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ON SYMMETRIC BLOCK DESIGNS (45,12,3) WITH
INVOLUTORY AUTOMORPHISM FIXING 15 POINTS

VINKO MANDEKIC-BOTTERI
University of Zagreb, Croatia

ABSTRACT. All symmetric block designs (45,12,3) admitting an in-
volutory automorphism fixing 15 points are classified. The orders of their
groups are also determined.

1. INTRODUCTION AND PRELIMINARIES

An involutory automorphism of a symmetric block designs (45,12,3) can
fix at most 15 points. Here we are dealing with this case. The aim of this
article is to prove the following

THEOREM 1.1. Let D be a symmetric block design (45,12,3) admitting an
involutory automorphism fixing 15 points. Then D is isomorphic to one of the
28 designs listed below in the Table 2. All of the 28 designs from the Table 2
are mutualy non-isomorphic. However, there are two among them which are
dual of each other, and 26 are self-dual. These 28 symmetric block designs
have groups of orders 2', 22, 23 24 22.3 23.3,23.33 24.33 2%.3% gnd
27.3%.5.

This result was obtained by means of combinatorial and group theoretical
methods and with the help of a computer.

In the following we use the term design for symmetric block designs. We
begin by recalling some basic facts related to designs (see for example [1], [2],

[4])-

DEFINITION 1.2. Let D = (P, B,I) be an incidental structure with point
set P, line set B and incidence relation I C P x B. Forx € B, P € P denote
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<e>={QeP|(Qu) e},
<P>={yeB|(P,y) eI},
lzj=|<z>], |P|=|<P>|

A (v, k, N)-design, v,k,A € N, k > X is an incidence structure D = (P, B,I)
such that:

(i) |P|=|Bl=v=k(k—-1)/A+1,

(ii) [z] = [P]=F,

) |[<z>N<y>|=|<P>nNn<Q>| =) foralzy e B,
P,Qe P, withe #y, P#Q.

For two designs D1 and Dy an isomorphism of D; onto D5 is a bijection
which maps points onto points and lines onto lines preserving the incidence.
Similarly, dual isomorphisms are bijections which map points onto lines and
lines onto points and preserve the incidences. The full automorphism group
of D is denoted by Aut D.

DEFINITION 1.3. Let D be a (v,k,\)-design and G an automorphism
group of D. For x € B, P € P, g € G, we denote by xg, Pg the g-images of
z and P, and by G = {xg | g € G}, PG = {Pg | g € G}, the G-orbits of x
and P, respectively. By a known result the number t of point orbits equals the
number of line orbits. Denote corresponding orbits by B;, P., 0 <i,r <t—1
and |B;| = Q;, |Pr| = wy.

From the above definitions, it follows immediately that

t—1

t—1
i) B=UB;, P=U P,
i=0 0

1= r=
(ii) ZQl => w,=v.
K3 T
Letx € B;, P € P, vir = | <z >NP.|, Ty =| <P >nNB;|. Then, obviously
one can easily see, that v, and I';. do not depend on the choice of x and P,
respectively.

The introduced cardinalities satisfy some important relations:

LEMMA 1.4. It is:

(1) Qi’yir = w’!‘l—‘i’l‘a

t—1 t—1

(2) Z’Yirrjr = )\QJ + 5ijn; Z Lirvis = dws + drsn,
r=0 =0
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dij, Ors being the correspondent Kronecker symbols, and n = k — A the order
of D. Because of (1), (2) can be rewritten as:

t—1 t—1

3) > %%‘r%‘r = A+ 0im; Y

r=0 =0

_Zlyir’yis = )\ws + 67‘8”'
w

T

DEFINITION 1.5. We mark
t—1 t—1
[Bi,Bjl = 7 Tjr and [Pr, PJ = Tirvis
r=0 i=0

and call these expressions the orbit products.

DEFINITION 1.6. Given a (v,k,A)-design and G < AutD with corre-
sponding G-orbits distributions, the matrices (vir), (I'iy) are called the orbital
structures of D with respect to G, for lines and points, respectively. Obviously,
the orbital structures of D are uniquely determined up to the order of rows
and columns. We call v; = (Vio,---,%it—1) and Ty = Lopy ..., i1y) the
orbital structures for lines in B; and points in P,., respectively.

Let us mark the points of P. by rg,7r1,...,7,_1 and the lines of B; by
TO,L, . ,Tg_l. Now, for each orbit P, the automorphism group G is repre-
sented as a permutation group on the indicies 0,...,w,, — 1. The analogous
holds for the line orbits.

In the matrix (74), let us mark their parts as follows: fixed part of the
set of lines fixed in D by < p >, unfixed part of the set of lines fixed in D by
< p >, fixed part of the set of lines unfixed in D by < p > and unfixed part
of the set of lines unfixed in D by < p >, by F(p), G(p), CF(p) and CG(p)
respectively.

DEFINITION 1.7. For p € AutD denotes the sets of points and lines in D
fized by < p >, by F,(P) and F,(B).

REMARK 1.8. By a known result |F,(P)| = |F,(B)| = F,, and by [6]
F,<k+Vk—-A\

LEMMA 1.9. Let p € AutD, |p| = p, p a prime. Denote F,(P) = F(P),
F,(B) = F(B), F, = F. Let N;, M; be the sets of orbital stucture lines
belonging to the p-fized lines with i fized points and p-nonfized lines with j
fized points, respectively. Their cardinalities are marked with N; and M;.
Counting the appearences of fized points and their mutual connections, we
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have (s. also [2], [3]):
(4) ZN F, pZM =0v—
(5) ZZN +ijM F -k

(6) Z<2>N+pz<2>M<§>>\

Hereby, i = k (mod p), i < F,j < \.

The analogous equalities are valid for dual sets N/, M} and their cardi-
nalities N/, M.

LEMMA 1.10. Let P, be a p-fized point of D, and NZ-(T), M]m the subsets
of Ni, M; containing P,.. Mark |NZ-(T)| =n{", |M](T)| = my). Counting the

K3
appearences of P, and its connections with other fixed points we get:

(7 Zn(T)—i-pZm =k
(8) > ’+pz = (F— 1A,

%

Similarly:

9) Z nET) = iN;, Z my) =jM

P.€F(P) P.cF(P)
Again, the analogous is valid for dual objects.

LEMMA 1.11. Let D be a nontrivial (v, k, \)-design, in which the involu-
tion p fizes F' points.

Let foo(i) be the number of fixed points of the orbital line B;, foo(i) =
| <z > NF(P)| = |if|, = € B;, and fx(i,j) the number of common fived
points of the orbital lines B; and Bj, fxo(i,j) =| <z >N<y>NF(P)| =
|(i,4)F|, z € B;, y € Bj. The following is valid:

(10) Z%r—k foo(d), for i€{0,1,...,G v-F

(11) Z%T%ﬁ ) =\ — fooli), for i€{0,1,...,G—1}

G-1
(12) > vievir = 200 = foolin ), for 4,5 €{0,1,...,G — 1},
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PRrROOF. It follows from Definitions 1.2 and 1.7, and Lemma 1.4 (see also
Beutelspacher ([1]), page.211. O

DEFINITION 1.12. Let for the construction of the symmetric (v,k,A)-
design, admitting an automorphism p which has the prime order p, the sub-
structures F(p) and G(p) of the orbit structure (i) be already constructed.

Let us consider the substructure R, 4, of the orbital structure (7;;), which
consists of the set P,. already constructed r fixed lines and the set Q,, already
constructed u unfixed lines, R, 1, = P, U Q.

For the construction of an unfixed part of a new layer x (fixed or unfixed
line), we choose the subset P of P,., s < r, and the subset Q; of Qu, t < u,
P, ={li,....s}, @t ={z1,...,2z}, s+t =j—1, ie. the subset R;_1 of
Ry, Rj_l =P, UQ; = {ll, e ls 2z, .,Zt} = {Tl, RV PV T ,Tj_l},
. _{lm, for 1<m<s,
™ zmes, for s+1<m<j—1.

The sets are defined as follows:

(13); V={FF+1,. G-1},
. J—1
(13)9 Bl(,ﬂfl) — {qu| Z%mqi},
m=1
and the cardinalities:
(13)3 BY™Y = BYTY,
(13)4 sz = Z Ya,q-
geBUD
Obviously:
(14); v=JBY",
- —F
(14), Y BT =g-F=""2.

Z p
REMARK 1.13. BZ-(jfl) is the number of unfixed points, which in the
choosed j — 1 layers appear ¢ times.
B;- is the number of unfixed points of the searched layer x, which in the
choosed j — 1 layers appear ¢ times.

LEMMA 1.14. Let D be a (v, k, A)-design admitting an automorphism p
which has prime order p fixing F points.

For searched the layer x, which has fo(x) fized points, from Definition
1.12 it holds that:
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J (G-1)
(15) 0< B! <p-BYY,

(16) S B = k= fu(a)

) S B =p |G- A= Y flrm)

PRrROOF. Following the equality (13)3 and (13)4 we get:

Bg = Z 71413 Z p:p'Bi(j_l)a

4B 4eBY

i.e. the inequalities (15) hold.
According to (10), we have:

G-1
(18) D> Aeg =k = folx), for z€{0,1,...,G-1}.
q=F

Separating and grouping the members in the expression (18), according to
(13)1—(13)4 and (14); we get:

D Vea =D D Ver=D Bl =k fx(@)

qeVvV i qu‘Ej—l)

i.e. the equation (16) holds.
According to (12), we have:

(19) Z YeqVrma = PN = foo(rm, 7)), for 7, € Rj1.
qeV
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Adding j — 1 equalities from the system (19), for the searched layer
2 and for j — 1 choosen layers, the following is obtained employing (13);—
(13)4 and (14);:

j—1 j—1
DD VeaVrna = D Ver D Ve =
m=1qeV qeVv m=1
-1
= Z Z ’Yqu%mq:
% qu‘(L_J'*l) m=1
= 2 ) dmis
i 6Bijfl)
SPVI S SR
A eBEjfl) A
j—1
= PIA = foo(rm, 2)] =
m=1
-1
= pAG—1) =D foolrm,2) |,
m=1
i.e. (17) holds. O

REMARK 1.15.

1. Lemma 1.14 is most frequently used when the subset R;_; has some
special property (meaning maximality or minimality) in relation to the
searched layer x or the subset R;_; has some such special property,
for example, all the layers from R ;_; have maximum intersections with
the choosed layer z in their fixed parts.

2. Lemma 1.14 gives necessary conditions for determining cardinalities
7ij, using the obtained B;.

The algorithm we use for constructing all designs with parameters (v, k, A)
admitting the given automorphism of the group G is described in more details
in [3]. Essentially, it consists of the following:

ALGORITHM (V.Cepuli¢) Let D = (P,B,I) be a (v,k, \)-design and G <
Aut D. Let Pq,...,P; and By,...,B; be the G-orbits of points and lines in
the given order. At first we build, layer by layer, possible orbital structures
I’ = (i) and, after that, the designs themselves by ”indexing” the obtained
structures, that is by finding the subsets P;,. of P, which satisfy all the condi-
tions for D in constituting line orbit representatives. The identification and
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elimination of isomorphic orbital structures, as well as of isomorphic and du-
ally isomorphic designs, based on the introduction of some lexicographical
ordering among them, is an important final step in both stages of construc-
tion.

2. PROOF OF THE THEOREM

2.1. Construction of the orbital structure. Now we assume that D is a design
with the parameters (45,12,3) admitting an involutory automorphism which
fixes 15 points.

The construction of the orbital structure will be done without using a
computer.

Using the properties of the fixed part of unfixed lines, this part is con-
structed first and its duality, unfixed part of the fixed lines, and only then
the fixed part of the fixed lines. Finally, are used in the construction of the
unfixed part of the unfixed lines modified equalities (16) and (17) which offer
more concise results.

We shall begin by determinating the parameters N;, M;, nl(.r) and m

2.1.1. Determination of the parameters of the orbital structure.

)
5

LEMMA 2.1. Let D be a (45,12,3)-design admitting an involutory auto-
morphism fixing 15 points. Then it holds:

(20) Ng =15, N; =0 else Ms=15 M; =0.

PRrROOF. By Lemma 1.9 we have ¢ = 12 (mod 2). For y € Mj, it is valid
that |y Nyp| = 3 and therefore j € {1,3}. Both fixed lines must have three
common fixed points, which means that the fixed lines must have at least one
common fixed point. Hence, Ny = 0.

Lemma 1.9 offers the following equations for the parameters N;, Mj:

(21) Nis + Nig + Ng+Ng + Ny + Ny = 15

(22) Ms+M, =15

(23) 12N19 + 10N1g + 8 Ng 4+ 6 Ng+4 Ny + 2Ny + 6 M3z + 2M; = 180
(24) 66N12 + 45N10 + 28 Ng + 16N + 6 N4 + No 4+ 6M35 = 315.

Building the expression £[2(24) + 24(21) + 42(22) — 9(23)] = 0, we get:
6N12 + 3N + 2Ng + 2Ny + 3M; =0,
which yields N1os = Nig = Ng = Ny = M; = 0. Now, from the above
equations it follows immediately that Ng = M3 = 15, Ny = 0. O
LEMMA 2.2. It is true that nér) =6, mg) =3 for all P, € F(P).

PROOF. In view of Lemma 1.11, the equations of Lemma 1.10 are reduced
to:
nd +om{) =12, ol +aml) = 42.
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(r) _
6 =

Hence n, 6, mg) = 3, as the only possible solution. O

2.1.2. Construction of the orbital structures G(p) and CF(p).

LEMMA 2.3. The substructure G(p) as a part of D, is a semiprojective
plane with the parameters (15,3,[1]).

PrOOF. For z € B, denoted 27’ =< 2 > NF(P). Let Q = B\ F(B), and
s 45 € @, @ # q5-
It is valid that |¢f N qu| < 1, for i # j, as otherwise it would be that
ti N q]F C {a, b}, where a,b are fixed points. It is not valid, because in this
case points a, b would lie on four common lines contradicting A = 3.

Having in mind that M3 = 15, mgr) = 3, for Vr € {0,1,...,14}, we
can see that the structure G(p) is a semiprojective plane with the parameters
(15,3,[1]). 0

LEMMA 2.4. The substructure CF(p) is a semiprojective plane with the
parameters (15,3,[1]) using full orbits of the unfized points as the points of its
structure.

ProoF. All unfixed lines have three fixed points, thus all of the full orbits
of unfixed points appear only in CF(p), each by A = 3 times.

All of the 15 fixed lines has three full orbits of the unfixed points, due to
Ng = 15.

The intersection of two fixed lines can contain at the most one full orbit.
Hence, the structure C'F(p) is a semiprojective plane with the parameters
(15,3,[1]), using full orbits of unfixed points as the points of its structure. 0O

LEMMA 2.5. Up to isomorphism there is only one part of the design D,
corresponding the substructure G(p). Marking the fized points in the orbital

structures of lines as 0,1,2,...,14, lexicographically first substructure is:
00 1 2
7 0 3 4
220 5 6
31 7 8
4 1 9 10
5 2 11 12
6 2 13 14
T3 7 11
8 3 9 13
9 4 8 12
100 4 10 14
11" 5 7 14
12275 9 12
13 6 8 13
14" 6 10 11
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PROOF. Let us consider three fixed points Py, P2, P3, positioned on the
same line in G(p). As A = 3 and ng) = 6, each two of them are positioned on
one additional line from F'(p), and together they cover at least 3-6 —3 -1 =
15 fixed lines, i.e. each of the unfixed lines contains at least one of them.
Maximally one of the points Py, P2, P35 can be situated on the set of lines in
G(p) through any of other fixed points.

If two of them shoud appear there, then because of A = 3, this point
would appear together with the points P, Py, P3 on maximum 1+1+3 =75
lines in F(p).

As pass these three points all the fixed lines, it is in a contradiction to
ng) = 6.

Because of my ’ = 3, each of the points Py, P, P3, is also situated on two
lines in G(p). Each of the 6 lines contains two of the rest of 12 fixed points.
As each of them can appear only once at most, each must appear once exactly.

It has thus been proved, that for any line in G(p), the rest of the 6 lines
containing some of its fixed points, contain also all the other fixed points,
each of them once exactly. On the basis of this, it is easy to show that, up
to isomorphism, G(p) is uniquely determined, as formulated in the sayings of
the Lemma. O

(r)
3

LEMMA 2.6. Using full orbits of the unfized points as the points of the
structure CF(p), the structure is uniquely determined up to isomorphism,
and is dually isomorphic to the structure for G(p).

PRrROOF. Because M; = 0, full orbits of unfixed points appear only on
fixed lines and, as A = 3, each of them on three lines.

For three fixed lines which contain the same unfixed orbit of the points,
it is easy to prove that each of the other fixed lines contains exactly one of
the 6 remaining unfixed orbits laying on these lines.

This property is analogue to that from Lemma 2.5, and similar deduction
leads to the claim of Lemma 2.6. O

2.1.3. Construction of the structure F(p).

LEMMA 2.7. With the substructures G(p) and CF(p), already constructed
up to isomorphism there are two structures F(p), both of them with the pa-
rameters (15,6,[1,8]) i.e. with 15 points and lines, such that 6 points lay on
each of the lines, and that 6 lines pass through each of the points, and with
the lines intersecting at one or three points.

PrOOF. (I) First we prove that, with the substructures G(p) and C'F(p)
already constructed, there is at least one substructure of three fixed lines,
passing through the same three fixed points, referred to as ”searched sub-
structure” in the rest of the text.
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It is proved (I) by the contradiction, i.e. by the impossible of con-
struction, with substructures G(p) and CF(p), already constructed of such a
structure F(p) in which the "searched substructure” would be omitted. For
that purpose the substructures of F(p) and G(p) containing fixed point i,
i € {0,1,...,14} will be observed. They will be denoted with F(p); and
G(p)s, respectively. Let i = 0.

(a) Distribution of fixed points in the substructure F(p)o

As is proved by Lemma 2.5, for G(p)o we have:

fixed points: 0 1 2 3 4 5 6
F

_ 4 1 11
qf 1 11

where g1, g2 and g3 are unfixed lines passing through the point 0. Let us
denote:

F(p)o={pf'|0<i<5}, wherep;, i=0,1,2,3,4,5,

are fixed lines passing through the point 0.

Therefore, the point 0 appears 6 times, the points from the set C' =
{1,2,3,4,5,6} ones, and the points from the set D = {7,8,9,10,11,12,13,14}
three times, at 36 locations in F'(p)o.

(b) The properties of fixed points of the set ¢ in the substructure F(p)g

FIRST PROPERTY: None of following pairs of fixed points 1 2, 3 4 and
5 6 can participate in any of the fixed lines p;, 0 < ¢ < 5, because on the
remaining 9 fixed lines every point from a pair should appear five times more,
and on one of them both should appear, and in the fourth time already, which
is contradicts A = 3.

SECOND PROPERTY: At least four fixed lines from F'(p)o have nonempty
intersection with the set C'. Else, at least three lines have empty inersection
with C, and in this way fixed points from D would participate in least three
fixed lines from F'(p)o, which is impossible, as eight points from D can’t be
arranged in three blocks of the lenght 5. In this was the intersections of the
blocks contain two points maximum.
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Thus, for the distribution of fixed points from the set C' we have the
following five cases:

FIRST CASE: 3+1+1+4+1+040 SECOND CASE: 24+2+1+1+4040
Cc:1 2 3 4 5 6 cC:1 2 3 4 5 6
1 1 1 (Po)e 1 1
1 (pl)c 1 1
1 1 (102)c 1
1 (p3>c 1
THIRD CASE: 2+2+1+41+040 FOURTH CASE: 24+1+1+1+4+1+0
C:1 2 3 4 5 6 C:1 2 3 4 5 6
1 1 (p())c 1 1
1 1 (p1)e 1
1 (p2)c 1
1 (p3)c 1
(p4>c 1

FIFTH CASE: 14+14+1+4+1+1+1

C:1 2 3 4 5 6
1

where the symbol "a + b+ ¢+ d + e + f” denotes that the line pg contains
a points from C, ..., and that the line ps contains f points from C, and

(pi)c =piNC.
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(c¢) Non-existence of the structure F(p) without the shearched substructure.

FIRST CASE:
FIXED POINTS

123 45 6 7 8 9 10 11 12 13 14

1 1 1

pF
¢

pf

0

1

1
py 1 1

pi 1

1

1

Py

pE

The lines p1, p2 and p3 have each 4 more fixed points from D, and they
can’t avoid additional intersection with the lines p4 and ps, which in D have
5 fixed points each. It means that the lines p1, ps and p3 have each two fixed
points from the set {7,8,9,10,11} and two from the set {7,8,12,13,14}. The
other two of the mentioned four are situated in the supplement-{12, 13,14},
relevantly {9, 10, 11}. Consequently, the lines p1, p2 and p3 do not contain any
of the points 7 and 8. Therefore, the points 7 and 8, should both be situated
on the line pg, which then with the lines py and ps gives the ”SEARCHED
SUBSTRUCTURE”.

The proof is developed similarly in the other cases.

(IT) Construction of substructures F'(p).

For first three of fixed lines pg, p1 and ps can be supposed

Po ﬂpl me - {O; 17 2}7
and on the basis of this their fixed parts are constructed i.e. the part of F(p)o.
(see first three of the fixed lines in Table 1).
Branching starts at the construction of the fixed lines p3, p4 and ps from

F(p)o. In the part constructed of F(p)o, the fixed points of the set E =
{3,4,5,6,7,8,9,10,11} are divided in three equally valid groups:

345 678 91011.

Furthermore, because of the structure G(p)o, the fixed point 0 in F(p)o comes
six times, eight fixed points from D come three times each, and six fixed points
from C one time each.

Because of the assumption py N p; N p2 = {0, 1,2}, additional six fixed
points should be found, which would appear three times each. The points
from the set H = {12,13,14} cannot be taken in to consideration. Namely,
if, for example, the point 12 should participate three times (meaning on the
lines ps, ps and ps), then additional five points from E could not be realised
two times each. Obviously two points from the set H cannot take part in the
situation.

1 1 1 1 1
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The participation of all of the three points from H leads to the contra-
diction ps Nps Nps = {0,12,13,14}.

Hence, it remains that only the points from the mentioned three equally
valid groups can appear three times each in F(p)o.

There are only two alternatives: 2 + 2+ 2 or 3 + 3 4+ 0 where the symbol
”a 4+ b+ ¢’ means that from the first group comes a, from the second group
b, and from the third group ¢ points three times each in F(p)o (3 +2+1 can
not be considerated as otherwise two of the fixed lines would have exactly two
common fixed points).

(Hence, either all of these three groups participate in F(p)o with two
points three times each, or two points from the two groups participate three
times each, and from the third group none participates three times in F(p)o.)
It is easy to prove that, taking in to consideration the necessary incidences
i.e. that in that part of the lines, they intersect in one or three points, the
first choice 2 + 2 + 2 gives the first SUBSTRUCTURE F'(p) (see for example
the substructure F'(p) on the orbital structure Sy 1, Table 1), and the second
choise 3 + 3 + 0 gives the second SUBSTRUCTURE F'(p) (see the part F'(p) of
S2,1, Table 1), having in mind that the fixed point 1, i.e. that with F'(p); is
treated in the same way as F'(p)o, and in the same way as F'(p)s.

We have thus proved that under given assumptions there are two sub-
structures for F(p), both obviously having the parameters (15,6,[1,3]). O

2.1.4. Constructions of the substructures F(p) U G(p) UCF(p).
LEMMA 2.8. Up to isomorphism there are two substructures F(p) UG(p).
PrOOF. Follows immediately from Lemmas 2.5 and 2.7 O

LEMMA 2.9. Up to isomorphism there are two substructures F(p) U
CF(p) UG(p).

PRrooF. Follows immediately from the symmetry of the schemes F(p),
uniqueness of G(p) and duality of the schemes G(p) and C'F(p), where in
CF(p), as usually, full 2-orbits are used as the points of the structure. O

REMARK 2.10. Let us mark lexicographically the first substructure with
Sy (see the substructure F(p)UCF (p)UG(p) on orbit structures S 1 and Sy 3,
Table 1) and the second with Sa (see the substructure F(p) U CF(p) U G(p)
on orbit structures Sz 1, S22 and Sz 5, Table 1).

2.1.5. Construction of substructures CG(p) for S1 and Sa.

LEMMA 2.11. Eleven ORBIT STRUCTURES S1,1, S1,2, S1,3, S1,4, ST4, 51,5,
S15: S1.6, S1,7, ST 7, S1,8 are obtained for the first SUBSTRUCTURE S corre-
sponding to the schemes (A/A)1, (A/A)2, (A/A)s, (A/B)1, (B/A)1, (A/C)2,
(C/A)2, D/D, E/F, F/E and G/G for CG(p), where S; ; and S} ; are mu-
tually dual substructures.
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ProOOF. For each unfixed line x of the orbit substructure S; there is a
unique set P3 = {p1,p2, ps} of three fixed lines p1, p2 and ps, which in pairs
have a maximum number (2) of common fixed points from the set {P1, P2, P3},
where Py, P and Pj3 are fixed points of the line x.

From the orbit substructure S; (see Table 1) we can see that the lines
from the set P3 have one common unfixed point. Thus according to Definition
1.12, for the searched line z, there is:

j=4, Py ={p1,pa,p3}, B =8, B =6, BY =0, B{ = 1.

According to Lemma 1.14, and taking into consideration that in CG(p)
there are no full point orbits, the following is valid:

0< B! <1-BY™Y hence
0<B;<8 0<B;<6, Bl=0,0<B§ <1.
and:

Bj + B3+ B§ =9,

B3 +3B¢ =3,
from which two options are possible for each unfixed line z:
1. possibility: Bg =8, B =0, Bg = 1;
2. possibility: B =6, By =3, Bi =0.

These solutions will be used for the construction of unfixed parts of all 15
unfixed lines, for both matrices S; and S3. The first possibility gives an
unique solution for the unfixed line, and the second gives four solutons.

Thus for the first unfixed line there are 5 options, and for the first and
the second unfixed line together only 7 options.

For each of these 7 options we can obtain a single solutions for the first,
the second and the third unfixed line, and these 7 options for three unfixed
lines will be marked with A, B, C, D, E, F and G.

On the basis of Lemma 1.14, unfixed parts of unfixed lines are obtained,

and using the symmetry of the whole scheme already obtained, parallel and
unfixed parts of the unfixed points are constructed. Some of these schemes
branch out (resulting in the indecies), and some disappear.
We must emphasize that for the first three of the unfixed lines, as for the first
three of the unfixed points, there were the same 7 options A, B, C, D, E, F
and G, and only some of them could be arranged. (for example, the option
A for the lines with the options A, B and C for the points, in symbols A/A,
A/B1iA/C, etc.)

It can be the illustrated with the schemes (A/A)1, (A/B); which show
the sequence of their construction. Let us observe the first three of the un-
fixed lines and the first three of the unfixed points on these schemes. The
symbols ”__” designate that then, according to Lemma 1.14, the fourth line
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is constructed, and the symbols ”:” that the fourth point is constructed, etc.
(for more details see [5] in which, according to Definition 1.12 and Lemma
1.14, the orbit structures for the designes (15,7,3), (25,9,3) and (31,10,3) are

constructed admitting an involutory automorphism). O
A/A=(A/A)1 A/A=(A/A)1
012345678901234[/(012345678901234
g)tooor1011111100(|100011011111100
1011100011110011)/011100011110011
2011011100001 111;|011011100001111
3/010({1.01101101011{|001{1.1.0101011011
4(1 0 1{0:1.0.1.0_.1.0_1_1.1.1.0] |1 10{0:0.1.1.0.1.1.0_1_1_1.0
5/101({1:0:1.0.1.0.1.1.0_1.0_1} |10 1{1:0:1.0.1.0_1.1.0_1_0_1
6/0 0 1{1:1:0:1.1.00101.1.1{|011}{1:0:1:1.1.0.1.00_1_1_1
7/1110{0:0:1:1:1.0.1. 01101} |101{0:1:0:1:1.00_1_1.1.0_1
8/110({1:1:0:0:0:1_.1.1.1.010} |1 10[{1:1:0:0:0:1_.1.1.1.0.1.0
91 10(1:0:1:1:1:1:1.0.0_1_1.0} |10 1}{1:1:0:0:1:1:0_1_0_1_1_0
0/110/0:1:1:1:0:1:0:1.1 0 01| {1 1 0{0:1:1:1:0:1:0:1.1 001
1110 1]1:1:0:0:1:1:0:1:1. 0 0_1 110/1:0:1:0:1:1:1:0:1.0.0_1
2/101/0:1:1:1:1:0:1:0:0:1.1.0| {1 0 1]{0:1:1:1:1:0:1:0:0:1.1 0
301 1{1:1:0:1:0:1:1:0:0:1:10| {0 1 1{1:1:0:1:0:1:1:0:0:1:10
4/011/1:0:1:1:1:0:0:1:1:0:01| |0 1 1{1:0:1:1:1:0:0:1:1:0:01

Similar is valid for Ss:

LEMMA 2.12. For the second SUBTRUCTURE Sy eleven possible ORBIT
STRUCTURES are obtained 5271, 5272, 5273, 5’2'13, 52,4, 5514’ 52,5, 5’2':5, 52,6;
S56 and Sz 7.

PROOF. Similar to the proof of Lemma 2.11. O

REMARK 2.13. Without the use of a computer, it was proved that all of
the 22 orbit structures are isomorhic with 5 orbit structures (vy;): S1,1, S1,3,
Sa.1, S22 and Sy 5, for which can easily be shown to be self-dual. However,
nonisomorhic character of the remaining 5 orbit structures was not proved.
They are listed layer by layer in the Table 1. All the data submitted in the
paper, were obtained without the use of a computer!

2.2. Construction of block designes. The indexing of the orbit structures ob-
tained was done according to ALGORITHM by V. Cepulié. There are exactly
28 designes to isomorhism (see Table 2). All of the 28 designs from the Table
2 are mutualy non-isomorphic. However, there are two among them which are
dual of each other, and 26 are self-dual. These 28 symmetric block designs
have groups of orders 2!, 22, 23, 24, 22.3,23.3 23.33 24.33 2%.3% and
27.3%.5 (see Table 2).
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Furthermore, indexing shows that the 5 orbit structures mentioned are
mutually non-isomorphic.
The most important conclusion is that in this case all of the designes are
classified. The proof of the Theorem is thus conclusive.

TABLE 1

THE ORBIT STRUCTURES

S1,1
fixed points unfixed points

012345678901234012345678901234
orr1r111 ..., .. 222 00000
1111 . 111 ... ... ... 222 00000
2111 .. .. .. 111 ... ... ... 222 . ... ..
31 11 .11 1. ... ... 2..22 ..

41..11....11 1 2 ... 22 ..
51 . .. .. 11 .11 120000000 22
6 .1 .1 .11 .1 ...1......... 2...2.2
7T.1.1.1...1.1.1..... 2 L2 .. 2
8 .1 .. ..1 .11 .1..1.2........ 2 .2 .
9..1 .11 .11 .. .1 .......... 2 ...2.2
0O..1.11....11.1...... 2 L2002
1..1 11 .11 ..1..2...... 2 .2

2 . 1 1..1..111..2..2 2 ...
3 . 1 r..1.111.2..2..2.......
4 ... .. 1..1..1111 2 .2 0
o1 ... .1 ... ... 11 117 .111111 ..
L 1....1 111 1111 . .11
2 11 11 .111 . 1111
3.1 .1 .. ... 1.1.1.11.11.1.11
4 .1 ... .. 1 ... .. 1.1.1.1.1.1.1111.
5.1 ... ... .. 1.1 1 1.1.1.11.1.1
6 . .11 .. ... ... 1..111.11..1.111
7. .1. ... .. 1.11...111.1.11.1
8 . .1 .. .. .. 1..1..11.11...1111 .1
9 . 1 A | .11 .1 .1 .111 . .11
0. 1....1.1 .11 . .111 .1 .11 . .1
1. 1.1....1 .1 .111.0.11 .11 . .1
2 . T ...11 ... .. 1.1 .1111 .1 11
3. ... 11 . ..1 ... .. 1111 .1.11. .11
4 .. ... 1 .1.1 ... ... 111 .111. .11 1
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S1,3

unfixed points

fixed points

4

3
L2220 0000

4012345678901 2

31

111111 ... ...

111 ..

0123456789012

222 00000 0.

1100

222 0000 .

11100

111 ... ..

.22 00 .

.11

.11

.22 ..

.11 .
L1200

.11

.11

.11
.11

.11

.11

.11

.11
.11 .

.11

.11

111 .

11112 0.2 .

.1

111111 ..
1111 .

.11

.11

.11

111 ..
.11

.1111

111 ...

.11 ..

.11 .11
.1

.11

1111 .

.1

111 .11 . 111
.11 .11

.11
.11

B

111

.1

L1111

.11 ..

.11 .11 .

111

.11 .

.11 .

.11

111 .0.11 .

111 .
.1
1111
.111

.11

1111 .

.11

.11 .

.11 .

.1

.11 .

111




211

ON SYMMETRIC BLOCK DESIGNS (45,12,3)...

52,1

unfixed points

fixed points

4

3
222 0000000

40123456789012

2314

orrr111 ... ... ..

1111 ..

012345678901

222 000000

B

222 0000 .

T

2111 ... ..

.22 00 .

.11 .11 . ..

31 .

.22 ..

.11
.11
.11

41 .

.22

.11

51 ..

.11

.11 .
.11

.11

11 1
.11 .11 .
111 ..
1..11112. .2 .

.11

IO I 1IN e I

o1 .......

11111 ..

.11

111

.11 .0.11

111 ...

3

1111

.11

.11

21 ... 000

.11

.111
1111 .

111 ..

.1

.1

111 ..

.1

.1111

111

.11

.11

111

T

.11 .11

.11

1

11111

.11 .1 .1 11
.11 ..111 . 11
.111..11 .11 .
.1.1111.1..11 .
.1111.1.11. .11
.111.111. .11

.11 L
1

IO I 1IN 1D I
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52,2

unfixed points

fixed points

4

3
L2220 0000

4012345678901 2

31

111111 ... ...

111 ..

0123456789012

222 00000 0.

1100

222 0000 .

11100

111 ... ..

.22 00 .

.11

.11

.22 ..

.11

.11
R

.22

R N

.11

.11 .

.11

.11

.11

.11

.11

.11 .

111 .

11112 0.2 .

.1

11111 ..

.11

111

.11 . .11

111 ...

.1111

.11

.11 ..

.11

111
1111 .

111 ..

.1

.1

111 ..

.1

1111

111

.11 .
.11

111

B

.11

.11
.11

11111 .1 .
.11

111

.11 .

.11

.11 .

.11 .

.11

111 .0.11 .

111 .
.1
1111
.111

.11

1111 .

.11

.11 .

.11 .

.1

.11 .

111
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52,5

unfixed points

fixed points

4

3
222 0000000

40123456789012

2314

orrr111 ... ... ..

1111 ..

012345678901

222 000000

B

222 0000 .

T

2111 ... ..

.22 00 .

.11 .11 . ..

31 .

.22 ..

.11
.11
.11

41 .

.22

.11

51 ..

.11

.11 .
.11

.11

11 1
.11 .11 .
111 ..
1..11112. .2 .

.11

IO I 1IN e I

o1 .......

11111 ..

.11

111

.11 .0.11

111 ...

3

1111

.11

.11

21 ... 000

.11
111
1111

.111

111 ..

111 .

.11 .
111
111 .

1.
111

.11

T

.11

111
.1

.11 .
.11

11111 . .1

.1

1.1 .11
111 . 11
.111..11 .11 .
111 .111
1111 .1 .11 .
.1 .1111 . .11

.11
1

IO I 1IN 1D I
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TABLE 2

THE LIST OF THE DESIGNS (45,12,3), admitting an involutory au-

(15 16)(17 18)(19 20)(21 22)(23 24)(25 26)(27 28)(29 30)

(31 32)(33 34)(35 36) (37 38)(39 40)(41 42)(43 44)

1.

0
0
0

03

design (I. orbit structure)

1 2 3 4 5151617181920
1 6 7 8212223242526
1 910 11 27 28 29 30 31 32
6 7122728 33 34 35 36

03
06
13
13
16
24 5
24
27
36

2

2

4

4 910 13 21 22 37 38 39 40
7 91014 1516 41 42 43 44
5 6 81229 3037 3841 42
5 91113232433 3443 44
8 9111417 18 35 36 39 40
7 8123132394043 44
510 11 13 25 26 35 36 41 42
8 10 11 14 19 20 33 34 37 38
91213 14 19 20 25 26 31 32

471012131417 18 23 24 29 30
58111213 14 15 16 21 22 27 28

TR R WWNONNNN—R, RO OoON

design
514 15 23 25 29 31 33 35 37 39
813 17 19 21 29 31 34 36 41 43
11 12 17 19 23 25 27 38 40 42 44
414 17 21 26 27 32 33 37 42 43
713 1519 24 27 32 35 38 39 41
10 12 15 20 21 25 30 34 35 40 43
31419 22 24 28 29 35 40 42 43
6 13 15 18 26 27 29 34 37 40 44
912 1518 21 24 31 33 36 38 42
7111517 22 26 30 31 34 39 42
8 10 15 17 24 25 28 32 36 37 44
6 11 15 20 22 23 29 32 36 38 43
8 91519 23 26 28 30 33 40 41
6 10 17 20 22 24 27 31 33 40 41
7 91720 21 26 28 29 35 38 44

The order of the automorphism group
is 12

0
0
0
1

QU O s s W W NN - =

514 15 23 25 29 31 33 35 37 39
81317 19 21 29 31 34 36 41 43
11 12 17 19 23 25 27 38 40 42 44
414 17 21 26 27 32 33 37 42 43
7131519 24 27 32 35 38 39 41
10 12 15 20 21 25 30 34 35 40 43
314 19 22 24 28 29 35 40 42 43
6 13 15 18 26 27 29 34 37 40 44
912 15 18 21 24 31 33 36 38 42
711 15 17 22 26 30 31 33 40 41
8 10 15 17 24 25 28 32 36 37 44
6 11 15 20 22 23 29 32 36 38 43
8 91519 23 26 28 30 34 39 42
6 10 17 20 22 24 27 31 34 39 42
7 917 20 21 26 28 29 35 38 44

The order of the automorphism group
is 16

MR A WWNNNRHRR,OOOW

design

514 15 23 25 29 31 33 35 37 39
813 17 19 21 29 31 34 36 41 43

11 12 17 19 23 25 27 38 40 42 44
414 17 21 26 27 32 33 37 42 43
713 1519 24 27 32 35 38 39 41

10 12 15 20 21 26 29 34 35 40 44
31419 22 24 28 29 35 40 42 43
6 13 15 18 25 27 30 34 37 40 43
91215 18 21 24 31 33 36 38 42
7111517 22 26 30 31 33 40 41
8 10 15 17 24 25 28 32 36 37 44
6 11 15 20 22 23 29 32 36 38 43
8 91519 23 26 28 30 34 39 42
6 10 17 20 22 24 27 31 34 39 42
7 917 20 21 25 28 30 35 38 43

The order of the automorphism group
is 432
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design

514 15 23 25 29 31 33 35 37 39
81317 19 21 29 31 34 36 41 43
1112 17 19 23 25 27 38 40 42 44
41417 21 26 27 32 33 37 42 43
713 15 20 23 27 32 36 38 39 41
10 12 15 20 21 26 29 34 35 40 44
31419 21 24 27 30 35 39 41 44
6 13 15 18 25 27 30 34 37 40 43
912 15 18 21 24 31 33 36 38 42
711 1517 22 26 30 31 34 39 42
810 15 17 24 25 28 32 35 38 43
611 1519 22 24 29 32 36 37 44
8 91519 23 26 28 30 33 40 41
6 10 17 20 22 24 27 31 33 40 41
7 9172021 2528 30 36 37 44

The order of the automorphism group

is 432

TR R WWNNDN R~~~ oo o N

design (Il. orbit structure)

514 15 23 25 29 31 33 35 37 39
813 17 19 21 29 31 34 36 41 43
11 12 17 19 23 25 27 38 40 42 44
414 17 21 26 27 32 33 37 42 43
713 1520 23 27 32 36 38 39 41
10 12 15 20 21 26 29 34 35 40 44
31419 21 24 27 30 35 39 41 44
6 13 15 18 25 27 30 34 37 40 43
912 15 18 21 24 31 33 36 38 42
7111517 22 26 30 31 35 38 43
810 15 17 24 25 28 32 33 40 41
611 1519 22 24 29 32 34 39 42
8 91519232628 3036 37 44
6 10 17 20 22 24 27 31 36 37 44
7 91720 21 2528 30 34 39 42

The order of the automorphism group
is 216

TR R WWNNNRR,HR,OO OO
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design
514 15 23 25 29 31 33 35 37 39
81317 19 21 29 31 34 36 41 43
11 12 17 19 23 25 27 38 40 42 44
41417 22 25 28 32 34 37 41 44
713 1519 24 27 32 35 38 39 41
10 12 15 20 21 25 30 34 35 40 43
31419 22 24 28 29 35 40 42 43
6 13 15 18 26 27 29 34 37 40 44
912 15 17 21 24 32 33 36 37 42
711 15 17 22 26 30 31 34 39 42
810 15 18 24 25 28 31 36 38 44
6 11 15 20 22 23 29 32 36 38 43
8 91519 23 26 28 30 33 40 41
6 10 17 20 22 24 27 31 33 40 41
7 9172021 26 28 29 35 38 44

The order of the automorphism group

15 48

TR R WWN NN RO O Oo®

design

514 15 23 25 29 31 33 35 37 39
8 13 17 19 21 29 31 34 36 41 43

11 12 17 19 23 25 27 38 40 42 44
414 17 21 26 27 32 33 37 42 43
7 13 15 20 23 27 32 36 38 39 41

10 12 15 20 21 26 29 34 35 40 44
31419 21 24 27 30 35 39 41 44
6 13 15 18 25 27 30 34 37 40 43
91215 18 21 24 31 33 36 38 42
7111517 22 26 30 31 35 38 43
8 10 15 17 24 25 28 32 34 39 42
611 15 19 22 24 29 32 33 40 41
8 91519 23 26 28 30 36 37 44
6 10 17 20 22 24 27 31 36 37 44
7 917 20 21 25 28 30 33 40 41

The order of the automorphism group
is 216
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TR R WWNNNN R HFROOOY
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design
514 15 23 25 29 31 33 35 37 39
81317 19 21 29 31 34 36 41 43
11 12 17 20 24 25 27 37 40 42 43
414 17 22 25 28 32 33 38 41 43
713 15 20 24 28 31 36 38 39 42
10 12 15 19 21 25 30 33 36 40 44
314 19 22 23 27 30 36 39 42 43
6 13 15 18 26 27 29 33 38 40 43
912 15 17 21 23 32 34 35 38 42
7111517 22 26 29 32 36 37 44
8 10 15 18 24 25 27 32 34 39 41
6 11 15 20 22 23 30 31 34 40 41
8 91519 24 26 28 30 35 37 43
610 17 19 22 24 27 31 35 38 44
7 917202126 27 30 33 39 41

The order of the automorphism group

s 4

x1. (Ill. orbit structure)

03 5 6 81329 3037383940
04 5 7 8143132414243 44
13 4 91012212237 38 41 42
13 5 91113232433 3443 44
14 51011 14 25 26 35 36 39 40
26 7 910121516 39 40 43 44
26 8 9111317 18 35 36 41 42
27 810111419 20 33 34 37 38
36 912131419 2025 26 31 32

4710121314 17 18 23 24 29 30
58111213 14 15 16 21 22 27 28

0

91415 17 21 23 31 33 35 37 39

010 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44

1

LU R W W NN ==

614 1517 26 28 30 34 38 41 44
713 15 19 24 28 32 35 37 40 42
8 12 17 19 22 30 32 33 36 39 43
31419 22 24 27 29 35 39 41 44
413 17 22 26 27 31 34 37 40 43
512 15 24 26 29 31 33 36 38 42
7111518 22 25 30 31 33 40 41
8 10 15 18 23 26 27 32 35 38 43
6 11 15 20 22 23 29 32 36 37 44
8 91520 24 25 27 30 34 39 42
6 10 17 20 21 24 27 32 33 40 41
7 917 20 22 25 28 29 35 38 43

The order of the automorphism group
18 432.
with 3. design

This design is isomorphic
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x2.

0 91415172123 31 33 3537 39
010 13 1519 21 25 29 34 36 41 43
011121719 23 2527 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 8121719 22 30 32 33 36 39 43
2 3141922242729 35394144
2 413172226 27 31 34 37 40 43
2 5121524 26 29 31 33 36 38 42
3 711151822 2530 31 3340 41
3 810 1518 23 26 27 32 36 37 44
4 6111520 22 2329 32 35 38 43
4 8 9152024 2527 30 34 39 42
5 610 17 20 21 24 27 32 33 40 41
5 7 9172022252829 36 37 44

The order of the automorphism group
is 432. This design is isomorphic
with 5. design

x3.
0 914151721 233133353739

010 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 8121720 21 30 32 33 36 40 43
2 314192223 28 30 36 39 42 43
2 413172226 27 31 34 37 40 43
2 5121524 2629 31 33 36 38 42
3 7111518222530 31 3340 41
3 810151823 26 27 32 35 38 43
4 611152022 23 29 32 36 37 44
4 8 9152024 2527 30 34 39 42
5 6101719 22 24 27 32 33 39 41
5 7 9172022252829 35 38 43

The order of the automorphism group
is 16. This design is isdomorphic
with 1. design

10. design

0 91415172123 3133353739
010 13 1519 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614151726 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 8121719 22 30 32 33 36 39 43
2 3141922242729 35394144
2 41317222627 31 34 3740 43
2 512152426 29 31 33 36 38 42
3 7111518222530 31 34 39 42
3 810151823 26 27 32 36 37 44
4 6111520222329 32 35 38 43
4 8 9152024 252730 33 40 41
5 6101720 21 24 27 32 34 39 42
5 7 9172022252829 36 37 44

The order of the automorphism group
is 1296

11. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614151726 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 81217 20 21 30 32 33 36 40 43
2 314192223 28 30 36 39 42 43
2 413172226 27 31 34 37 40 43
2 512152426 29 31 33 36 38 42
3 71115182225 3031 33 4041
3 810151823 26 27 32 36 37 44
4 611152022 23 29 32 35 38 43
4 8 9152024 252730 34 39 42
5 610171922 24 27 32 33 39 41
5 7 9172022252829 36 37 44

The order of the automorphism group
is 16
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12. design

0 91415172123 3133353739
010 13 1519 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 713152023 28 32 36 37 40 42
1 81217 20 22 29 31 34 35 40 43
2 3141921 24 28 30 35 40 42 43
2 4131722252832 33 3839 43
2 5121524 26 29 31 33 36 38 42
3 7111518222530 31 3340 41
3 81015 18 23 26 27 32 35 38 43
4 6111519222429 32 35 37 44
4 8 9152024 2527 30 34 39 42
5 6101720 21 24 27 32 33 40 41
5 7 91719222627 30 36 37 43

The order of the automorphism group
1S 4

x4.

0 914151721 23 31 33 35 37 39
0 10 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 7131520 24 27 31 36 38 39 42
1 81217 20 22 29 31 34 35 40 43
2 3141922242729 35394144
2 41317222528 3233383943
2 5121524 25 30 32 34 35 37 42
3 7111518222530 31 334041
3 8101518 23 26 27 32 35 38 43
4 611152022 2329 32 36 37 44
4 8 91519 24 26 28 29 33 40 42
5 6101720 21 24 27 32 33 40 41
5 7 91719222627 30 36 37 43

The order of the automorphism group
is 16. This destgn is isomorphic with
11. design

13. design

0 91415172123 3133353739
010 13 1519 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614151726 28 30 34 38 41 44
1 7131520 23 28 32 36 37 40 42
1 81217 20 22 29 31 34 35 40 43
2 3141921 24 28 30 35 40 42 43
2 41317222528 32 33 38 39 43
2 512152426 29 31 33 36 38 42
3 7111518222530 31 34 39 42
3 810151823 26 27 32 35 38 43
4 6111519222429 32 35 37 44
4 8 9152024 252730 33 40 41
5 61017 20 21 24 27 32 34 39 42
5 7 917192226 27 30 36 37 43

The order of the automorphism group

s 4

14. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614 1518 25 28 30 33 38 41 44
1 713152024 27 31 36 38 39 42
1 81217 20 21 30 32 33 36 40 43
2 314192223 2830 36 39 42 43
2 413172126 283234 38 39 44
2 5121524 25 30 32 34 35 37 42
3 71115172226 30 31 34 40 41
3 810151823 26 27 32 35 38 43
4 6111520222329 32 36 37 44
4 8 91519 24 26 28 29 33 40 42
5 6101719 22 24 27 32 33 39 41
5 7 9172022252829 35 38 43

The order of the automorphism group
is 12
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15. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
0111217 19 23 25 27 38 40 42 44
1 6141518 25 28 30 33 38 41 44
1 71315202427 31 36 38 39 42
1 8121720 21 30 32 33 36 40 43
2 314192223 28 30 36 39 42 43
2 413172126 28 32 34 38 39 44
2 5121524 253032 34 35 37 42
3 7111517222630 31 34 40 41
3 81015 18 23 26 27 32 36 37 44
4 6111520 222329 32 35 38 43
4 8 91519 24 26 28 29 33 40 42
5 6101719 22 24 27 32 33 39 41
5 7 9172022252829 36 37 44

The order of the automorphism group
is 12

17. design

0 91415172123 3133 3537 39
010 13 15 19 21 25 29 34 36 41 43
0111217 19 23 26 27 38 40 41 44
1 6141517 25 28 30 34 38 42 44
1 7131520 2327 32 36 3740 42
1 81217 20 22 29 31 34 35 40 43
2 3141921 24 27 30 35 40 42 43
2 41317222527 32 33 38 39 43
2 5121524 26 29 31 33 36 38 42
3 7111518222530 31 33 40 41
3 81015 18 23 26 28 32 35 38 43
4 6111519222429 32353744
4 8 91520242627 303439 41
5 6101720 21 24 28 32 33 40 41
5 7 91719 2226 28 30 36 37 43

The order of the automorphism group
is 2

16. design

0 91415172123 3133353739
010 13 1519 21 25 29 34 36 41 43
011121719 23 26 27 38 40 41 44
1 61415172528 30 34 38 42 44
1 7131519 24 27 32 35 37 40 42
1 81217 20 22 29 31 34 35 40 43
2 314192224 282935394144
2 41317222527 3233 38 39 43
2 512152426 29 31 33 36 38 42
3 71115182225 30 31 33 40 41
3 810151823 26 28 32 35 38 43
4 6111520222329 3236 37 44
4 8 91520242627 30 34 39 41
5 61017 20 21 24 28 32 33 40 41
5 7 917192226 28 30 36 37 43

The order of the automorphism group
15 8

18. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
011121720 24 25 27 38 39 41 44
1 6141518 26 27 30 33 38 41 43
1 7131520 24 28 32 35 37 40 41
1 8121719 22 30 32 34 35 39 43
2 3141922232729 35404144
2 4131722252831 33 38 40 43
2 512152426 29 31 34 35 38 42
3 7111518222529 32 33 39 42
3 810151723 26 28 32 36 38 44
4 6111519222430 31 36 37 44
4 8 9152023 2527 30 34 40 42
5 61017 19 21 24 27 32 33 40 42
5 7 917202226 27 29 36 37 43

The order of the automorphism group
15 8
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19. design (IV. orbit structure)

0 91415172123 3133353739
0 10 13 1519 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 8121719 2230 32 33 36 39 43
2 3141922242729 353941 44
2 413172226 27 31 34 37 40 43
2 5121524 26 29 31 33 36 38 42
3 7111518222530 31 353843
3 810151823 26 27 32 33 40 41
4 611 1520 22 23 29 32 34 39 42
4 8 9152024252730 36 37 44
5 6101720 21 24 27 32 35 38 43
5 7 9172022252829 334041

The order of the automorphism group
is 216

21. design

0 914151721 233133353739
010 13 1519 21 25 29 34 36 41 43
011121720 24 25 27 37 40 42 43
1 6141518 26 27 29 33 38 42 43
1 7131520 24 28 31 35 38 40 41
1 8121719 22 29 31 33 36 40 44
2 3141922 23 27 30 35 40 41 43
2 4131722252832 33 3839 43
2 5121524 26 30 32 33 36 37 41
3 7111518222529 32 35 37 44
3 810151723 26 28 32 34 40 42
4 6111519 22 24 30 31 34 39 42
4 8 91520232527 30 36 38 44
5 6101719 21 24 27 32 35 38 44
5 7 9172022262729 34 39 41

The order of the automorphism group

s 4

20. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614151726 28 30 34 38 41 44
1 7131519 24 28 32 35 37 40 42
1 8121719 22 30 32 33 36 39 43
2 3141922242729 35394144
2 41317222627 3134 3740 43
2 512152426 29 31 33 36 38 42
3 71115182225 3031 35 38 43
3 810151823 26 27 32 34 39 42
4 6111520222329 32 334041
4 8 9152024 2527 30 36 37 44
5 61017 20 21 24 27 32 35 38 43
5 7 917202225 28 29 34 39 42

The order of the automorphism group
is 216

22. design (V. orbit structure)

0 914151721 23 31 33 35 37 39
010 13 1519 21 25 29 34 36 41 43
011121719 23 25 27 38 40 42 44
1 614151726 28 30 34 38 41 44
1 7131719 22 28 32 35 37 40 43
1 812151924 30 32 33 36 39 42
2 3141922242729 35394144
2 4131524 26 27 31 34 37 40 42
2 51217222629 31 33 36 38 43
3 7111518222530 31 334041
3 8101518 23 26 27 32 35 38 43
4 611152022 23 29 32 36 37 44
4 8 91720222527 30343943
5 61017 20 21 24 27 32 33 40 41
5 7 9152024252829 35 38 42

The order of the automorphism group
15 8
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23. design

0 91415172123 3133353739
010 13 15 19 21 25 29 34 36 41 43
0111217 19 23 25 27 38 40 42 44
1 6141517 26 28 30 34 38 41 44
1 7131719 2228 32 35 3740 43
1 8121520 24 29 31 34 35 40 42
2 3141922242729 353941 44
2 4131524 2528 32 33 38 39 42
2 512172226 29 31 33 36 38 43
3 7111518222530 31 3340 41
3 81015 18 23 26 27 32 35 38 43
4 6111520 222329 3236 37 44
4 8 91720222527 303439 43
5 6101720 21 24 27 32 33 40 41
5 7 9151924 26 27 30 36 37 42

The order of the automorphism group
15 8

25. design

0 91415172123 3133 3537 39
010 13 15 19 21 25 29 34 36 41 43
01112 17 20 24 25 27 38 39 41 44
1 6141518 25 28 29 33 38 42 44
1 71317192228 3236373944
1 8121520 23 30 32 33 36 40 41
2 3141922232729 3540 41 44
2 41315232627 32 34 38 39 42
2 51217222629 31 33 36 38 43
3 7111517222530 31 34 40 42
3 8101518 24 26 27 31 36 37 44
4 6111520222429 32 35 37 43
4 8 9172021262829 3440 44
5 6101719 21 24 27 32 33 40 42
5 7 9151924 26 28 30 35 38 41

The order of the automorphism group
is 2

24. design

0 91415172123 3133353739
010 13 1519 21 25 29 34 36 41 43
011121719 24 26 27 37 40 41 44
1 6141518 2527 30 33 38 41 44
1 713171922 28 31 36 38 39 44
1 812151924 30 32 34 35 39 42
2 314192223 28 30 3540 41 43
2 413152326 27 31 34 38 40 42
2 512172126 30 32 33 36 38 43
3 7111517 22 25 29 32 33 40 42
3 810151823 26 28 32 36 37 44
4 611152022 24 30 31 36 37 43
4 8 9172021 2528 30 34 40 44
5 6101720 22 23 27 32 34 39 41
5 7 9152024 26 28 29 35 38 41

The order of the automorphism group
15 2

26. design

0 91415172123 3133353739
010 13 15 19 22 25 29 33 36 41 43
011121719 24 26 27 37 40 41 44
1 6141518 26 27 29 33 38 42 44
1 7131719 22 28 32 35 38 39 44
1 8121519 24 30 31 34 36 39 42
2 31419222327 30 3540 42 43
2 413152326 28 31 34 38 40 41
2 512172126 30 32 33 36 38 43
3 7111517 21 2529 32 34 40 42
3 810151824 26 28 32 35 37 43
4 61115202223 3032 36 37 44
4 8 9172022262729 34 39 43
5 61017 20 22 24 28 31 33 40 42
5 7 9152024 2527 30 35 38 41

The order of the automorphism group
15 2
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27. design 28. design

0 91415172123 3133353739 0 91415172123 3133353739
010 13 15 19 22 25 29 33 36 41 43 010 13 15 19 22 25 29 33 36 41 43
011121719 24 26 27 38 39 41 44 011121720 24 26 27 37 40 41 43
1 6141518 26 27 30 34 37 41 43 1 6141518 26 28 29 34 37 42 43
1 713172021 27 31 36 38 40 43 1 7131719 21 28 32 35 38 40 43
1 8121519 24 29 31 34 35 40 42 1 81215 20 23 30 32 33 36 40 42
2 3141921 24 28 30 36 39 42 43 2 31419212427 3036 39 42 43
2 4131523252732 34 38 39 42 2 413152326 27 32 34 38 39 41
2 5121722253031 34 36 37 44 2 51217212529 32 34 36 37 44
3 711151722 26 30 32 33 40 42 3 711151821 253031 344041
3 8101518 23 26 28 31 36 38 44 3 810151724 26 28 31 36 38 44
4 6111520212429 32 36 37 44 4 61115192224 3032 35 37 44
4 8 91720 2226 28 29 34 39 43 4 8 9172022252830 34 39 43
5 6101719 21 23 28 32 34 40 41 5 61017 19 22 23 27 31 34 40 42
5 7 9152024 2528 30 35 38 41 5 7 9152024 2527 29 35 38 42

The order of the automorphism group The order of the automorphism group
is 2 s 4
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