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k-PROPER FAMILIES AND ALMOST APPROXIMATELY
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ABSTRACT.  Using the notion of k-proper family we prove general

results on the almost approximate stability of the polynomial functional
equation. As one of the corollaries we obtain the generalization of the
Theorem of R. Ger (cf. [4]):
Theorem Let G be a uniquely n! divisible commutative semigroup and let
T be a translation invariant proper ideal in G such that %U € T for every
UeZ,i=1,...,n. Let E be a Banach space.

Then there for every e > 0 and every f : G — E satisfying

A" f(z,h)|| <e for Q(ZT)-a.a. (z,h) € GXG
there exists a unique up to a constant function polynomial p: G — E of
order n — 1 such that

[|f(x) —p@)|| £2(2" —1)e for ZT-a.a. z € G.

1. INTRODUCTION

Due to their importance polynomials have for a long time attracted math-
ematical attention. When one considers the stability of polynomials, which
is the aim of the present paper, one has to mention the results of M. Albert
and J. Baker who proved in [1] that the polynomial equation is stable in the
Hyers-Ulam sense and that of R. Ger from [4] who proved that if a given
function satisfies a polynomial equation almost everywhere then it is equal to
a certain polynomial almost everywhere.

Using the notion of a k-proper family which we have introduced in [9]
in Section 2 we join and generalize the just mentioned results of R. Ger and
M. Albert, J. Baker and obtain the so called almost approximate stability
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of the polynomial functional equation. In other words it means that if a
given function almost everywhere satisfies with certain small bounded from
above error the polynomial functional equation then there exists a polynomial
function which approximates the given one almost everywhere.

In Section 3 we obtain an analogue of results from [10] for polynomials.
We prove that if the n-th difference of a given function is integrable then it
is in fact near to a polynomial.

2. BASIC DEFINITIONS

Throughout this paper G will denote commutative semigroup and H will
denote abelian group. For functions f : G — H we define the zero difference
of f by the formula

Af(x,h) = f(z) forz, h€Q.
For n € N we define inductively the n-th difference of f
A™f(x,h) == A (e + by h) — A" f (2, h).
One can easily check by induction that for n € N
(2.1) A" fla,h) =3 (~1)n (’;) f(z+jh) forz,he G,
j=0
or equivalently that
(22)  fl2) = (~1)"A"flah) = S (1) (’;) flz+jh) forz,heG.
j=1
DEFINITION 1. We say that f is a polynomial function of order n — 1 if
A" f(x,h) =0 forz,heG.
It is well-known that if f : R — R is a continuous polynomial function
(in the above sense) of degree n then it is a common polynomial, that is there
exist ag,...a, such that f(z) = Y I ja,2". Thus we see that the above
definition generalizes the idea of polynomials for commutative groups.

Let Z be a family of subsets of G. T is a translation invariant family iff
7 is proper and

—a+A={zxeG|latrzecAlel foracGAcT.

We say that family 7 is proper if G € T.
Now we explain what we mean by small sets.

DEFINITION 2. For a family T of subsets of G and k € N we define
Ik = {A1UUA]€ | Al,...,Ak EI}
We say that T is k-proper iff I is proper.
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If T is a k-proper translation invariant family then for the shortness of
notation we write that Z is a k-p.t.i. family.

Clearly a family 7 in G is proper if it is 1-proper. We write that a given
condition is satisfied for Z-almost all (shortly Z-a.a.) z € G if there exists
U € T such that this condition holds for x € G\ U. For Q € G X G, z € G
we put Q) :={y € G| (z,y) € Q}. For U € T we define

QUI) == {QCGxG|Qu eI forzeG\U},
QT) U ew.o).
Uvel

Q(Z) is a product of the family Z on G x G. One can easily observe that if 7
is k-proper then also Q(Z) is a k-proper family in G x G.

3. ALMOST APPROXIMATELY POLYNOMIAL FUNCTIONS
For B C H and k € N we define
keB:={x1+...+ x| x1,...,21 € B}.

The following Theorem is a generalization of Theorems 1 and 2 from [4].
However, what shows the advantage of the notion of a k-proper family over
the ideal, is that although we use nearly exactly the same idea as that of R.
Ger in [4], making use of k-proper families we can obtain stability.

THEOREM 1. Letn € N, and let G be a uniquely n! divisible commutative
semigroup and let H be abelian group. We assume that T is a (n® + n)-p.t.i.
family in G such that

1
-1e€eZl forlel,i=1,...,n.
i

Let BCH,B=—-B. Let U € T and let f : G — H be such that

(3.3) A"f(xz,h) € B for QU,TI)-a.a. (xz,h) € G x G.
Then there exists a function p: G — H such that

(3.4) f(z)=p(x) forzeG\U

and

(3.5) Ap(x,y) € (2*" —1)e B forx,y € G.

Moreover, for every functions po,p1 satisfying (3.4) and (3.5)
(3.6) po(z) —pi(z) €2(2** —1)e B for x € G.
PrOOF. By Q € Q(U,I) we denote the set such that
(3.7) A"f(x,h) € B for (x,h) € (G x G)\ Q.
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Ifabe Hia—becke Bthenwewrltea b. As B= -8B, awblfsza
One can easily notice that 1fazbandbzcthenakz c. Also 1fazband

! k+1
c~dthena+b A c+d.
To each z € G we assign a set A, € Z" by the formula

=Y

If G does not contain neutral element then by GU{0} we denote the semigroup
G with added neutral element. We fix a function ¢ : G — G U {0} satisfying
(a) ¢(x) =0 forxe G\U,
(b) ¢(x) e G\ Ay forxeU.

—z+U).

sl)—ﬂ

Then

x+ip(x) e G\U fori=1,...,n
We define
(3.8) p(@) =3 (=11 (1) flo +io(@)).

=1

It is obvious that f(x) = p(x) for x € G\ U, so p satisfies (3.4).
In order to prove that p satisfies (3.5) we first show that

3.9  pa) 21?12":( 1)k 1( )f(z:Jrk:h) for z € G,h € G\ Ay.

k=1
In fact, let us fix arbitrarily an « € G and h € G\ A,. Then one can easily
notice that the sets Q[z4i¢(x)] and Q4 xn) are elements of Z for i,k =1,...,n.
Then there exists

n

(=¢(@) + Qpu+kn) U ~(~h+ Quipay)) € T2,

)
1 i=1

>_|

Y € G\ (

s
=

k
as I2" C I"°+" which is proper by assumptions. Thus we have
(3.10) x+kh e G\U, ¢(x)+ kvn € G\ Quirn), h+itvn € G\ Qutio(a)
and so, in particular
(3.11) (x +kh,o(x) + kvp) € (GxG)\Q fork=1,...,n

Now let us note that for an arbitrary i, 1 < i < n, and for every h; €
G\ Qpu+ig(x)) by (2.1) and (3.3)

flx+io(x éi ( )f($+l¢()+khi>.

k=1
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In particular, in virtue of (3.10), we may take h; = h + i1, and thus we can
write

fla+ig(e) = 3-8 (1) fl@+io(@) + k(b + i)
(3.12) k=1

=
Il
—

pa) 7= S (1) 0E (1) £+ b i(0(o) + b))
=1 k=1

= S EE(R) 0T (T) fa B i) + k)
k=1 i=1

whence (3.9) results by (2.1), (3.11) and (3.3).
Now we will prove that p satisfies (3.5). Let us fix arbitrary u,v € G. By
(3.9) we can write

3

(3.13) p(u+ jv) < 12 ( ) flu+jv+ hy),
k=1
for hj € G\ Auyju, 7=0,1,...,n
Let us take a h € G\ A, = G\ 0 +(—u+U) € I, and choose £(h) € G
such that =
(3.14) h+jé(h) € G\ Autjo for j =0,1,...,n,
v+kE(h) € G\ Quykn fork=1,2,....n

Such a choice is always possible, because
n

and by the assunptions Z is (n? + n)-proper, so I+ s a proper family.
Since h + j&(h) € G\ Aytjv, we obtain from (3.13) that

2
U+[u+kh]) S Al +n7

?rl»—*

h+Au+j7j LnJ

u|>—l

on

) -1
plu+jv) =~

M:

(DR (%) Flut o+ k(h + 5ER)))

=~
Il
_

(3.15)

I
NE

(0 () flut K+ 50+ k()

k

Il
-

for j=0,1,....n
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Finally, from (2.1) and (3.15) we have
A"p(u,v)

3=0
2"'(?;—1) Z(_l)j—l (?) Z(_l)k—l (Z) flu+kh+j(v+EkE(R)))

=0 k=1
= U (3) () flut ki + k()
k=1 j=0
27;?1 0

in view of the fact that (u+ kh,v+k&(h)) € (GxG)\Q for k=1,...,n, by
(3.14). Thus p satisfies (3.5).
In order to prove (3.6) let pg, p1 : G — H be two functions satisfying (3.4)
and (3.5). Let € G be arbitrary. We have, by (2.2), for every h
2271 — i1 n .
po@) “ = D=1 () pole + i),

i=1

2271,71 n i n i
p@ YD) e+ i),
i=1

Let h € A, be arbitrary. Then po(x +ih) = p1(z+ih) fori=1,2,...,n, and

2(2%" -1
consequently po(z) ( ~ ) p1(x), which makes the proof complete. O

Now we show a generalization of Theorem 1 from [4] by stating B = {0}

in Theorem 1.

COROLLARY 1. Letn € N, and let G be a uniquely n! divisible commuta-
tive semigroup and let H be abelian group. We assume that T is a (n® + n)-
p.t.i. family in G such that

1
—1e€eZl forlel,i=1,...,n.
i

LetU €7 and let f : G — H be such that

(3.16) A"f(z,h) =0 for QU,T)-a.a. (z,h) € G x G.
Then there exists a unique polynomial p : G — H of degree n — 1 such that
(3.17) f(z) =p(x) forzeG\U

Now we formulate a generalization of Theorem 3 from [4] (similair results
for the Cauchy equation were earlier obtained by S. Hartman in [6] and N. G.
de Bruijn in [2]). We skip the proof as it is an exact repetition of the proof
of Theorem 3 from [4].
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However, we were not able to obtain the same generality as in Theorem 1
— we assume also that G is a group and 7 is invariant with respect to invarsion.
It seems interesting whether this “additional” assumptions are essential (to
our opinion it is really the case).

COROLLARY 2. Let T be a (n? +n)-p.t.i. family in a group G, such that
1
(3.18) —1el forleZ i=1,...,n
i
We assume additionally that —1 € T for I € T.
Let f : G — H and let S € T be such that
A"f(z,y) =0 forz, heG\S.

Then f is a polynomial function of order n — 1.

Let B C H be such that B = —B. We say that the polynomial equation
of order n — 1 is B-stable for functions from G into H if there exists K € N
such that for every function F' : G — H satisfying

A"F(z,y) € B for (z,y) e Gx G
there exists a polynomial function p : G — E of order n — 1 with
F(z) —p(z) e KpeB forxed.

PROPOSITION 1. Let n € N, let G be a uniquely n! divisible commutative
semigroup, let H be abelian group and let B C H. We assume that B = —B
and that the polynomial equation is (22™ — 1) e B-stable with constant K.

Let T be a (n? + n)-p.ti. family in G, and let U € Z. Then for every
function f: G — H satisfying

A"f(z,y) € B for QU,I)-a.a. (z,y) € G x G.

there exists a polynomial function p: G — H such that

(3.19) fx)—plx) € (2" —1)KeB forzecG\U.
Moreover, for every polynomial functions pg,p1 satisfying (3.19)
(3.20) po(x) —p1(z) €2(2" —1)(2*" ~ 1)K e B forz € G

PRrOOF. By Theorem 1 we obtain that there exists a function P : G — H
satisfying (3.4), (3.5). As the polynomial equation is (22" — 1) e B-stable (3.5)
implies that there exists a polynomial p of order n — 1 such that

P(z) —p(z) € (2** —1)K e B for x € G.
By (3.4) we obtain that
P(z) = f(z) forze G\U.

By joining the two above inequalities we obtain (3.19).
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We show (3.20). Let pg, p1 be two polynomials satisfying (3.19). Take an
x € G and an h such that z +ih € U for i = 1,2,...,n, which is possible,
since

(—x4+U)eI".

=
| =

s
Il
—

Then

K271 L K@ -1 . .
po(x+ih) =~ ~ flx+ih) =~ “pi(zx+ih) fori=1,...,n,

so by (2.2)

Po(@) - S () pole+ih)

i=1

(2" —1)2K(22"—1) & i1 (n )
~ 2(71) 1(i)p1(z+zh):p1(1‘).

=1

The following result is a corollary of Theorem 4 from [1].

Theorem A-B Let G be uniquely n! divisible commutative semigroup, let F
be a Banach space, let € > 0 and let f : G — E be such that

[A™ f(z,y)|| <& for z,y € G.

Then there exists a unique up to a constant function polynomial p: G — E
of order n — 1 such that

If(z) —px)|| <2 forzed.
Now we are able to prove the almost approximate stability of polynomial
functional equation.
THEOREM 2. Let G be uniquely n! divisible commutative semigroup, let
T be a (n? +n)-p.t.i. family in G such that
1
-Iel forlel,i=1,...,n.
i
Let E be a Banach space.
Then for every e >0, U € T and every f : G — E satisfying
JA"f(, )l < e for QU,T)-a0. (z,) € Gx G
there exists a unique up to a constant function polynomial p : G — E of order
(n — 1) such that
Il f(z) —a(2)| <2(2* —1)e forxzec G\U.

PrROOF. We put B = B(0,¢), a ball with the center at zero and radius ¢
in E. Then the assertion of the Theorem follows immediately from Theorem
A-B and Proposition 1. o
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4. GENERALIZED STABILITY

—_——
If £ is a set of functions from G — H then by ke L we denote L + ...+ L.
We define the translation by a € G by the formula
To(z):=a+zx foraxed.
We say that £ is translation invariant if f o T, € L for every a € G, f € L.
We also define
M;(z) =iz fori=1,...,n,z €Qq.

PROPOSITION 2. Let G be uniquely n! divisible commutative semigroup,
and let T be a p.t.i. family in G such that

1
—I1e€l forleZ, i=1,....n
i

Let B C H be such that B = —B.
Let L be a translation invariant set of functions from G into H such that
L =—L. We assume additionaly that if a constant function c(x) = ¢ belongs
to (2"t — 1) e L then c € B, and that
foM;eL forfel i=1,...,n
Let T be a p.t.i. family in G and let U € . We assume that f : G — H
is a function such that there exists V. C G, nV € T with
(4.21) A" f(z,-) e L forxe G\,
' A"f(-,h) e L forhe G\V.
Then
A"f(z,h) € B for QU,T*" Y-a.a. (x,h) € G x G.
PrOOF. The main part of the proof consists of some trivial but tedious
manipulations. For arbitrary a,x, h € G we have

i (Z) (—=DFA" f(z + knh,a+ (n— k)h)

k=0

=3 () U (5) (LS + ko (= i) a+ (= K))
k=0 1=0

=33 (0) (7)) GO+ kb o+ (= i)+ (0 - F)h)
k=0 i=0

=3 (1) 0 () (C1E S+ (0= i)t nh) + K(ih)
1=0 k=0

I
I/ /N
=3

| ) (—=1)'(=1)"A" f (2 + (n — i)(a + nh), ih).
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Thus we have obtained that for a, h,z € G,

S (1) (“DFA"f(@ + knh,a + (0~ k)R)

k=0

=3 (1) (C)MAN @+ (n+ i) (a -+ nh), ih),
1=0

or equivalently, replacing h by %h, that for a,h,x € G

n

Z (Z) (=D A" f(z + kh,a + (1 — S)h)

k=0
=37 (3) (A (0= i) ), SR,
1=0
This means that for a,z,h € G
A f(ah) = ()" () (DA (o + khya+ (1 %)h)

(4.22) w " '
=3 (1) (VA4 (= i)at ), <)

n

Now we are ready to prove the assertion of the Proposition. Suppose that
z,h € G are such that

‘hgVie+kheU fork=1,....ni=1,....,n—1.
n

Then by (4.22)
A"f(w,h) = (1)) (Z) (~1) A" f(z + kh,a+ (1 — S)h)

k
- (") (—1)'A" f(z + (n — i)h + (n — i)a, ih)

=0
= (1" (§) (CDFA" (@ + kb, o T k(@)
k=0
=3 (1) COIA SR 0 Moo Tosuoin()
=0

Thus we have obtained that A™ f(x, h) as a function of variable a is an element
of (21 —1)e L. Trivially A" f(z, h) as a function of a is constant, so by the
assumptions we obtain that A™ f(z,h) € B. This means that

A"f(xz,h) € B for (x,h) € G x G\ Q,
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where .
"1 !
Q=Ux&u |J (= U ~(nV)U U (=2 +U)).
zeG\U i=1 k=1
One can easily notice that Q € Q(U,Z?"~1). a

THEOREM 3. Let G be uniquely n! divisible commutative semigroup, let
T be a (2n —1)(n? + n)-p.t.i. family in G such that

1
-1e€l forieZ, i=1,...,n.
i

Let H be abelian group and let B C H be such that B = —B. Let L be a
translation invariant set of functions from G into H such that L = —L and
that foM; € L fori=1,...,n. We assume additionaly that if a constant
function c(x) = c belongs to (2! — 1) e L then c € B.

Let U € Z. Suppose that f: G — H is a function such that
A" f(x,-) e L forxe G\,

A"f(-,h) e L forI-a.a. x € G.
Then there exists a function F : G — H such that

A"F(z,y) € (2°" —1)e B forxz,yc G

(4.23)

and
f(z)=F(x) forzeG\U.
PROOF. Making use of Proposition 2 with the family (nZ) we obtain that
A"f(x,h) € B for QU, (nT)*" 1)-a.a. (z,h) € G x G.
As G is uniquely n divisible as Z is a (2n — 1)(n? + n)-p.t.i., so is nZ, and

therefore (nZ)?"~! is a (n? + n)-p.t.i. family. Theorem 1 makes the proof
complete. O

Let p € [1,00). For the definition of the Banach space £,(R"™, E) of p-
integrable functions on R™ with respect to Lebesgue measure A\, and values
in a Banach space E we refer the reader to [5].

COROLLARY 3. Let E be a Banach space, let p € [1,00) and let f : R™ —
E be a function such that

A"f e L,(R" x R", E).
Then there exists a unique polynomial p : R™ — E of degree n — 1 such that
f(x)=p(x) for A-a.a. x € R"

PrROOF. We put B = {0} and Z define as the family of all sets with
measure zero in R™. The reader can now easily check that all the assumptions
of Theorem 3 are satisfied, so its assertion makes the proof complete. o



188 JACEK TABOR

THEOREM 4. Suppose that all the assumptions of Theorem 3 hold. We
assume additionally that H is a Banach space and that B = B(0,¢), where
B(0,¢) denotes the ball in H with the center at zero and radius €.

Then there exists a unique up to a constant function polynomial p of order
n — 1 such that

(4.24) I f(z) —p(x)]| <2(2°" —1)e forxz e G\U.

ProOF. Making use of Theorem 3 we obtain that there exists a function
F : G — H such that

|A"F(z,y)| < (22" —1)e for z,y € G.
and that
f(x)=F(x) forzeG\U.

Now making use of Theorem A-B we obtain the existence of a polynomial
p: G — H such that

lp(z) — F(x)|| <2(2*" —1)e for z € G,
which implies that
p(z) — f(2)| <2(2* —1)e forz e G\U.

Now suppose that there are two polynomials pg, p; satisfying (4.24). Then
po, p1 satisfy (3.19), so by (3.20) we obtain that

Ipo(a) — pr(@)]| < 22" —1)-2(22" —1)e for v € G,
which clearly implies that pg — p1 is a constant function. O

The following result shows that Theorem 4 enables us to ”join” the clas-
sical almost approximate type of error with integral and still obtain almost
approximate stability. Roughly speaking the reason for this is that if the n-th
difference of a given function belongs to the space L£P then in fact it enforces
the function to be almost everywhere equal to some polynomial (see Corollary
3).

However, first we have to introduce some notation. Let E be a Banach
space and let IC be a vector space of functions from G to E. Let U € Z. In
analogy to the definition Q(Z) we define

UK):={F:GxG—E|F(z,)e K forZ-aa zecG},
For f: G — E we put
I fllic,sup := mf{{|f — fcllsup | fc € K}

THEOREM 5. Let G be uniquely n! divisible commutative semigroup. Let
E be a Banach space and let IC be a translation invariant vector space of
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functions from G into E such that K = —IKC and that f o M; € K for f € K,
i=1,...,n. We additionally assume that

inf = .
Inf [|f(x)| =0 for fek
Let T be a family in G such that
1
-lel forlel, i=1,...,n.
i

We also assume that (nZ) is a (2n — 1)(n? 4+ n)-p.t.i. family.
Lete >0 and f: G — FE be such that

||Anf||QU(K:),sup <e
and that
HAnf('vh)”K:,supSE fO’f’hEG\U.

Then there exists a unique up to a constant function polynomial p: G — FE
of order n — 1 such that

Il f(z) —p(x)]| <2(2* —1)(2"T —1)e forxzc G\ U.
Proor. We put
L:={f:G—=E||flrsup <e}

One can easily notice that £ is a translation invariant set such that £ = —L.
We show that if a constant function ¢ : G — E belongs to (271 — 1) e £ then
lell < (21 = 1)e.

Suppose, for an indirect proof, that there exists a constant function ¢ €
(271 — 1) e £ such that ||c|| > (2"T! — 1)e. By the definition of || || sup and
the fact that ¢ € (277! — 1) o L, ||c[lic.sup < (2" — 1)e there exists ¢ € K
such that
llefl + 2"+ —1)e

2

e — excllsup <

As ¢ € K, there exists ¢ € G such that
llell — (27! —1)e
5 .

Joining the two above inequalities and making use of the fact that ¢ = (¢ —
¢k) + ek we obtain

e (@) <

el = lle@)ll = lleo(z) + er(@) | < [leo(@)]| + [lex ()]
lell+@"* D 4 llell=@"* =D _

which yields a contradiction.
Theorem 4 completes the proof. O
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COROLLARY 4. Let E be a Banach space and let p € [1,00). Then for
every f : R™ — E satisfying
€= ||Anf||CP(R"'><R"',E),sup < o0

there exists a unique up to a constant function polynomial p : R™ — E of
degree n — 1 such that

Il f(z) —p(2)| < 222" —1)(2"™ —1)e  for A\p-a.a. x € G.
Proor. We put

Z = {ACR"| XA =0},

K = L,(R",E).
By the Fubini Theorem we obtain that

L,(R" xR", E) C Qz(L,(R", E).
This explains why
1A" fllzic,®n,E))sup < 1A fll 2, (Re xR, E) sup = €
Analogously we obtain that
1A (5 Pz, mn By sup < € for T-a.a. h € G.

Theorem 5 makes the proof complete. O

COROLLARY 5. Let E, F be Banach spaces, let U be a bounded subset of
E.

Let € > 0. We assume that f : E — F is such that there exists a bounded
V C E with

limsup ||A" f(z,y)|| < e foraxe E\U.

llyll—o0

limsup ||[A"f(y,h)|| < e forhe E\V.

lyll—o0

Then there exists a unique up to a constant function polynomial p : E — F
such that

1f(x) —p(x)|| <2(2*" = 1) =) forz € E\U.
PRrROOF. We define

Z = {W C E|W is bounded }
K :={g9:E—F| lim |g(z)| =0}

|zl =00

Theorem 5 makes the proof complete. O
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