see also [18,

per per
Corollary 4.10]). Similar conclusion is valid for the convex hull Y. O
4. CASE v >0

Consider 3,7 > 0 and the functional J 5 . H2(0,1) — [0, +00) defined
by

(4.1) v~ (V) = ]é (521/’2(3) + W' (s)) + a(efﬁs,zs*”s)UQ(s))ds.

We expect that the minimizers of J; 5 . develop fine hierarchy of small scales

(roughly of size el/3, &8 and e"). To justify this, we determine which small
scale is relevant to computation of minimal asymptotic energy of J; 5 . By
the formulas below we can extract desired information. In particular, formu-
las (4.2)-(4.5) show that characteristic scale is €!/% and that all shorter scales
can be eliminated, i.e. replaced with the corresponding limits (in our case,
the average of a). Oscillations on longer scales do not change the value in the
limit as € — 0, which means that the latter scales are not relevant.

THEOREM 4.1. Let us assume that a € L,,.,.((0,1) x(0,1)) is Carathéodory
function on (0,1) x (0,1). Set

5a(677) = eh—n>10 52(677); 5a,per(ﬂa’)’) = 811_1'{105;@67"(6,’)’).
Then there holds:
e I[f0<y<fB<1/30or0<pf<y<1/3, then
1,1
(42) Ea,per(ﬂafy) = 5a(677) = EO ][ ][ a1/3(£17£2)d€1d£2~
o Jo

e IfO< B <1/3,v>1/3, then

1 1 /
43)  EuperlB) =8B =B ({ ater)ae) de.

o If0<~<1/3, 8>1/3, then

1 1 /
(44) Ea,per(ﬂafy) = 50«(6;’7) = EO ]€ (]£ a(€17£2)d£1)1 3d€2-
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o Ifv>1/3, 3>1/3, then
(4.5)

1 41
Eaper(B,7) = EalB,7) = Eoa'/3,  where @ ::][ ][ a(&1,82)d61dSs.
o Jo

PrROOF. We ouly sketch main points in the proof of (4.2) (the remaining
claims (4.3), (4.4) and (4.5) are in fact consequence of the McShanne Lemma
and we leave the details to the interested reader). Essential ingredients are
already contained in the proof of lower and upper bound when v = 0. Let
0<y<pB<s3.

Step 1. (the lower bound) We set €, 1= [~ 'YJ s Peyiry 1= Eduy€ ) >
1. Set A5(0) := a(e’ Po,0) ATN (0) = a5 (7 Fo, 0), where for N € N we
define a5, € L'((0,e:.,) x (0,1)) by

Ery N

(4.6) (&1, &) Z Zb (€)X o1, (1ti-1)(&2);
=1 k=1

(47) bE N(€2) = min a(€17§2)5 gl S <O7 1))

&2€p2 ki (In+i—1)

N . - — o

b;i € L;zl;e'r<07 ]_>, 1 = ]_, . ,5**7,7; Xp;i*([k“,l)(&) = Xﬂ;i*(lk‘f’i*l)(éé)’
i=1,...,6:y—1,and

o (&) { L i & € (exly = Loz ueds)
_ — = . _ _ 2
P ex (I +el4—1) O7 if €2 c <ps,i*5**’T’Y7E**’T’Y>'

Let vii(0) == 0(e70), o0 € (0,e77). Since e~ > e.),,, we estimate

g2/3 ]€1 (521)"2( )+ W (' (s) +ale Ps,e s, )1)2(3))ds
0
0

€

v

Yo=Y ~—2/3 2—2~, 112 / £.2v,2
evele / € v + W) + Afe vz,

-
][ oy (
577
-1 _—2/3 | 77
Z ps,**,’yg / ][ (

2—2~, 112 / e,N _2v, 2
€ U** +W(U**)+A1 € U** .

At this point we consider ey .. 1= LEV’BN*J*H;, Eax 1= (N, PN)E

Pesx 1= P78 > 1. Then ¢;’N-! € N, and ay /" a as in Propo—
sition 3.4 and Theorem 3.5. Now we pass to the limit as ¢ — 0 and as
N — 400, which gives the lower bound.

Step 2. (the upper bound) For simplicity we assume that a is continuous
and bounded. Consider a sequence (ay) of piecewise constant functions with
N pieces (length of every piece equals exactly %) such that a < ay, ay —

. T
a. For a given Nym € N we set e, nm = [ PN"Im™1] 777, &, =
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(szzf’mNm)_ﬁ, pen =277 €(0,1), £4ry i= [pene™?]” 7. Then there
holds e, € N and e} > ¢77. We define a° : R — R by

€ . a(Pe,*fl, 52)7 if 52 S <0, €;x>
*(&,6) = { by periodicity,  otherwise,

so that there holds a®(p_1&1,&2) = a(é, &) (ae. & € (0,6.7)), &1 € R.
Moreover, continuity of a with respect to £ implies

(4.8) a®(§1,62) — a(&1,&2)  (ae. &)

(4.8) is due to the fact that a® can be represented as composition of 7)5:1
periodic operator and affine transformation in . Both of these operatofs
converge to identic operator as ¢ — 0, hence (4.8) holds. By the dominated
convergence theorem it results a. — a in L'(0,1). In the first step we
prove the upper bound for J; ;. Consider v € H2,.(0,1). Set U.(s) :=

£ 7 pev(e7pzLs), s € R. Since £17" € N, we calculate
1
g2/3 ][ (521)"2 + W'+ A§v2)ds

0

IN

€7
o) [ (e R W)+ A5 2
0

1
02(e) / (62*2%?,*6;’2 +W(T,) + Aie%;fﬁi),
0

where 01 (¢) 1= pZLe7e™%/3, 05(e) 1= e JpteVe /3, A5 (s) = a* (e Ps,e7s),
A5(0) = a(e1 0, poio) Ai(o) = a(e77P0,0). Let us approximate 1-
periodic continuous function & — a(&1,&2) by a piecewise constant 1-periodic
function ay as in Proposition 3.8. Hence, it follows

1
572/37[ (52’0”2+W(1}/)+AS’U2)
0

1
< 00 f (SRR W)+ ATV ),
0

where 03(¢g) := Eglp;is%_ws, A;’N(O‘) = aN(Ez_ﬁa, o). By using the fact
that e °N-1 ¢ N, we continue as in the proof of Proposition 3.8 (with
almost no modification: roughly speaking, the only distinction in the proof
comes from the fact that the scale of order ¢° is now replaced by the scale
of order £#~7). In the second step we compare minimal values of Jqp.~ and

J:. 3~ as e — 0. If we consider a sequence (w.) such that w. € H,,.(0,1),

||w€||L°°(R) < Mnfl/ga

limsupe 377 5 (w.) < Egal/3 + Hi a+1,

e—0 Fr
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we eventually arrive at the conclusion that there holds

e—0 e—0

+ lim sup O(M ][ ][ la — ac|
e—0

< anl/3—i—M77 a—+n.
Fyr

limsupe™ 2/3‘7;B’v(w€) < hmsups 2/3‘75567(w6)+0( )/ a
Fu

O

At last, we state (without the proof) the result which corresponds to the case
B=1/3 and v > 0:

COROLLARY 4.2. Set Cy := (3/4)*3. If a € L}, ((0,1) x (0,1)) is
Carathéodory function on (0,1) x (0,1), then there holds:

e If0 <y <1/3, then

hm A 2s¢e Eaper(1/3,7 Cb][ ][ 1/3 (&1, &2)dE1dEs,

/3
i 4708 =] (f aegie) e
o Ifv>1/3, then

1 1 /
Jim 457, (1/39) = G (et ede) e

lm Ay 22, per(1/3,7) = Coa'/?

A0—>+OO

Besides, there holds
Jim APE L (1/3,0) = lim APE,(1/3,7)
0*)

thi>rl+oo A 2/3 a per(l/g ) - thiiﬂJroo AO 2/35(1(1/37 ,Y)
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