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n-SHAPE EQUIVALENCE AND TRIADS

TAKAHISA MIYATA

Shizuoka Institute of Science and Technology, Japan

ABSTRACT. This paper concerns the shape theory for triads of spaces
which was introduced by the author. More precisely, in the first part, the
shape dimension for triads of spaces (X; Xo,X1) is introduced, and its
upper and lower bounds are given in terms of the shape dimensions of X,
X1, XoN X1 and X. In the second part, a Whitehead type theorem for
triads of spaces and a Mayer-Vietoris type theorem concerning n-shape
equivalence are obtained.

1. INTRODUCTION

Throughout the paper, spaces and maps mean topological spaces and
continuous maps, respectively. A triad of spaces (X; Xo, X1) means a space
X and subspaces Xy and X; of X such that X = XoU X;. A map of
triads f : (X;Xo,X1) — (Y;Y0,Y1) means a map f : X — Y such that
f(Xo) C Yy and f(X1) C Yi. A homotopy of triads means a map of triads
h: (X xI;XoxI,X1xI)— (Y;Yy,Y1). Pointed versions of a triad, map
and homotopy are also defined in the obvious way. Using this homotopy, the
auther defined the shape theory for triads [9] and reproved the Blakers-Massey
homotopy excision theorem for shape theory (see also [11]). The purpose of
this paper is to investigate properties that concern the shape dimension for
triads and n-shape equivalence between triads.

First recall that Giinther gave an upper bound of the shape dimension
Sd X of a single space X:

THEOREM 1.1 (Gunther [2]). Let (X;Xo, X1) be a triad of spaces such
that Xo and X1 are closed and XoN X1 ts normally embedded in X. Then we
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have

Sd X S maX{SdXo,SXm, 1+ Sd(XO n X1>}

For each triad of spaces (X;Xo,X;) and n > 0, the shape dimension
Sd(X; Xo, X1) is said to be at most n, denoted Sd(X; Xo, X1) < n, provided
each map f : (X; X0, X1) — (P; Py, P1) into a polyhedral triad factors up to
homotopy of triads through a polyhedral triad (Q; Qo, @1) such that dim @ <
n. Let Sd(X;Xo,Xl) = mln{n Z 0: Sd(X;Xo,Xl) S n}

As the first result we show that this shape dimension of a triad is close
to the upper bound given by Giinther:

THEOREM A. Let (X;Xo,X1) be a triad of metric spaces such that X
and X1 are closed. Then we have

max{Sd X, Sd X, Sd X1, Sd(Xo N X1)} < Sd(X; Xo, X1)
§maX{SdX0, Sd Xl, 1 + Sd(XO N Xl)}

Let (X; Xo, X1, ) and (Y; Y, Y7, %) be pointed triads of spaces such that
X is normal, Xy, X7 and Yp, Y7 are connected closed subsets of X and Y,
respectively, and that Xg N X; and Yy NY; are connected and normally em-
bedded in X and Y, respectively. Let ¢ : (X;Xo,X1,%) — (YV;Yp,Y1,%*)
be a shape morphism. Then ¢ induces the restricted shape morphisms ¢|x :
(X, %) = (Y, %), @lxonx, : (XoNXy, %) — (YonYy, %), ¢lx, : (Xo, %) — (Yo, %)
and ¢|x, : (X1,*) — (Y1,%). The second result is the following Whitehead
type theorem:

THEOREM B. Suppose that SA(X; X, X1) <n—1 and SA(Y; Yy, Y1) < n,
where 1 < n < oo. If a shape morphism ¢ : (X; Xo, X1,%) — (Y;Yy, Y1, %)
induces n-shape equivalences ¢|x,nx, : (Xo N X1,%) — (Yo N Y1, %), ¢|x, :
(Xo,%) — (Yo, %) and ¢|x, : (X1,%) — (Y1,%*), then ¢ is an equivalence.

The Whitehead theorem for ordinary shape is well-known, and the most
general form can be found in [8, Theorem 7, p. 152].

As the third result we show the following statements of Mayer-Vietoris
type concerning n-shape equivalence:

THEOREM C. Let ¢ : (X;Xo, X1,%) — (Y;Y0,Y1,%) be a shape mor-
phism, and suppose it induces n-shape equivalences ¢|x,nx, : (XoN X1, *) —
(Yo N Y1,%), olx, @ (Xo, %) — (Yo,*) and ¢|x, : (X1,%) — (Y1,*), where
0<n<oo. Then

1. if n>2, the induced map

@y pro-my(X; Xo, X1, %) — pro -m,(Y; Yy, Y1, *) is an isomorphism for
2 < qg<n-—1 and an epimorphism for ¢ =n; and
2. olx : (X, %) — (Y, %) is an n-shape equivalence.

For any functions f,g: X — Y between sets and for any covering V of Y,
(f,g) <V means that f and g are V-near. For any covering U of a set X and
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for any subset A of X, let U{A={UNA:U eU} and St(A,U) =U{U €U :
UNA#0D}.

The author would like to thank Professor Watanabe at Yamaguchi Uni-
versity for the valuable discussion during his visit to the University in Summer
of 1999.

2. PRELIMINARIES

Shape of triads. Let Top” denote the category of triads of spaces and
maps of triads. Recall that a resolution of a triad (X; Xo, X1) is a morphism

p=(pr): (X;X0,X1) = (X; X0, X1) = ((Xx; Xox, X1x), 2ans A)

in pro-Top” with the following two properties [7]:
(R1) Let (P; Py, P1) be an ANR triad, and let V be an open covering of
P. Then every map of triads f : (X;Xo,X1) — (P; Py, P1) admits
A € A and a map of triads g : (Xx; Xox, X1x) — (P; Py, P1) such that
(gpx; f) < V; and
(R2) Let (P; Py, P1) be an ANR triad. Then for each open covering V
of P there exists an open covering V' of P such that whenever A € A
and ¢,9" : (Xx; Xoa, X12) — (P; Pp, P1) are maps of triads such that
(gpx, g'pr) < V', then (gpar, g'pax) <V for some N > A.
p is an ANR-resolution (resp., polyhedral resolution) if (Xx; Xox, X1x) are all
ANR triads (resp., polyhedral triads). Then we have

THEOREM 2.1 ([7, 9]). Ewvery triad (X; Xo, X1) of spaces admits
1. an ANR-resolution

p=(pr): (X;X0,X1) = (X; X0, X1) = ((Xx; Xox, X1x), 2an, A)

such that A is cofinite and X = Int(Xoy) UInt(X1y) for each A € A;
and
2. a polyhedral resolution

p=(pr): (X5 Xo, X1) — (X; Xo, X1) = ((Xx; Xoa, X1r),pan, A)
such that A is cofinite.

THEOREM 2.2 ([9]). Ewvery resolution of a triad of spaces (X; Xo, X1)
induces an expansion of (X; Xo, X1).

Let HTop” be the category of triads of spaces and homotopy classes of
maps of triads, and let HPol” be the full subcategory of HTop! whose ob-
jects are the triads of spaces which have the homotopy type of a polyhedral
triad (equivalently, an ANR triad) (see [9, Theorem 4.5]). Combining Theo-
rems 2.1 and 2.2, we define the shape category Sh7 for triads of spaces as the
abstract shape category for the pair (HTop”, HPol”) ([9, §5]).
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THEOREM 2.3. Let (X; Xo, X1) be a triad of spaces such that X is normal,
Xo and X1 are closed and XoN X1 is normally embedded in X. Then for each
resolution

p=(px): (X;X0,X1) = (X; X0, X1) = ((Xx; Xox, X1x), 2an, A)

such that X and Xy, A € A, are normal, the following induced morphisms are
resolutions:

plx =(plx): X = X
Plx, = (Palx,) + Xo — Xo
Plx, = oalx,) : X1 — X
p|X0ﬁX1 =
(PAlxonx;) : Xo N X1 — XoN X1 = (Xox N X1, Pax|x,,nx,,05 M)

PROOF. First note that our assumption implies that Xy and X; are nor-
mally embedded (see [2, 2.7 a)]). By [7, Remark 1 and Theorem 4] the induced
morphisms p|(x, x,), Pl(x,x,) and p|(x x,nx,) are resolutions of pairs, which
implies by [6, Theorem 2] that p|x is a resolution and by [6, Theorem 3] that
Plx,, Plx, and p|x,nx, are resolutions. O

Let HTop! and HPol? denote the pointed versions of the categories
HTop” and HPol”, respectively. Analogously, we can define the shape cat-
egory Sh*T for pointed triads of spaces as the abstract shape category for the
pair (HTop?, HPol*T). The pointed version of Theorem 2.3 also holds, and
we have

LEMMA 2.4. Every pointed triad of spaces (X;Xo,X1,%) admits an
HPol*T-eacpansion p = (pn) @ (X;Xo0,X1,%x) — (X;X0,X1,%) such that
p=(p»): (X; X0, X1) — (X; X0, X1) is an HPol” -ezpansion.

PRrROOF. This follows from the constructions in [9, Theorems 3.2, 3.6].

ANR triads.

LEMMA 2.5. Let (P; Py, P1) be an ANR triad, let (X; Xo, X1) be a triad of
metric spaces such that Xo, X1 are closed subsets of X, and let A be a closed
subset of X. Then every map of triads f : (A; AN Xo,ANX;1) — (P; Py, Pr)
admits an extension f : (U;U N Xo,U N X1) — (P; Py, P1) for some open
neighborhood U of A in X.

LEMMA 2.6. Let (P; Py, P1), (X; X0, X1) and A be as in Lemma 2.5, and
suppose that f,g: (X; X0, X1) — (P; Py, P1) are maps of triads. If f|A ~ g|A
as maps of triads from (A; AN X, ANX1) to (P; Py, Py), then there exists an
open neighborhood V' of A in X such that f|V ~ g|V as maps of triads from
(V,VﬂXo,VﬂXl) to (P;Po,Pl).
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LEMMA 2.7. (Homotopy extension lemma) Let (P; Py, P1), (X; X0, X1)
and A C X be as in Lemma 2.5, and let (P; Py, P1) be an ANR triad. If
frg: (AAN X0, AN Xy) — (P; Py, P1) are homotopic maps of triads, and
if g extends to a map of triads § : (X; Xo,X1) — (P; Po, P1), then there is
an extension f : (X;X0,X1) — (P; Py, P1) of f such that f ~ g as maps of
triads.

PROOF OF LEMMA 2.5-2.7. These are proved in [9]. But note that the
condition that X = Int(Xo) UInt(X;) can be dropped from the hypothesis of
[9, Lemma 2.3]. O

Polyhedral triads.

LEMMA 2.8 (Homotopy extension lemma for polyhedral triads). Let
(P; Py, P1) be a polyhedral triad, and let Q be a subpolyhedron of P. Then
for any triad of spaces (Y;Yp, Y1) any map of triads

H: ((PXO)U(QX[), (P()XO)U((P()QQ)XI), (P1 XO)U((PlﬁQ)XI)) — (Y, Yo, Y1>

extends to a map of triads

H:(PxIL;PyxI,PxI)— (Y;Yy, V7).
PROOF. The same argument as for [8, Theorem 3, p. 291] works for
polyhedral triads. O

LEMMA 2.9 (Cellular approximation theorem for polyhedral triads). For
each map of triads [ : (P; Py, P1) — (Q;Qo, Q1) between polyhedral triads,
there exists a map of triads g : (P; Py, P1) — (Q; Qo, Q1) such that g(P™) C
Q"™ and f ~ g as maps of triads. Here for any polyhedron R, R\ denotes
the n-skeleton of R.

ProOOF. By the cellular approximation theorem, the restricted map
fleonp, i PoNP1 — Qo N Q1 admits a cellular map ¢’ : Ph NP1 — Qo N Q1
such that f|p,np, ~ ¢’. By Lemma 2.8 (with @ = Py N Py), ¢ extends to
a map of triads ¢’ : (P; Py, P1) — (Q;Qo, Q1) such that f ~ ¢’ as maps of
triads. By the cellular approximation theorem ([10, Theorem 17, p. 404]),
there exist cellular maps of pairs go : (Po, PoNP1) — (Qo, Qo N Q1) such that
go = g/|p0 rel (PO N Pl) and g1 : (Pl,PO n Pl) — (QlaQO n Ql) such that
g1 ~ ¢'|p, rel (Py N Py). Since go|lp,np, = 9'|ponpr = 91lPonpy, 9o and gp
define a map of triads g : (P; Py, P1) — (Q; Qo, Q1) such that g ~ ¢’ as maps
of triads. O

LEMMA 2.10. Let 0 < n < oo, and let (X; Xo, X1,*) and (Y;Y0, Y7, %)
be pointed polyhedral triads such that Xo, X1, Xo N X1, Yo, Y1, YoNY; are
connected, and let [ : (X;Xo, X1,%) — (Y;Y0,Y1,%) be a map of triads with
the following property:
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(E)n, The restricted maps f|x,nx, : (Xo N X1,%) — (Yo NY1,*), flx, :
(Xo,*%) — (Yo, %) and f|x, : (X1,%) — (Y1,%) are n-equivalences.
and for each pointed polyhedral triad (P; Py, Py, *) consider the map

f* : HPOIZ((P, POaplv*)a(X;X()le;*)) -
*)HPOII((Pv POaplv*)a(Y;YOaYh*))'

Then if dim P < n, f. is an epimorphism, and if dim P < n —1, f, is a
monomorphism.

PRrOOF. This is proved similarly to [10, Theorem 23]. O

LEMMA 2.11. Let 1 < n < oo, let (X;Xo, X1,*) and (Y;Yy,Y1,%) be
pointed polyhedral triads such that Xo, X1, Xo N X1, Yo, Y1, Yo NY7 are
connected, and let f : (X;Xo,X1) — (Y;Y0,Y1) be a map of triads with
property (E),. Then if dimX <n—1 anddimY < n, then f: (X; X9, X1) —
(Y; Yy, Y1) is a homotopy equivalence.

LEMMA 2.12. Let 0 < n < oo, let (X;Xo, X1,*) and (Y;Yy,Y1,%) be
pointed polyhedral triads such that Xo, X1, Xo N X1, Yo, Y1, YoNY7 are con-
nected, and let f : (X; Xo, X1,%) — (Y; Yy, Y1, %) be a map of triads with prop-
erty (E),. Then the restricted map f|x : (X,*) — (Y, *) is an n-equivalence.

PROOF. This is essentially proved in [1, 16.24]. O

LEMMA 2.13. Let 2 < n < oo, let (X;Xo, X1,*) and (Y;Yy,Y1,%) be
pointed polyhedral triads such that Xo, X1, Xo N X1, Yo, Y1, Yo NY7 are
connected, and let f: (X;Xo, X1,%) — (Y;Y0,Y1,*) be a map of triads with
property (E),. Then the induced map f. : mq(X; Xo, X1,%) — mg(Y; Yo, Y1, %)
is an isomorphism for 2 < ¢ < n —1 and an epimorphism for ¢ =n.

ProOOF. This follows from the homotopy sequences for polyhedral pairs
and triads (see [3, p. 160]) and the Five Lemma (see [5, p.201])). O

3. SHAPE DIMENSION FOR TRIADS OF SPACES

In this section we obtain fundamental properties of shape dimension and
prove Theorem A. First, let us note that the properties analogous to [8, The-
orem 2, p. 96] hold:

PROPOSITION 3.1. For each triad of spaces (X; Xo,X1), the following
statements are equivalent:

1. Sd(X; X0, X1) < n;
2. There exists an HPol” -expansion
p=(pa): (X5 Xo, X1) — (X; Xo, X1) = ((Xx; Xoa, X1x),pan, A)

such that each Xy is a polyhedral triad with dim X, <n;
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3. For each HPol” -expansion
p=(pr) 1 (X5 Xo, X1) — (X; X0, X1) = ((Xx; Xox, X1a), P20, A),

each X admits X' > X such that pax factors in HPol? through a poly-
hedral triad (P; Py, Py) such that dim P < n; and

4. Each map f : (X;Xo0,X1) — (P;Po,P1) into a polyhedral triad
(P; Py, P1) factors in HTop” through a map of triads g - (X; X0, X1) —
(P, Pén), Pl(")) and the inclusion map i : (P, Pé"), Pl(n)) —
(P; Po, Pr).

PROOF. Note that Lemma 2.9 is used in 1) = 4), and the other cases are
similar to the ordinary case. O

Shape dimension for pointed triads is similarly defined, and we have

THEOREM 3.2. For each triad of spaces (X; Xo, X1) with a base point *,
Sd()(7 XQ, Xl, *) = Sd()(7 Xo, Xl)

PROOF. The same argument as in the proof of [8, Theorem 7, p.104]
applies to our case, using Lemma 2.8 and the following lemma in appropriate
places. O

LEMMA 3.3. Let f,g: (P; Py, P1,x) — (Q; Qo, Q1,*) be maps of pointed
polyhedral triads such that f ~ g as maps of unpointed triads and g(P) C QM
for some n > 0. Then there exists a map of pointed triads h : (P; Py, Py, *) —
(Q;Qo, Q1, %) such that f ~ h as maps of pointed triads and h(P) C Q™.

PROOF. The same argument as in the proof of [8, Lemma 4, p. 104]
applies to our case, using Lemmas 2.8 and 2.9. O

Before proving Theorem A, we prove

LEMMA 3.4. Let (X; X0, X1) be a triad of metric spaces such that Xo and
X1 are closed, and let

X/:(XQXO)U((XoﬂXl)XI)U(X1X1)
X = X' N (Xo % [0,2/3])
X! = X' N (X x [1/3,1])

and
X" = (Xo x[0,2/3]) U (X1 x[1/3,1])
X{§ = Xo x [0,2/3]
X =X; x[1/3,1]

Then the inclusion map i : (X'; X{, X]) — (X"; X[/, X{) is an equivalence in
Sh”.
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PROOF. The proof follows the technique used in [2, Lemma 2.6]. It suf-
fices to show that for each ANR triad (P; Py, P1) the inclusion induced map

i : HTop” ((X"; X§, X{), (P; Py, Pr)) — HTop" (X'; X§, X1), (P; Py, Py))
is a bijection. By Lemma 2.5, each map f : (X';X{(,X1) — (P;FPo,P1)
extends to a map f : (U;U N X{,UNX{) — (P; Py, P1) for some open
neighborhood U of X’ in X”. By the compactness of I, there exists an open

neighborhood V of XoNX; in X such that (V xI)NX"” C U. By the Urysohn
lemma, there exists a map ¢ : X — I such that

{ ¢|X00X1 =1
dlx\v = 0.
Define amap g: X x I — P by
_ [ flato(x) if v € Xo;
9(@,t) = { Fla,1— (1 —t)p(x)) ifze X;.

Then g|x = f, and g(X{) C Py and g(X7') C Pi, so g defines a map of triads
g: (X" Xg, XY) — (P; Py, P1) such that g|(x,x;,x7) = f, showing that i* is
surjective. To see that i* is injective, suppose that g1,g2 : (X”; X[, X{) —
(P; Py, P1) are maps of triads such that gi1]|x: ~ ¢2|x’ as maps of triads
from (X’; X{, X]) to (P; Py, P1). Then by Lemma 2.6 there exists an open
neighborhood W of X’ in X" such that gi|w =~ go|w as maps of triads from
(W, WXy, WnXY{) to (P; Py, P1). By the same argument as above, this
homotopy of triads extends to a homotopy of triads g1 ~ g2 as required. [

PrOOF OF THEOREM A. The first inequality follows from Theorem 2.3.
To show the second inequality, let n = max{Sd X, Sd X1,1 + Sd(Xo N X1)},
and let f : (X;Xo,X1) — (P; Py, P1) be a map of triads. It suffices to
verify the second inequality for each triad (X; Xy, X1) of spaces such that
the inclusion maps Xg N X; — Xy and Xg N X; — X; are cofibrations.
Indeed, embed (X; Xo, X1) into (X”; X[/, X{') by i(z) = (z,1/2) for z € X,
and let r : (X" X{, X{) — (X;Xo,X1) be the projection. Then ri = 1x,
in particular, (X;Xo,X;) is dominated by (X"; X}/, X{) in Sh”, so that
Sd(X; X0, X1) < SA(X"; X, X{). Since by Lemma 3.4 SA(X"; X, X]) =
Sd(X’; X{, X1), then SA(X; Xo, X1) < Sd(X'; X{;, X1). On the other hand, by
[2, Theorem 2.6], Xy and X; are shape equivalent to X{, and X7, respectively,
and clearly Xo N X; is shape equivalent to X} N X{. Hence we can replace
(X; X0, X1) by (X'; X, X1) if necessary.

Now since Sd(XoNX1) < n—1, flx.nx, =~ f’ for some map f': XoNX; —
Py N Py such that f/(XoN X;1) € (Pyn P)(™= Y. Considering f’ as a map
of triads f' : (A; AN Xo,ANXy) — (P; Py, P1) where A = Xy N X1, by
Lemma 2.7, f extends to a map of triads f’ : (X; Xy, X1) — (P; Py, P;) such
that f’ ~ f as maps of triads. Now by [2, Lemma 2.8 b)], there exists a

map go : Xo — FPp such that go(Xo) C Po(n) and go ~ f'|x, rel (Xo N X1),
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and similarly there exists a map g1 : X3 — P; such that g1(X;) C Pl(") and
g1 = f'lx, rel (Xo N X1). So the map of triads g : (X; Xo, X1) — (P; Po, P1)
defined by g|x, = go and g|x, = g1 satisfies g(X) C P(™ and g ~ f as maps
of triads. By Proposition 3.1, we conclude Sd(X; Xo, X7) < n. O

Remark. Note that the difference between the upper and lower bounds in
Theorem A is at most 1, i.e.,
maX{SdXo, Sd Xl, Sd(XO N Xl) + 1} S
< maX{SdX, Sd X(), SXm, Sd(XO n Xl)} + 1.
Moreover, there is an example with each one of the inequalities being strict.
Indeed, there exists a polyhedral triad (X; Xy, X7) such that
IIlELX{Sd)(7 SdXo, SXm, Sd(XO n X1>} < Sd(X, Xo, X1>
= max{Sd Xy, Sd X;,Sd(Xo N X;) + 1}
(e.g., take X = Xy = D%, X; = dD?), and also there exists a polyhedral triad
(X; Xo, X7) such that
IIlELX{Sd)(7 SdXo, SXm, Sd(XO n Xl)} = Sd(X, Xo, Xl)
< max{Sd X, Sd X1,Sd(Xo N X1) + 1}

(e.g., take X = Xp = X; = Sh).

4. n-SHAPE EQUIVALENCE

Throughout the rest of the paper, all triads are pointed, and maps and
homotopies preserve the base point, so that the indication of the base point
is omitted.

In this section we wish to prove Theorems B and C. First we prove the
following lemmas.

LEMMA 4.1. Suppose that we are given a commutative diagram:

(Z)\O;ZOA();ZIAU) L) (Z)\l;ZOAlvzl)\l) L)

| |

(X)\O;XOA();XIAU) — (X)\l;XOAlel)\l) —

-2 (2, Zoa, Zin,)

]

- — (X Xoa s Xaa,)
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where (Zx,; Zox;, Z1x;) and (Xa;; Xox,, X1x,), ¢ = 0,1,...,n, are polyhedral
triads such that Zox,, Zix, and Zox, N Z1x, are connected, and suppose that
the induced maps

(Pil(Zox, Xox,) )%+ Ti(Zoxs Xon,) = Ti(Zox,y1s Xoaisr)
(pi|(Z1)\i,Xni))* : Wi(le\ile)\i) - ﬂ-i(Zl)\-H»l’XlAH»l)
(Pi|(zmimzni,Xmimxui))* :

i(Zox, N Z1x;, Xon, N X)) — 7i(Zox,, N Z1a

it1 i+1ﬂX0Ai+1 ﬁXlAH»l)

are trivial fori =0,1,...,n—1. Then there exist polyhedral triads (P; Py, Py)
and (Q; Qo, Q1) and a map of triads g : (P; Py, P1) — (Zx,,, Zoa, , Z1x, ) with
the following properties:

1. Py, P, PN P, Qo, Q1, Qo N Q1 are connected;

2. (Q;Q0,Q1) C (P; Py, P1), and the inclusion map k : (Q;Qo, Q1) —

(P; Py, P1) satisfies condition (E)n—1;

3. (Z)\o; ZO/\m le\o) g (Pv PO; Pl) and (X)\O;XO/\le)\O) g (Qv QO; Ql);

4. g|(ZA0§Z0)\U,Zu0) = Pp—1-P1Po; and

5. The restriction of g to (Q;Qo, Q1) defines a map of triads

91(Q:Q0,01) * (@3 Qo, Q1) — (X, ; Xox,» X1a,)-

(K; Ko, K1) . . (Zxos Zoxgs Z1xo)
PROOF. Let be t lat f 03 £0%07 £10
€ { (L;Lo,Ll) € triangulations o (XAO;XO,\O,Xl)\O)

such that (L; Lo, L1) is a subcomplex of (K; Ky, K1) and that L is a full
subcomplex of K. For each i =0,1,...,n—1, let

Qi = (X, x ) U (K| x T
Qoi = (Xox, X I) U (|Kg| x I)
Qui = (X1x, X I) U (|K7[ x I)

and
P, =Q;U(Zy, x0)
Poi = Qoi U (Zox, x 0)
Py = Q1 U (Z1y, x0)

Then for each i = 0,1,...,n — 1, the inclusion map k; : (Qi; Qoi, Q1) —
(P;; Poi, P1;) satisfies condition (E);. We wish to define a map of triads

i (Pi; Pois Pri) = (Zxiri Zoriss> Zinge,) (1=0,1,...,n—1)

i1 i+l

with the following properties:
1. The restriction of g; to (Q:; Qoi, @1:) defines a map of triads

9il(Q1:001,01:) * (Qi3 Qoi, Q1i) — (Xnijrs Xoxiprr X1xia)s

and
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2. The following diagram commutes:

C C
(Zxo; Zorgs Z1xy) ——  (Po; Poo, Po) ——— -+

H »]

(Zro; Zores Z1ro) —2— (Zny; Zoags Z1ny) —2s -+

- —— (Pp—1; Pon-1,Pin-1)

gnfll
Pn—1

- ——— (Zx,; Zor, s Z1ir,)-

For i = 0, first let

90| Zx, % 0 = po;
go(x x I) = po(x) for z € Xy,

and for each vertex v of K \ L, let golv x I be a path from pg(v) to the base
point * in
ZO>\1 if’UeKo\Kl
Zl>\1 if’UeKl\KO
Zox, N Z1x, ifve KgnkKk;

Such a path exists since Zox,, Z1x,, Zor, N Z1x, are path-connected. Then

90(Poo) € Zox,s 90(Pro) € Z1x,, 90(Qoo) € Xox,, 90(Q10) € X1n,, and thus
go defines a map of triads

90 : (Po; Poo, Pro) = (Zx; Zox, s Zia,)

so that the restriction to (Qo; Qoo, Qo1) defines a map of triads

901(Q0:000,001) * (Q03: Quo, @10) — (X5 Xoa,, X1a,)-

Suppose g;—1 has beed defined for some i such that 1 < i < n —2. To
define g;, first let p;|Pi_1 = p;gi—1. Let o be an i-simplex of K \ L, and
let v € K\ L be a vertex of 0. Then either one of the following occurs:
o€ Ko\Ky,0€ K1\ Ko,o € KgNK;. So ((0o x I)U (0 x0),00 x 1,vx1)

Poi—1 Qoi-1
forms a cell in P with its boundary in Qi1
Poi1 NP1 Qoi—1 N Q1i—1
S KO \ K1
if (oS Kl\Ko , and the map gi*l|((60><[)u(o><0),80><1,v><1) defines an
ce KognN Ky

7i(Zox,» Xox:)
element of mi(Z1ins X1a;)
i(Zox, N Z1x;, Xoa, N X1y,)
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By assumption, p;gi—1|((9ox1)U(ox0),80x1,0x1) €xtends to a map

(ZOM+1 ) X0>\¢+1)
gi|(a><[,a><1,v><1) : (UXI70X17UX1) - (Zl>\¢+1aX1>\¢+1)
(Zoxis: N Ziniers Xorees N X1xyy)

i1 i+l

Repeating the same process for each i-simplex of K \ L, we obtain a
map g¢; with the desired property. Now it suffices to set (P; Py, P1) =

(Pr—1; Pon—1, Pin—1), (Q:Q0,Q1) = (Qn-1:Qon-1,Q1n-1) and g = gn_1.
0

LEMMA 4.2. Let (Z, Zo, Zl) = ((ZA;Zo,\,Zl,\),T‘A)\/,A) and (X;Xo,Xl)
= ((Xx; Xox, X12), Paxs A) be inverse systems of polyhedral triads such that
for each A € A, (Xx; Xoxn, X1x) C (Zx; Zox, Z1x) and Zox, Z1x and Zox N
Z1x are connected. Suppose that the inclusion induced morphism j = (jx) :
(X;X0,X1) — (Z;Zy, Z1) satisfies the following condition:

(EE),, The induced morphisms j|x,nx, : XoNX1 — ZoNZ1, jlx, :

Xo— Zy and J|x, : X1 — Z;1 are n-equivalences.
Then for each A € A there exist X' > X, polyhedral triads (P; Py, P1) and
(Q;Qo, Q1) and a map of triads g : (P; Py, P1) — (Zx; Zox, Z1x) with the
following properties:

1. Py, P, PhN Py, Qo, Q1, Qo N Q1 are connected;

2. (Q;Q0,Q1) C (P; Py, P1), and the inclusion map k : (Q;Qo, Q1) —

(P; Py, P1) satisfies condition (E),;

3. (Zx; Zoxrs Zix) C (P;5 Po, Pr) and (X Xox, X1a) € (Q; Qo, Q1);

4. g|(ZA/;Zo)\/aZn/) =T and

5. The restriction of g to (Q; Qo, Q1) defines a map of triads

9(@:00,01) * (Q; Qo, Q1) — (Xx; Xox, X1a)-

PROOF. By assumption, the inverse systems of pairs (Zg, Xo), (Z1,X1)
and (ZoNZ1, XoNX1) are n-connected. This implies that each A € A admits
A=da1 <Ay <o <A <)X =X in A so that the hypothesis of Lemma
4.1 is satisfied with p; = px,,,»,. Our assertion follows from Lemma 4.1. 0O

LEMMA 4.3. Let ¢ = (pa) : (X;X0,X1) — (Y;Y0,Y1) be a level
morphism of inverse systems of polyhedral triads such that for each A\ € A,
Xox, X1x, Xox N X1x, You, Y1, Yox N Y1y are all connected. If ¢ satisfies con-
dition (EE),, then for each A € A there exist N > X, polyhedral triads
(P; Po, P1) and (Q; Qo, Q1) and a map of triads f : (Q; Qo, Q1) — (P; Py, P1)
with the following properties:

1. Py, P, BN P, Qo, Q1, Qo NQ1 are connected;

2. f satisfies condition (E),; and

3. The following diagram commutes for some maps of triads h,h',g,q':
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TN
(Ya; Yo, Yia) \ / (Yor; Yoa, Yin)
h/ (P7 P07 Pl) h
2N f 'Y

Py

(X Xox, X12) \ | / (X Xox, Xin)
g > (Q;Q0,Q1) 9

PROOF. Let (Z;Zy,Z1) be the inverse system of polyhedral triads of
mapping cylinders (M (pa]x, ); M (alxox ), M (©xlx1,))s 7an, A). Then there
is a commutative diagram:

(X;XO)XI)

S

(Y;Y0,Y1) (Z;Zy,Z)

e

J

where ¢ and j are the inclusion induced morphisms, and s is induced by the
retractions. Then that ¢ satisfies condition (EE), is equivalent to that
satisfies condition (EE),,. Lemma 4.2 implies that each A € A admits X' > A
and polyhedral triads (P; Py, P1) and (Q; Qo, Q1) and amap f : (Q; Qo, Q1) —
(P; Py, P1) with properties 1) - 5) of Lemma 4.2, so that there is the following
commutative diagram:

(Yx; You, Y1a) D (Yar; Yoxr, Yiar)
Ja Jx
(Zx: Zoxs Z1) X (Zn: Zoxs Zix)
X Zoxs Z1x N5 Zoxrs Zix
\ (P; Po, P1) ‘/
i 5 i
Dax

(Xx; Xox, X1a) \ | / (X Xoar, Xia)
(Q; Qo, Q1)

It is easy to see that such polyhedral triads (P; Py, P1) and (Q; Qo, Q1) and
map of triads f : (Q; Qo, Q1) — (P; Po, P1) have the desired properties. O

LEMMA 4.4. Let ¢ = (pa) : (X;X0,X1) — (Y;Y0,Y1) be a level
morphism of inverse systems of polyhedral triads such that for each A € A,
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Xox, X1x, Xox N X1x, You, Y1, Yox NYix are all connected. If ¢ satisfies con-
dition (EE),, then each X\ € A admits N > X with the following properties:
1. For each map of triads h : (R; Ro, R1) — (Y ; Yoa, Yin) of a polyhedral
triad (R; Ry, R1) such that Rg, R1, Ro N Ry are connected and dim R <
n, there exists a map of triads k : (R; Ro, R1) — (Xx; Xoa, X1a) such
that ok ~ g b as maps of triads; and
2. For each polyhedral triad (R; Ro, R1) such that Ry, R1,Ro N Ry are
connected and dim R < n — 1 and for each pair of maps of triads
kl,k/’g : (R;Ro,Rl) — (X)\/;X())\/,Xl,\/) such that (p,\/kl >~ (p,\/kg as
maps of triads, we have pyx ki == pax ko as maps of triads.

PRrROOF. For each A € A, take A’ > X as in Lemma 4.3. Then Lemmas 4.3
and 2.10 imply our assertion. o

PROOF OF THEOREM B. Let ¢ : (X; X0, X1) — (Y;Y5,Y7) be a shape
morphism as in the hypothesis. Let ¢ be represented by a level morphism
e = (pa) : (X;X0,X1) = (Y;Y0,Y;) where p = (py) : (X;X0,X7) —
(X5X0,X1) = ((Xa;Xox, X1x),pan,A) and ¢ = (qn) : (Y;Y0, V1) —
(Y;Y0,Y1) = ((Yx; Yo, Yir), aon, A) are HTop” -expansions of (X; X0, X1)
and (Y;Yp,Y7), respectively, such that A is cofinite, Xox, Xix, Xox N X1,
Yoa, Y1, Yox N Y7y are connected, and the following induced morphisms are
expansions (see Theorem 2.3):

p|X0 :XOHXO
p|X1 :X1 HXl
p|XoﬂX1 ZXoﬂXl —>XO0X1

and

qly, : Yo=Y
qly, : Y1 -Y,
qlyeny, :YoNY1 - YoNY,

Now let A € A. Then take \y > A as in Lemma 4.4, and for this A\
repeatedly take Ao > A; as in Lemma 4.4. Since Sd(Y;Yp, Y1) < n, by
Proposition 3.1, there exists A3 > A2 so that gx,x, factors through a poly-
hedral triad (Q;Qo, Q1) with dim@ < n. Similarly, by Sd(X; Xo, X1) <
n — 1, there exists A’ > A3 so that py,n factors through a polyhedral triad
(P;Po,Pl) with dim P S n — 1. Say g1 ¢ (XX;XO/\’;Xlk’) — (P;Po,Pl),
g2 1 (P Po, P1) — (Xg5 Xong, X1as) and Ay @ (Yag; Yors, Ying) — (@5 Qo, Q1),
ha : (Q;Qo, Q1) — (Ya,; Yox,, Y1),) are homotopy classes such that py,n =
g2g1 and gx,xn; = hohi. By Lemma 4.4, there exists a homotopy class
E o (Q;Q0,Q1) — (X5 Xox,, X1x,) so that ox, k' = ga,a,he. Thus we
have the following commutative diagram:
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2N
(Xx; Xoa, X1n) —— (Y3 Yo, Yi)
R
(X Xoas Xia =Y Yor,, Yin,)
pk1k2T G2 qklsz\k/
(XAZ;XO)\2)X1A2>—>(Y)\2;YO)\25Y1)\2> <h— (QvQOle)
p/\2/\3T A2 A3 2
Pz
(Xngi Xors, X1xg)—(Yay; Yors, Yin,) 4

‘\ Prsxd o faxan
A
g1 > (X Xoa, Xiwv) —(Yar; Your, Yin)

g2
(P;POaPI)

Now let £ = p)\,\lk/’lhlqka,\/ : (Y)\/;Yo,\/,yl,\/) — (X,\;X())\,Xlk). By tracing
around the diagram we get ko) = gxn. Also by the diagram oy, k'hipx, g2 =
©x1Pras92- Since dim P < n—1, by the choice of A1, pax, £’ h10r592 = Dars 92,
which implies pxy = kpy . Now by Morita’s lemma ([8, Theorem 5, p. 113])
we conclude that ¢ is an isomorphism. O

[8, Theorem 3, p. 109] partially holds for the case of pro-sets. More
precisely, we have

LEMMA 4.5. Let A = (Ax,axy,A) and B = (By, by, A) be pro-sets over
the same index set A, and let f: A — B be a morphism of pro-sets given by
a level morphism of systems (fx) : A — B. If the condition

(EP) For each X € A there is N > X such that Im(gaxn) C Im(fy).
holds, then the morphism f is an epimorphism.

PROOF. The same proof as for the corresponding part of [8, Theorem 3,
p. 109] applies to this case. O

PROOF OF THEOREM C. Let ¢ = (pa) : (X;X0,X1) — (Y;Y0,Y,)
be a level morphism representing the shape morphism ¢ as in the proof of
Theorem B. Let A € A. Then take N > X and a map f : (Q;Qo,Q1) —
(P; Py, P1) between polyhedral triads as in Lemma 4.3. By Lemma 2.13,
fo : mg(Q; Qo, Q1) — y(P; Py, P1) is an isomorphism for 2 < ¢ <n —1 and
an epimorphism for ¢ = n. Thus by Morita’s lemma ¢, : 7¢(X; X9, X1) —
7q(Y;Y,Y 1) is an isomorphism for ¢ < n — 1. For ¢ = n, Im{(gxn)« :
Tq(Yar; Yor, Yin) — me(Ya; Yor, Yin)} € Im{(ga)s @ mg(Xn; Xox, X1n) —
7q(Ya; Yox, Y1a)}, and so by Lemma 4.5 ¢, : m(X; X0, X1) — 7¢(Y;Y,Y 1)
is an epimorphism. This proves the first assertion.

By Lemma 2.12, fl|g : Q — P is an n-equivalence. By an argument
similar to the above, we see that (¢|x )« : 74(X) — m¢(Y") is an isomorphism

for ¢ < n—1 and an epimorphism for ¢ = n. This proves the second assertion.
O

As an easy corollary to Theorems B and C, we have



262

T. MIYATA

COROLLARY 4.6. Suppose that ¢ : (X; Xo,X1) — (Y;Y0,Y1) is a shape

morphism whose restrictions ¢|x,nx, : XoNX1 — YoNY1, ¢olx, : Xo — Y
and ¢|x, : X1 — Y1 are isomorphisms. Then

[1]
2]

1. 4f Sd(X; X0, X1) < 00 and SA(Y; Y, Y1) < o0, then ¢ : (X; X0, X1) —
(Y;Yy,Y1) is an isomorphism; and

2. if SAX < oo and SAY < oo, then the restricted shape morphism ¢|x :
X — Y is an isomorphism.
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