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Bradley University, USA

ABSTRACT. Let B be a ring with 1, C the center of B, and G an
automorphism group of B of order n for some integer n. Assume B is
a Galois algebra over R with Galois group G. For a nonzero idempotent
e € R, if the rank of Be over Ce is defined and equal to the order of H|p,
where H = {g € G | g(c) = c for each ¢ € C}, then Be is a central Galois
algebra with Galois group H|pg.. This generalizes the F. R. DeMeyer and
T. Kanzaki theorems for Galois algebras. Moreover, a structure theorem for
a Galois algebra is given in terms of the concept of the rank of a projective
module.

1. INTRODUCTION

Galois theory for rings has been intensively investigated since 1960. Re-
cently, several types of Galois extensions of noncommutative rings were stud-
ied ([5],[7],[8],[9]). Let B be a Galois algebra over a commutative ring R with
Galois group G. F. R. DeMeyer (see [2]) and T. Kanzaki (see [4]) gave differ-
ent conditions under which B is a central Galois algebra as follows:

(1) (see [2, Lemma 4]) Assume B is a Galois R-algebra with Galois group
G. If C (= the center of B) contains no idempotents except 0 and 1, then
C = B where H = {g € G | g(c) = c for each c € C}.

(2) (see [4, Proposition 3]) Let B be a Galois algebra over R with Galois
group G, C the center of B, and H = {g € G | g(¢) = ¢ for each ¢ € C}.
Then B is a central Galois algebra over C' with Galois group H if and only if
Jy, = {0} for each g ¢ H where J;, = {b € B|bx = g(x)b for all x € B} for
each g € G.
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The purpose of the present paper is to generalize the above two theorems
of DeMeyer and Kanzaki. We shall show that, for a Galois algebra B over
R and a nonzero idempotent e € R, the rank of Be over Ce is defined and
equal to the order of H|pg, if and only if Be is a central Galois algebra over
Ce with Galois group H|pg.. Moreover, we shall give a structure theorem for
a Galois algebra B in terms of the rank of a projective module as given in
the theorem. The present paper was written during the visit of Professor S.
Ikehata to Bradley University in winter, 1999, and supported by a Caterpillar
Fellowship at Bradley University. We would like to thank Professor Ikehata
for many useful discussions and Caterpillar Inc. for the support. This paper
was also revised under the suggestions of the referee. We would like to thank
the referee for the valuable suggestions.

2. DEFINITIONS AND NOTATIONS

Throughout this paper, B will represent a ring with 1, G an automorphism
group of B of order n for some integer n, C the center of B, B the set of
elements in B fixed under each element in G, and B * G a skew group ring
of group G over B. We denote J;, = {b € B|bx = g(x)b for all x € B} and
I, =BJ,NC for each g € G.

Let A be a subring of a ring B with the same identity 1. We call B a
separable extension of A if there exist {a;,b; in B, i = 1,2,...,m for some
integer m} such that > a;b; = 1, and > ba; ® b; = > a; ® b;b for all b in
B where ® is over A. An Azumaya algebra is a separable extension of its
center. B is called a Galois extension of B¢ with Galois group G if there
exist elements {a;,b; in B, i = 1,2,...,m} for some integer m such that
S aig(b;) = 61,4 for each g € G. Such a set {a;,b;} is called a G-Galois
system for B. B is called a Galois algebra over R if B is a Galois extension
of R which is contained in C, and B is called a central Galois extension if B
is a Galois extension of C. Let P be a projective module over a commutative
ring R. Then for a prime ideal p of R, P,(= P ®g R,) is a free module over
R, (= the local ring of R at p), and the rank of P, over R, is the number of
copies of Ry, in P,; rankg(P) = m if rankg,(P,) = m for some integer m for
all prime ideals p of R.

3. A GENERALIZATION

Let B be a Galois algebra over R with Galois group G and C' the center
of B. In this section, we shall give a condition under which B is a compo-
sition of a central Galois algebra and a commutative Galois algebra. This
generalizes the theorems of DeMeyer and Kanzaki. At first, we recall the
rank function of a finitely generated projective module P over a commutative
ring R. Let Spec(R) be the set of prime ideals of R with the Zariski topology
and Z the set of integers with the discrete topology. It is well known that
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rkr(P) : Spec(R) — Z by rkg(P)(p) = rankg,(P,) is a continuous function
and there exist orthogonal idempotents {e;|i = 1,2,...,m for some integer
m} in R such that P = ® Y 1" | Pe; and rankpe, (Pe;) = k; is defined for each
i, and k; # k; for i # j.

THEOREM 3.1. Let B be a Galois algebra over R with Galois group G, C
the center of B, and H = {g € G | g(¢) = ¢ for each ¢ € C'}. Then, rankc(B)
is defined and equal to |H|, the order of H if and only if B is a central Galois
algebra with Galois group H.

PRrROOF. Since B is a Galois algebra over R with Galois group G, B =
O peads = (B X hen In) ® (B2 ¢m Jg) (see [4, Theorem 1]). But H is
a C-automorphism group of B, so .Jj,, is a finitely generated and projective
C-module of rank 1 and JpJ,-1 = J; = C for each h € H (see [6]). By
hypothesis, rankc(B) = |H|, so B = ® ),y Jn (and so J, = {0} for each
g € H). Therefore, B is a central Galois algebra over C' with Galois group H
(see [3, Theorem 1]). Conversely, assume B is a central Galois algebra with
Galois group H. Then B = © ),y Jn and J, is a finitely generated and
projective C-module of rank 1 for each h € H. Thus, rankc(B) = |H]. O

Next we show that Theorem 3.1 generalizes DeMeyer’s theorem and is
equivalent to Kanzaki’s theorem.

COROLLARY 3.2 (F. R. DeMeyer). Let B be a Galois algebra over R with
Galois group G and H = {g € G | g(c) = ¢ for each ¢ € C}. If C is
indecomposable, then B is a central Galois algebra with Galois group H.

PrROOF. Since B is a Galois algebra over R with Galois group G,
B=®,ccly = (O henJn) ® (©D,4m Jg) where JgJg-1 = e,C for
some idempotents e, in C (see [4, Theorem 2]). Since C is indecompos-
able, JyJ,-1 = {0} or C for each g € G. We claim that J,J,-1 = {0}
for each g ¢ H. Suppose that J,J,—1 = C. Then 1 € JyJ,-1. Hence
1 = Y0" zy; for some z; € J, and y; € J,-1. Since g ¢ H, there ex-
ists ¢ € C such that g(c) = ¢ # ¢. But, then ¢ = 1 = 37"z, =
S wig Ny = Y wicy; = ¢ it iy = ¢l = c. This is a contradic-
tion. Thus, JyJ,-1 = {0} for each g ¢ H. Next, we claim that J, = {0} for
each g ¢ H. Since B is a Galois algebra over R, B is an Azumaya C-algebra.
Noting that B.J, is an ideal of B and I; = BJ; N C is an ideal of C, we have
that BJ, = BI, (see [1, Corollary 3.7, page 54]). Also, by Proposition 2 in
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[4], I7 = I, for all g € G. Hence, for each g ¢ H,
Jg CBJy = Bly = BI? = (BI,)(Bl,) = (BJg)(BJy)
=BJgJg = BlgJy> = BJgJg2 = BlyJgs
=BJyJgs = BlyJys = -+
=BJyJyu-1 (where [ is the order of g)
—BJ,J, 1 = {0},

This shows that J, = {0} for each g ¢ H. Thus, B = (© >,y Jx). Since
rankc(Jp) = 1, ranke(B) = |H|. Hence, by Theorem 3.1, B is a central
Galois algebra with Galois group H. O

REMARK. It is well known that for a Galois algebra B over R, if B is
a central Galois algebra over C' with Galois group H, then C is a Galois
algebra over R with Galois group G/H. Thus, Theorem 3.1 shows that a
Galois algebra B is a composition of a central Galois algebra with Galois
group H and a commutative Galois algebra C' with Galois group G/H when
rankc(B) = |H|.

THEOREM 3.3. Let B be a Galois algebra over R with Galois group G and
H={geG]|glc)=c for each c € C}. Then, rankc(B) = |H| if and only if
Jg =10} for each g ¢ H.

PRrROOF. Since B is a Galois algebra over R with Galois group G, B =
O geads = (© X hen Jn) @ (82, 0n Jy) as C-module (see [4, Theorem 1]).
For each h € H, J;, is a finitely generated and projective C-module of rank 1
(see [6]). Thus, rankc(B) = |H| if and only if J, = {0} foreach g ¢ H. O

To generalize the Kanzaki’s theorem, we put Theorem 3.1 in a “local”
form at a nonzero idempotent in R.

THEOREM 3.4. Let B be a Galois algebra over R with Galois group G,
e a nonzero idempotent in R, and H = {g € G | g(c) = ¢ for each ¢ € C}.
Then, Be is a central Galois algebra over Ce with Galois group H|p. if and
only if rankc.(Be) is defined and equal to |H|pge|, the order of H|pe.

ProoOF. We first claim that Be is a Galois algebra over Re with Ga-
lois group G|ge = G. In fact, by hypothesis, B is a Galois algebra over
R with Galois group G, so there exists a G-Galois system for B {a;,b; in
B, j = 1,2,...,t} for some integer ¢ such that Z;Zl a;jg(bj) = 01,4 for each
g € G. Hence Z;Zl(aje)g(bje) = ezzzl a;g(b;) = edr,4 for each g € G.
Therefore, {aje,bje in Be, j = 1,2,...,t} is a G-Galois system for Be and
e = Z;Zl(aje)(g(bje) —bje) for each g # 1 in G. But e # 0, s0 g|ge # 1
whenever g # 1 in G. Thus, Be is a Galois algebra over Re with Galois group
G|Be = G. Thus, Theorem 3.4 holds by Theorem 3.1 for Be. O
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COROLLARY 3.5 (T. Kanzaki). Let B be a Galois algebra over R with
Galois group G and H = {g € G | g(c) = ¢ for each ¢ € C}. Then, J, = {0}
for each g & H if and only if B is a central Galois algebra with Galois group
H.

PRrROOF. This is a consequence of Theorem 3.3 and Theorem 3.4 for e = 1.
O

4. A STRUCTURE THEOREM

In this section, we shall show that any Galois algebra is a direct sum of
Galois algebras each with Galois group isomorphic with and induced by G
and a well defined rank over its center.

THEOREM 4.1. Let B be a Galois algebra over R with Galois group G.
Then there are orthogonal idempotents {e;|i = 1,2,...,m for some integer
m} in CC such that B = & Z:il Be; where Be; is a Galois algebra over Re;
with Galois group G|pe, = G and rankc.,(Be;) = k; for distinct integers k;,
1=1,2,....,m.

PROOF. Since B is a Galois algebra over R, B is separable over R. Hence
B is an Azumaya C-algebra (see [1, Theorem 3.8, page 55]), and so it is a
finitely generated and projective C-module. Therefore, there exist orthogonal
non-zero idempotents e; in C, i = 1, 2,...,m for some integer m such that
B =&Y " Be; and rankc,, (Be;) = k; for some integer k;, and k; # k; for
i # j. This implies that g(Be;) = Be; for g preserves the rank of Be; over
Ce; for each g € G. Thus, for each e; € CG(Z R), Be; is a Galois algebra
over Re; with Galois group G|g., = G by the proof of Theorem 3.4. This
completes the proof. O

Theorem 4.1 is another general form of Theorem 3.1 different from The-
orem 3.4. We can use Theorem 3.1 to identify which direct summand of B is
a composition of a central Galois algebra and a commutative Galois algebra.

COROLLARY 4.2. Let B and e;’s be as given in Theorem 4.1, and H; =
{9 € G|Be; | g(ce;) = ce; for each ce; € Ce;}. Then Be; is a central Galois
algebra with Galois group H; if and only if rankc.,(Be;) = |H;|, the order of
H;.

We conclude the present paper with two examples of a Galois algebra B:
(1) B is a composition of a central Galois algebra and a commutative Galois
algebra, (2) B is not so as given in (1), but has a direct summand which is so
as given in (1).

ExaMPLE 4.3. Let R[i,j, k] be the real quaternion algebra over R,
B = R[’Lm]a k] 2 R[ija k]a and G = {L 9is 955 9ks 9os 9095 90955 gogk} where

gi(ar,as) = (iari~iagi™"), gj(ar,a2) = (jarj~' jasj™"), gr(ar,a2) =
(ka1 k=1, kask™'), and g, (a1,az2) = (az,a1) for all (a1,az) in B. Then,
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(1) B is a Galois extension with a G-Galois system:
{0,1 = (170)5 az = (i50)7 az = (.]7 0), a4 = (k,O),

as = (O 1) = (07i)7 a7 = (O7j)7 ag = (0716);
b= 301,0), b = —7(0,0), by = = (5,0), bs = —5 (K, 0),
b = 30,1, b = —(0,), br = —7(0,7), bs = (0,1}

(2) B¢ ={(r,7)|r € R} 2 R.

(3) C=ROR.

(4) By (1), (2), and (3), B is a Galois algebra over R with Galois group
G, but not a central Galois algebra with Galois group G.

(6) H={g€ G| g(c)=ctoreach ce C} ={1, g;, g, g}

(6) B is a central Galois algebra with Galois group H and C is a Galois
algebra over R with Galois group G/H = {1, g,}.

EXAMPLE 4.4. Let R[i, j, k] be the real quaternion algebra over R, D the
field of complex numbers, B = RJ[i, j, k] @ Ri,j,k] & (D ®r D) & (D ®r D),
and
G = {1, gi, 9j» 9k Go» 9oGi> 9o9j> 9o9k} Where

gi(al,az,ch QR dy,d3s ®dy) = (zalz Z(LQZ'_l,CZl ®d2,CZ3 ®d4)
gj(a1,a2,dy @ da,ds ® da) = (jarj ", jazj ", d1 ® da,ds ® dy)

gk(a az,d1 @ ds,ds ® dy (kalk_l, kCLQk_l, Jl X JQ, Jg X CZ4)

go(a1,a2,d1 ® da,ds ® dy) = (az,a1,ds @ dy, di ® da)

—_— — ~— ~—

for all (a1, as,d; ® da,ds ® dy) in B, where d is the conjugate of the complex
number d. Then,

(1) B is a Galois extension with a G-Galois system:
{z1=(1,0,0,0), 22 = (4,0,0,0), 23 = (§,0,0,0), z4 = (k,0,0,0),
=(0,1,0,0), z5 = (0,4,0,0), z7 = (0,4,0,0), g = (0, %,0,0),
r9 = (0,0,1®1,0), 210 = (0,0,v/—1®1,0),
r11 = (0,0,1® V—1,0), 719 = (0,0,vV/~1®v/~1,0),
z13 = (0,0,0,1®1), 14 = (0,0,0,vV/—1® 1),
215 = (0,0,0,1® v/~1), 216 = (0,0,0, V-1 ® v/~1);

1
yi=gu for 1=1,5,9,12,13,16,

1
yo = - for 1 =2,3,4,6,7,8,10,11,14,15}.

(2) B¢ ={(r,r,r",r")|r€R, " € Rer R} 2 R® R.
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3 C=R®R®(D®rD)®(D®gD).

(4) By (1), (2), and (3), B is a Galois algebra over R @& R with Galois
group G, but not a central Galois algebra with Galois group G.

(5) H={g€ G| g(c)=cforeachce C}= {1}, and so B is not a central
Galois algebra with Galois group H.

(6) Let ez = (1,1,0,0) and e2 = (0,0,1,1). Then B = Be; ® Bes
where Bey = R[i, j, k] ® R[i, j, k] is a Galois algebra with Galois group
G|Be, = G, and Be; is a composition of a central Galois algebra and
a commutative Galois algebra as given in Example 1.
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